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Preface

Serials such asAdvances in Quantum Chemistry have traditionally been a forum for articles
that can be slightly longer, more review like, or more speculative than those found in jour-
nals. This gives us an advantage in attracting in depth studies that are, perhaps, less suitable
for space limited journals. In this issue we continue this tradition with seven articles on a
variety of topics.

The first article in the volume, by Wladyslawski and Nooijen, is an extended and in
depth discussion of the calculation of analytical first derivatives of the energy in a similarity
transformed equation-of-motion couples-cluster method, and explicit, algebraic formulae
are given for the analytic first derivatives of excitation energies, double ionization poten-
tials, and double electron affinities. They utilize the automated symbolic algebra package
to accomplish this, and give some emphasis to that implementation.

The father and son team of John and James Avery, frequent contributors to Advances
over the past few years, author the second article in this volume, which deals with calcu-
lation of energies of energies of doubly excited, autoionizing states of atoms. This is done
using generalized Sturmians. Several general properties and approximations with more
wide ranging applicability are discussed.

The third contribution, by Carbó-Dorca, treats the formal structure and mathematical
properties of electronic density functions (eDF’s). In this paper it is demonstrated that they
connect to a rich source of problems leading up to an imaginative set of algorithms and
techniques. The discussion reports on recent developments from the author’s laboratory.
Even though this paper might appear highly abstract and mathematical, some surprising
links and unforeseen relationships are revealed.

Capozziello and Lattanzi address the problem of molecular chirality from an algebraic
point of view in the fourth article in this volume. Starting from a tetrahedral model, they
derive a chirality index from a general O(4) algebra, then predict chirality of tetrahedral
chains using a molecular aufbau principle.

Molecular Quantum Monte Carlo calculations are the subject of the fifth contribution
to this volume. Aspuru-Guzik and Lester compare the computational resources necessary
for molecular calculations carried out using Quantum Monte Carlo methods with more
conventional methods, and rehearse the advantages of Quantum Monte Carlo in terms of
resources and accuracy of the results.

Masiello and colleagues present methods for dealing with the coupled non-linear
Maxwell–Schrödinger partial differential equations in our sixth contribution. A solution
to the Maxwell–Schrödinger equations is presented, and the dynamics of a single spinless
hydrogen atom interacting with the electromagnetic field in a cavity is discussed.

In the final contribution to this volume, Sabin and Oddershede discuss the state of the
art of computation and experiment for the problem of energy deposition by swift ions in

xi



xii Preface

materials. They suggest several places where the physics has not yet been fully explored
and where further work could produce interesting results.

This volume thus addresses a diverse set of topics which will, we hope, make it of
interest to a large audience. Have a good read!

Erkki Brändas and John R. Sabin
Editors



Analytical Energy Gradients for Excited-State
Coupled-Cluster Methods: Automated Algebraic

Derivation of First Derivatives for
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Theories

Mark Wladyslawski1 and Marcel Nooijen2
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Abstract
The equation-of-motion coupled-cluster (EOM-CC) and similarity transformed equation-of-motion coupled-
cluster (STEOM-CC) methods have been firmly established as accurate and routinely applicable extensions of
single-reference coupled-cluster theory to describe electronically excited states. An overview of these methods
is provided, with emphasis on the many-body similarity transform concept that is the key to a rationalization of
their accuracy. The main topic of the paper is the derivation of analytical energy gradients for such non-variational
electronic structure approaches, with an ultimate focus on obtaining their detailed algebraic working equations.
A general theoretical framework using Lagrange’s method of undetermined multipliers is presented, and the
method is applied to formulate the EOM-CC and STEOM-CC gradients in abstract operator terms, following
the previous work in [P.G. Szalay,Int. J. Quantum Chem. 55 (1995) 151] and [S.R. Gwaltney, R.J. Bartlett,
M. Nooijen, J. Chem. Phys. 111 (1999) 58]. Moreover, the systematics of the Lagrange multiplier approach
is suitable for automation by computer, enabling the derivation of the detailed derivative equations through a
standardized and direct procedure. To this end, we have developed theSMART (Symbolic Manipulation and Re-
grouping of Tensors) package of automated symbolic algebra routines, written in theMathematica programming
language. TheSMART toolkit provides the means to expand, differentiate, and simplify equations by manipu-
lation of the detailed algebraic tensor expressions directly. The Lagrangian multiplier formulation establishes a
uniform strategy to perform the automated derivation in a standardized manner: A Lagrange multiplier functional
is constructed from the explicit algebraic equations that define the energy in the electronic method; the energy
functional is then made fully variational with respect to all of its parameters, and the symbolic differentiations
directly yield the explicit equations for the wavefunction amplitudes, the Lagrange multipliers, and the analytical
gradient via the perturbation-independent generalized Hellmann–Feynman effective density matrix. This system-
atic automated derivation procedure is applied to obtain the detailed gradient equations for the excitation energy
(EE-), double ionization potential (DIP-), and double electron affinity (DEA-) similarity transformed equation-
of-motion coupled-cluster singles-and-doubles (STEOM-CCSD) methods. In addition, the derivatives of the
closed-shell-reference excitation energy (EE-), ionization potential (IP-), and electron affinity (EA-) equation-of-
motion coupled-cluster singles-and-doubles (EOM-CCSD) methods are derived. Furthermore, the perturbative
EOM-PT and STEOM-PT gradients are obtained. The algebraic derivative expressions for these dozen methods
are all derived here uniformly through the automated Lagrange multiplier process and are expressed compactly in
a chain-rule/intermediate-density formulation, which facilitates a unified modular implementation of analytic en-
ergy gradients for CCSD/PT-based electronic methods. The working equations for these analytical gradients are
presented in full detail, and their factorization and implementation into an efficient computer code are discussed.

ADVANCES IN QUANTUM CHEMISTRY, VOLUME 49 © 2005 Elsevier Inc.
ISSN: 0065-3276 DOI: 10.1016/S0065-3276(05)49001-2 All rights reserved
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1. INTRODUCTION

Similarity transformed equation-of-motion coupled-cluster (STEOM-CC) theory[1–20]
has recently emerged as a powerful and accurate method for calculating a large number of
singly excited electronic states simultaneously at moderate cost. The STEOM-CC method
has its roots in the early “transform-then-diagonalize” formulation of Fock-space coupled-
cluster (FSCC) theory by Stolarczyk and Monkhorst[21–24]. Reference[25] resolved
some long-standing difficulties (with the inverse of the normal-ordered exponential opera-
tor) and elucidated the fundamental relationship between the conventional Bloch-equation
wave-operator formulation[26–29]of FSCC and the alternative similarity transformation
approach. The STEOM-CC method brings to fruition the similarity transformation method-
ology and yields an elegant and independent formulation that is equivalent to conventional
FSCC for the lowest sectors (singly ionized or attached) and is somewhat different for the
higher sectors[3]. Formulated in terms of independent eigenvalue calculations rather than
the numerically less stable solution of coupled non-linear equations, the STEOM method
avoids the intruder state problem[30,31] that earlier plagued FSCC, and the conceptual
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simplicity of the theory rationalizes difficult aspects of Bloch-equation-based FSCC the-
ory.

The STEOM-CC method builds on equation-of-motion coupled-cluster (EOM-CC) the-
ory [32–42]. The EOM-CC method presents a unified approach to extend single-reference
ground-state coupled-cluster (CC) theory (e.g. references[43–46]) to excited, ionized,
and electron-attached states. An alternative derivation of EOM-CC theory is provided by
coupled-cluster linear response theory (CCLRT)[47–50], and the methods are fully equiv-
alent for excitation energies. Likewise, the coupled-cluster Green’s function method[51–
53] starts from a Green’s functionansatz but eventually reaches the same equations us-
ing diagrammatic re-summation techniques. The symmetry-adapted-cluster configuration-
interaction (SAC-CI) approach[54–57] by Hirao and Nakatsuji is also closely related,
although some additional approximations are invoked compared to EOM-CC and CCLRT.
More approximate methods related to EOM-CC include QCISD linear response[58,59]
and CIS(D)[60–62]. The STEOM-CC method rivals EOM-CC in accuracy and improves
upon EOM-CC in efficiency and generality in the types and number of states that can be
treated.

The philosophy underlying the EOM and STEOM methods is rather different than many
conventional electronic structure approaches, which focus on optimizing the wavefunction.
In the EOM and STEOM methods, instead, a sequence of many-body similarity transfor-
mations[25] is performed on the Hamiltonian itself, with the purpose of simplifying the
transformed eigenvalue problem. In this work, we take a simple and (we think) intuitive
viewpoint to understand the effects of these similarity transformations, namely in terms
of the modification of the second-quantized Hamiltonian elementary operator amplitudes
and the resulting change in the block structure of the Hamiltonian matrix elements (over
singly, doubly, triply, and quadruply excited determinants). This perspective in terms of
second-quantized many-body elementary operators is perhaps somewhat different and less
well known than more familiar approaches to EOM-CC theory, which can be phrased com-
pletely in terms of the projected CC equations and the associated parameterization of the
wavefunction.

In the EOM and STEOM methods, the electronic states are obtained by standard
truncated configuration-interaction-like diagonalization, but of a correlated effective
Hamiltonian created through a many-body similarity transformation. By means of these
similarity transformations, elementary operators in the transformed Hamiltonian are elim-
inated that couple determinantsout of the truncated diagonalization subspace, that is,
operators that connect theincluded lower-excitation-level determinants to the higher-
excitation-level determinants, which areexcluded. The effects of these eliminated elemen-
tary operators are implicitly incorporated into the lower-level transformed Hamiltonian
amplitudes/matrix-elements, thereby providing increased accuracy with smaller diagonal-
ization subspaces.

The EOM-CCSD method diagonalizes the similarity transformed Hamiltonianˆ̄H gen-
erated from a coupled-cluster singles-and-doubles (CCSD) reference treatment[43,44],
where the one- and two-body pure-excitation operators (1h1p and 2h2p) are eliminated.
The two-body pure-excitation operator is the primary elementary operator that would cou-
ple singly excited determinants to triply excited determinants (i.e. the leading elementary
operator that would participate in the〈�bcd

jkl | ˆ̄H |�a
i 〉 singles-to-triples matrix elements).

This same two-body pure-excitation operator also represents a significant portion of the
coupling from doubly to quadruply excited determinants. By eliminating these operator
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components, the similarity transformation implicitly incorporates the associated higher-
excitation contributions into the singles- and doubles-level transformed Hamiltonian ma-
trix elements. The EOM-CCSD method thus gives greatly improved results compared to
the corresponding configuration-interaction (CI) diagonalization of thebare Hamiltonian
in the same singles-and-doubles basis[33–35,50,63,64].

Furthermore, EOM-CCSD excitation energies are additively separable[50,65,66]for a
localized single excitation, an important feature absent in truncated-CI approaches (with
the exception of CI singles). This additive separability means that the excitation energy
obtained for an isolated system separated from non-interacting ground-state systems is
identical whether the calculation is performed on the components separately or performed
on the combined supersystem. The lack of this property artifactually degrades the accu-
racy of excitation energies with increasing molecular size, even if the added units are well
removed from the excitation region. Additionally, Stanton[67] analyzed the superiority of
EOM-CC (and by analogy STEOM-CC) over traditional CC and other methods for treating
strongly interacting potential energy surfaces, such as in pseudo-Jahn–Teller interactions
and conical intersections.

The accuracy and ease of use of the EOM-CCSD method has facilitated its widespread
utilization in a variety of interesting systems. The excitation energy (EE-) EOM-CCSD
variant [34] has recently been applied, for example, to exciton formation rates in conju-
gated polymer LEDs[68], to NMR spin–spin coupling constants as a function of dihe-
dral angle in model peptides[69], and to a novel treatment of bond breaking in terms
of spin-flipping EE-EOM excitations[70,71]. The ionization potential (IP-) EOM-CCSD
variant[39,52]has recently been applied to resolve some discrepancies in the vertical ion-
ization potentials of the prototypical molecule ethylene[72] and to examine the geometry
and vibrational frequencies of the ground state of the vinyl radical by deletion of an elec-
tron from the closed-shell anion reference[73]. The electron affinity (EA-) EOM-CCSD
variant [36] has been applied, for example, to core-excitation spectra[74] by adding an
extra electron to the core-ionized state and to the excitation spectrum of Al3 in terms of
single electron attachment to the closed-shell Al+

3 reference determinant[75].
In STEOM-CCSD theory, asecond similarity transformation is employed to eliminate

the chief remaining net-excitation operators (3h1p and 3p1h) and thereby allow further
reduction in the size of the approximate diagonalization subspace, while at the same time
maintaining or even improving accuracy. For “singly excited” physical states, the STEOM-
CCSD transformed Hamiltonian is diagonalized accurately and efficiently in a subspace of
singly promoted determinants only, rather than triples as would be appropriate for CI or
doubles for EOM-CC. The excitation operators in the transformed Hamiltonian coupling
the singly excited determinants to more highly excited configurations have mostly been
eliminated and their effects incorporated implicitly into the singles-level matrix elements.
In fact, the STEOM-CCSD method can be considered a rigorous correlated equivalent[1]
of the CI-singles (CIS) method, but using a fully correlated and connected effective Hamil-
tonian. Conceptually, the method offers immediate interpretation of excited states in terms
of single excitations in a correlated molecular-orbital picture. Practically, the cost of the
final CIS-like diagonalization is trivial compared to the rest of the calculation, and a large
number of eigenstates can thus be computed simultaneously, and in a balanced manner, for
little additional cost. In one of its earliest applications, for example, the STEOM-CCSD
method was used to compute a staggering∼200 excited states of free base porphin us-
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ing a large ANO basis set extended in two different ways with diffuse and polarization
functions[5].

Although the diagonalization subspace includes only singly excited determinants,
through the similarity transformations, the STEOM-CCSD method incorporates a selec-
tion of connected doubly and triply excited configurations implicitly. (Moreover, if these
higher configurations are very prominent, as in “doubly excited” systems, the diagonaliza-
tion subspace can be expanded to include doubly promoted determinantsexplicitly—and
implicitly more triples and even quadruples—as is done in the extended-STEOM-CCSD
approach[12,13].) Connected triples contributions are absent from standard EOM-CCSD,
and such corrections can be particularly important in valence excited states[76–79]. Note
that standard EOM-CCSD theory can be augmented to incorporate connected triples con-
tributions in various ways, such as through a dressing of the states[65], or by extending
the method to include triples corrections approximately, such as in the EOM-CCSDT-3 or
EOM-CCSD(̃T) methods[80] (or the closely related linear response CC3 method[78]),
or even by including triply promoted determinants completely, in the full EOM-CCSDT
method[81–83]. These expanded EOM approaches, however, are quite expensive.

Also related to triples, STEOM-CCSD, unlike standard EOM-CCSD, satisfies the com-
plete definition of additive separability for single excitations[3,65,66]. In addition to the
separability of alocal excitation on a single subsystem, STEOM-CCSD also possesses
charge-transfer separability, meaning that the energy of a charge-transfer excitationbe-
tween two otherwise non-interacting closed-shell subsystems is equal to the ionization
potential of one plus the electron affinity of the other. The STEOM-CCSD theory is fully
linked in a diagrammatic sense and is rigorously size-extensive[3,65,66]. These separa-
bility properties are not needed simply for the treatment of such separated systems, but
rather their inclusion ensures proper behavior for all systems and increases the accuracy
of the method. A careful overview of such scaling properties and the extension to a con-
cept of generalized-extensivity is presented in the recentfestschrift celebrating the work of
Rodney J. Bartlett on the occasion of his 60th birthday[66].

The STEOM method incorporates both dynamic and non-dynamic correlation effects
and can be applied to certain systems that have traditionally required a multi-reference de-
scription[3,4,14–17], such as many difficult classes of transition states and biradicals. In
addition to singlet and triplet excited states of a single-determinant closed-shell reference
system by the excitation energy (EE-) STEOM variant[1,3], states related to a closed-shell
parent by the removal or addition of two electrons can be considered by the double ioniza-
tion potential (DIP-) STEOM or the double electron affinity (DEA-) STEOM variants[3],
respectively. (The STEOM-CCSD treatment of states with one less or one more electron
than the closed-shell reference has been shown to be equivalent to the corresponding IP- or
EA-EOM-CCSD treatment[3].) For example, the DIP-STEOM-CCSD method has been
straightforwardly applied to such difficult cases as the vibrational frequencies of ozone[3]
and the symmetry-breaking states in the NO+

3 cation[15], while DEA-STEOM-CCSD has
recently been applied to the weakly interacting and highly multi-configurational ground
and low-lying excited states of the dimer (NO)2 [17]. For such systems, the STEOM
method is appealing for accurate blackbox-type calculations by non-specialists because
it is single reference (in the sense that it is based on one reference determinant), treats
the open-shell configurations on a balanced footing, is automatically spin-adapted, and
involves relatively few choices on the part of the user, unlike other highly accurate, but
user-input intensive, multi-reference based methods.
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Because of the efficiency with which a large number of eigenstates can be computed, the
STEOM-CCSD method also offers several advantages for tracking electronic states. In vi-
brational frequency calculations, the small geometrical distortions typically cause the state
of interest as well as other nearby states to fall into lower symmetry groups. Calculating
the manifold of nearby states of a variety of symmetries allows the state of interest to be
picked out based on a nearest-in-energy, rather than symmetry, criterion. Furthermore, due
to the general proximity of excited states, it is common to encounter state crossings during
the geometry optimization of an excited state. Rather than specifying an excited state by
its symmetry and (ill-defined) energy ordering, the desired diabatic state of a particular
orbital character can instead be followed through a crossing by computing its approximate
overlap with the set ofall nearby states (of appropriate symmetry) at the next step in the
optimization. We have implemented this electronic state-tracking algorithm into our local
version of the ACES II suite[84] of electronic structure programs, and the procedure was
applied in examining the conical intersection regions in the NO+

3 excited-state manifold by
the DIP-STEOM-CCSD method[15].

Lastly, the computational cost of the STEOM-CCSD methods can be reduced sub-
stantially by replacing one of the most intensive steps, the calculation of the reference
CCSD amplitudes, by the first-order perturbative treatment (e.g. reference[45]), yielding
the STEOM-PT methods[3]. The perturbative reference amplitudes also lead to simplifi-
cations in the analytical derivative expressions, and thus the STEOM-PT method can be
useful as a cheaper “pre-optimization” tool, which can subsequently be improved upon by
a more-accurate STEOM-CCSD gradient calculation if so desired.

The utilization of analytical formulations for the energy gradient began some decades
ago with the pioneering work of Pulay on self-consistent-field (SCF) gradients[85]. While
it is conceivable that the energy landscape can be explored through numerical differentia-
tion, it is quite inefficient and only feasible for small systems. For a variety of fundamental
as well as technical reasons, single-point energy calculations of excited states have lagged
behind ground-state treatments, and even more so for excited-state analytical gradients. Yet
excited-state gradients play a critical role in explaining the adiabatic and dynamic features
of experimental spectra and in understanding photochemical processes.

The most familiar use of gradients is the determination of stationary points on electronic
potential energy surfaces. The location (nuclear configuration and energy) of minima and
transition states is essential for examining structures, adiabatic 0–0 transitions, intermedi-
ates, and barriers and provides insight into stability and reaction pathways. Less familiar
features of potential energy surfaces that nonetheless play critical roles in excited-state and
photochemical processes are avoided crossings and conical intersections. Since the non-
crossing rule only applies to diatomics, the closely-spaced excited states of polyatomics
can become degenerate along selected hypersurfaces in nuclear coordinate space, and the
orbital character of the states can change rapidly in regions of genuine and avoided cross-
ings. To study these ubiquitous features, it is important that the electronic structure method
provide a number of excited states straightforwardly, efficiently, accurately, and in a bal-
anced manner. The ability to calculate a manifold of economical but accurate excited states
is valuable in the development of intelligent search procedures on the excited-state sur-
faces, in order to avoid missing the features of interest. With the ability to monitor the
system during the course of an optimization, such as with the state-tracking algorithm de-
scribed above, the STEOM method is well-suited to these tasks.
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In addition to simply (!) locating the interesting features on potential energy surfaces,
gradients also play a vital role in the description of the dynamics on the surface(s) and their
spectroscopic consequences. The most familiar example is their use in basic vibrational
frequency calculations through the second derivative (typically calculated as numerical
derivatives of the analytical gradient). The gradient is essential in treating the dynamics of
photochemical processes, where the reactants start and evolve on the excited-state mani-
fold. In a recent review, Robbet al. [86] considered some practical computational strategies
to investigate photochemical processes, and the importance of surface features such as
conical intersections and gradients is clear. The use of gradients is evident in the “direct
dynamics” methods (e.g. reference[87]), where dynamical quantities are calculated with-
out explicit construction of the surfaces but rather on-the-fly from the electronic structure
computations directly. The dynamics are often non-Born–Oppenheimer and require cal-
culations on multiple surfaces simultaneously, such as the “multiple spawning” method of
Martinezet al. [88,89]. The strength of the non-adiabatic coupling between surfaces can be
computed from matrix elements of the differentiated Hamiltonian between the interacting
adiabatic states, a concept closely related to the analytical gradient. In our own recent work,
the STEOM and EOM methods are being employed to tackle complicated electronic ab-
sorption spectra in conjunction with either sophisticated Franck–Condon approaches[20]
or a non-adiabatic vibronic coupling methodology[18,19].

In an even more general application, appropriate derivatives of the energy can be used
to calculate first-order properties through the generalized Hellmann–Feynman (GHF) the-
orem[90–92]. In contrast to the standard Hellmann–Feynman theorem[93–95] for exact
and fully variational formulations, fornon-variational electronic structure methods the en-
ergy gradient and the expectation value of the Hamiltonian response arenot identical; the
gradient additionally contains “relaxation” terms accounting for the response of the non-
variational wavefunction parameters. The gradient therefore typically represents first-order
properties more accurately[96]. In particular for CC-based methods, the gradient approach
to property calculations is generally preferred because an expectation value approach[97–
99] does not have a simple natural truncation.

In their raw form, however, the derivatives contained in the gradient of the non-
variational wavefunction parameters would be rate limiting in a calculation, since they must
be recomputed separately for each perturbation and degree of freedom. These expensive
terms can be avoided, however, if a GHF relation can be constructed: For non-variational
wavefunctions, the GHF theorem is said to apply if the gradient can be written as the trace
of the Hamiltonian derivatives with an effective (relaxed) density matrix[41,100–104].
This elegant form of the gradient completely separates the perturbation dependence from
the electronic structure approximation of the wavefunction. The perturbation dependence
is isolated in the response of the Hamiltonian amplitudes only. The relaxation terms that
account for the response of the non-variational wavefunction parameters are contained in
the effective density matrix. The effective density matrix isindependent of the perturba-
tion; its expression is completely defined by the electronic structure method, and it in turn
determines the method’s analytical gradient.

The problem of course is how to derive the expression for the effective density matrix,
namely how to restructure the raw analytical gradient expressions to avoid the perturbation-
dependent non-variational parameter derivatives. A major bottleneck in the derivation of
practical analytical gradient expressions for new electronic structure methods has been
the difficulty and tedium of this elimination. Traditionally, the non-variational parameter
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derivatives have often been eliminated through the Dalgarno–Stewart interchange[105],
also called theZ-vector method. The method was first applied to eliminate the molecular-
orbital coefficient derivatives in CI gradients by Handy and Schaefer[106]. This technique
was also used, for example, in the original derivation of the EOM-CCSD/PT analytical gra-
dients[37–42], the gradient for SAC-CI theory[56,57], and the gradient for ground-state
CC theory[103,104,107–110]. The procedure can be quite cumbersome, however, and the
details depend greatly on the particular electronic structure method being considered.

In the present work instead, the non-variational parameter derivatives are eliminated
systematically through Lagrange’s method of undetermined multipliers[111–115]. In this
well-defined procedure for obtaining the derivative of an expression subject to constraints,
a functional is first constructed from the electronic method’s energy expression together
with all supplementary equations that define the non-variational energy parameters, each
supplementary equation multiplied by an undetermined coefficient. These so-called La-
grange multipliers are then determined bydefining the functional to be variational with
respect to thenon-variational energy parameters. The Lagrange multipliers provide exactly
the flexibility needed to impose this remaining stationarity. The expensive perturbation-
dependent parameter derivatives are thereby avoided and are replaced by this coupled set of
linear equations that is independent of the perturbation and degrees of freedom. With their
solution, the energy functional becomes stationary with respect toall its wavefunction pa-
rameters, and the simplifications associated with fully variational energy formulations then
apply[113]. In particular, the variational 2n+ 1 rule[112–114]implies that the expensive
non-variational parameter derivatives will be avoided and that the first derivative of the
energy can be obtained through the GHF relation, in terms of a perturbation-independent
effective density matrix that contains all the parameter response. Indeed, the Lagrange
multiplier method incorporates the Dalgarno–Stewart interchange to all orders of deriva-
tive, eliminating the unnecessary non-variational parameter derivatives wherever possible.
The Lagrange multiplier approach has been applied, for example, to write the analytical
gradient expressions for CI[113,116], MP-MBPT [114], CC [117–120], EOM-CC[111],
P-EOM-MBPT(2)[121], and other methods[111].

In addition to its elegance and generality, the Lagrange multiplier formulation defines a
systematic derivation procedure that can be adapted to computer automation. Traditionally,
equations for the analytical energy gradient are first derived by hand in abstract operator
terms. Through algebraic[122,123]or diagrammatic[26,27,124–126]expansion, the ab-
stract derivative expressions are subsequently translated into explicit algebraic working
equations. This expansion is also often performed by hand. The explicit expansion pro-
cedure is relatively straightforward but can be subtle, for example, in the symmetries and
permutations (numerical factors, signs,etc.). As the number of possible terms increases,
the process quickly becomes tedious and error-prone. It would be desirable, instead, to take
the (much simpler) algebraic expressions that define the electronic method and differentiate
them by computer to obtain the explicit derivative expressionsdirectly in algebraic terms.

This direct algebraic manipulation has been hindered by the lack of a suitable computer
package capable of handling the detailed algebraic expressions, particularly in treating
symmetry and the so-called “dummy” summation indices. To this end, we have created
the SMART (Symbolic Manipulation and Regrouping of Tensors) package of automated
symbolic algebra tools. Beginning with the Lagrange multiplier energy functional in alge-
braic terms as input, theSMART toolkit is used to expand, differentiate, and simplify the
algebraic expressions to obtain the explicit derivative equations directly and systematically.
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Although developed with the specific case of STEOM-CCSD/PT gradients for the present
work, this general package can treat a variety of tensor algebraic expressions originating
from second-quantized methods. The toolkit is written in theMathematica programming
language[127], and its features will be considered here.

To be clear, the primary function of theSMART package is deriving and manipulating
the algebraic derivative equations, whereas their implementation into the computer code of
an electronic structure program is still performed here by hand. The fledgling field of au-
tomated equation derivation and implementation has progressed rapidly since a prototype
of theSMART package was first presented in a poster at the 1999 Sanibel Symposium. For
instance, Kállayet al. have cleverly adapted string-based CI algorithms and diagrammatic
many-body perturbation theory to automate the derivation and implementation of single-
reference[128] and state-selective multi-reference[129] CC and CI equations of arbitrary
truncation; the methods have even recently been extended with analytical first[130] and
second[131] derivatives. An important area of research is devising efficient factorization
and optimization algorithms, particularly taking into account computer resources and the
requirements of the chemical system being examined. (Trulyoptimal factorization is an
NP-complete problem.) In recent work in our group, the Automatic Program Generator
(APG) package[132,133]was developed to construct the algebraic formulas for general
many-body methods, efficiently factorize them employing a heuristic algorithm, and pro-
duce FORTRAN code for compilation into the ACES II program. The APG work has been
superseded by our fruitful multi-disciplinary collaboration with the groups of Sadayap-
pan and Baumgartner at The Ohio State University, Bernholdt and Harrison at Oak Ridge
National Laboratory, Ramanujam at Louisiana State University, Hirata formerly at Pacific
Northwest National Laboratory and now at the Quantum Theory Project of the Univer-
sity of Florida, and others in the development of the general-purpose Tensor Contraction
Engine (TCE)[134–141]. The TCE work endeavors to develop a high-level language for
the automated symbolic derivation of many-body electronic structure theory formulas and
an optimizing compiler to implement the resulting equations in high-performance paral-
lel computer code. A first generation TCE has been created by Hirata and applied to the
automated derivation of a range of CI, MBPT, and CC energy expressions and their au-
tomated implementation in operation- and memory-efficient serial and parallel computer
codes[134] (interfaced with the UTChem[142,143]and NWChem[144,145]computa-
tional chemistry suites). Development continues on this first generation TCE, with the re-
cent automated implementation of EOM-CC excitation energies and properties, the related
CC � equation solvers, and various combined CC and MBPT theories, in codes that take
advantage of spin, spatial (real Abelian), and permutation symmetries simultaneously[135,
136]. Moreover, work progresses on the automatedoptimization of the implemented com-
puter code (the so-called optimizing TCE), in order to maximize performance and parallel
scalability over a broad range of computer system architectures by tailoring to the specific
platform’s speed, communication, and resource characteristics; for a recent overview, see
reference[141]. The power of these automated derivation and implementation programs is
that rapid progress can be made, once the overhead of developing the general toolkit has
been paid. Modifying an electronic method to incorporate additional/different corrections,
arbitrary-order derivatives, new computer architectures/algorithms,etc. may be a matter of
simply pressing a button, allowing quantum chemists and physicists to shift focus to the
theoretical approximations rather than the tedious details of equation expansion, factoriza-
tion, and implementation.
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Returning our focus to theSMART package, the symbolic differentiation can be per-
formed here with respect to a single term or can be performed as a chain rule using the
bare (H) or transformed (̄H) Hamiltonian amplitudes as intermediate variables. These chain
rules respectively lead to a natural definition of the GHF effective density matrix (D) and an
intermediate density matrix (D̄). Unlike the full effective density matrixD, which contains
all of the electronic method’s GHF gradient information, the intermediate density matrix
D̄ removes the common parts associated with the underlying CC/PT reference treatment,
which are shared by all CC- or PT-based methods. The intermediate density matrix contains
just the post-CC/PT information that is unique to each method. Thus, after computing the
appropriateD̄, the gradient calculations can otherwise proceed identically for nearly any
electronic method based on, for example, a CCSD reference treatment. Moreover, these
sameD̄ define the gradients for the PT-based variants, as the simplifications associated
with a perturbative reference treatment are isolated outside ofD̄.

In the present work, the general automatedSMART derivation toolkit is applied to de-
rive the specific spatial-orbital equations for the EE-, DIP-, and DEA-STEOM-CCSD/PT
analytical first derivatives in explicit algebraic terms. These detailed gradient expressions
are derived systematically in the Lagrange multiplier formulation and directly through the
straight symbolic algebraic treatment. Moreover, the gradient equations for these various
methods are expressed compactly and uniformly in the chain-rule/intermediate-density
formulation, allowing reuse of much computer code in implementation. Although the
derivation procedure here is fully algebraic (starting from the input algebraic Lagrange
multiplier energy functionals), for completeness and to thoroughly understand the process,
the abstract STEOM-CCSD/PT energy theory is reviewed, as well as Lagrange multiplier
theory in abstract terms. Furthermore, Lagrange multiplier theory is applied to write the
STEOM-CCSD/PT analytic gradient expressions in abstract operator form, expanding on
the previous abstract derivation by Gwaltney, Bartlett, and Nooijen[10].

Since (besides the method-dependentD̄) the remaining expressions needed for STEOM-
CCSD/PT gradients are identical and since STEOM theory builds on the theory of EOM,
it is convenient to first derive the EOM-CCSD/PT gradient expressions in the present
chain-rule/intermediate-density formulation. We note that analytical EOM-CCSD/PT gra-
dients were first derived by Stanton and Gauss[37–42] in abstract operator form through
theZ-vector method and subsequently in explicit algebraic terms through diagrammatic
expansion. A Lagrange multiplier formulation for the abstract gradient expressions was
presented soon after by Szalay[111]. In the present work, the EE-, IP-, and EA-EOM-
CCSD/PT explicit algebraic gradient expressions are obtaineddirectly by automated sym-
bolic differentiation of the input algebraic energy expressions that define these methods.
These EOM gradient expressions are presented here to unify their implementation with
the STEOM-CCSD/PT gradients. The differences between the original and current EOM
gradient formulations are discussed.

The algebraic STEOM-CCSD/PT gradient expressions were implemented by hand into
a local version of the ACES II suite, and the existing program for EOM-CCSD/PT gradi-
ents was revised to conform to the present intermediate-density formulation. The modular
chain-rule construction systematizes all these methods, as well as any future additions of
CCSD/PT-based methods, to otherwise use the same unified computer code for the an-
alytical gradient, once the particular method’sD̄ is calculated. The implementation was
tested thoroughly against numerical gradients for a variety of test cases as well as at in-
termediate points in the evaluation. There is one small part of the STEOM gradient that
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has not been treated in the current work, which relates to the rotation between active and
inactive orbitals. In practice, inclusion of the active/inactive orbital response would lead to
very minor changes in the gradient, and in most cases the omission is not expected to be
numerically relevant.

In the first example of their use, the analytical gradient of the DIP-STEOM-CCSD
method was applied in examining the photoelectron spectrum of the NO3 radical [15].
The STEOM method avoids artifactual symmetry breaking of the wavefunctions by start-
ing from the symmetry-correct closed-shell nitrate anion (NO−

3 ) orbitals as the reference.
By deleting two electrons in all possible ways, the approach provides a balanced treat-
ment of the multi-configurational character of the cation (NO+

3 ) states. In addition to
geometry optimizations and vibrational frequency calculations of the ground and several
singlet and triplet excited states of NO+3 , regions of conical intersection in the excited-state
manifold were pinpointed by minimizing the energies on the two intersecting surfaces
simultaneously. Additionally, the above-described electronic state-tracking algorithm was
implemented to correctly follow an individual diabatic state through regions of intersection.
This first example is illustrative of many of the potential advantages of the STEOM method
and its analytical gradient, namely the accurate and balanced treatment of dynamical and
non-dynamical correlation effects in some difficult multi-configurational problems and the
ease and efficiency with which a large number of states can be calculated and tracked. As
part of a comparative study of multi-configurational methods, the analytical gradient in
the DEA-STEOM-CCSD method was also recently applied to geometry optimizations and
vibrational frequency calculations in the prototypically difficult (NO)2 dimer system[17].

For completeness, we note that an analytic linear response theory[47] has been available
for some years in the closely-related FSCC method due to Pal and co-workers[146–148],
but in the basic formulation where the non-variational wavefunction response terms are
included explicitly and must be re-solved for each mode of the perturbation. The approach
may be sufficient for molecular electronic properties, where there are only three indepen-
dent degrees of freedom, but it is less practical for nuclear gradients. Applications have
been restricted primarily to dipole moment calculations in the IP[149,150], EA [151],
and EE[152] sectors. Additionally, the analytic molecular-orbital relaxation response was
not included, although by comparison to numerical gradients was shown at times to be
substantial. AZ-vector construction was later applied[153,154]that was only partly suc-
cessful; the elimination relied on certain approximations and only removed the response
of the highest-order amplitudes. In the IP-sector example considered, the(0,1)-amplitude
derivatives were successfully eliminated, whereas the lower, ground-state,(0,0)-amplitude
derivatives were not. Independently and some years before theZ-vector treatment, Sza-
lay [111] examined the structure of FSCC gradients using a Lagrange multiplier approach
and in principle eliminated both the ground as well as higher-order amplitude responses in
the abstract expressions. Just recently, during review of the present manuscript, Pal and co-
workers published[155] a generalization of Szalay’s treatment and in particular presented
diagrammatic “equations” for the Lagrange multipliers of the(0,1), (1,0), and(1,1) sec-
tors, a large step towards implementing fully simplified analytical gradient expressions for
FSCC theory.

To summarize, the principal objectives of the current paper are:

1. to review carefully the EOM- and STEOM-CCSD/PT excited-state energy theories, the
general theory of deriving analytical energy gradients through Lagrange’s method of
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undetermined multipliers, and the application of Lagrange multiplier theory to EOM-
and STEOM-CCSD/PT gradients, all in abstract terms;

2. to discuss the automation of a systematic fully algebraic derivation procedure through
our newSMART toolkit of symbolic manipulation routines;

3. to apply theSMART package to derive in full detail the spatial-orbital working equations
for the closed-shell-reference EE-, DIP-, and DEA-STEOM-CCSD/PT, and also the
EE-, IP-, and EA-EOM-CCSD/PT, analytic first derivatives in explicit algebraic terms;

4. to describe the general chain-rule/intermediate-density formulation, facilitating a uni-
form and compact organization of the explicit gradient equations for CCSD/PT-based
electronic methods.

The material of this paper is divided roughly into two halves, theabstract analysis (Sec-
tions 2 and 3) and theexplicit algebraic analysis (Sections4 and 5). In the first half, the
EOM- and STEOM-CCSD/PT energy theories are reviewed in Section2, the general the-
ory of the energy gradient and Lagrange multipliers is introduced in Section3.1, and the
formulation is applied in Sections3.2 and 3.3to obtain the EOM-CC/PT and STEOM-
CCSD/PT intermediate and effective density matrices for the analytical gradient in abstract
operator form. The second half of the paper, Sections4 and 5, somewhat parallels the ab-
stract gradient derivations of Section3, but in explicit algebraic terms. In Section4, an
overview of theSMART package is presented, along with extensive examples of the auto-
mated derivation procedure. Section5 presents and examines the individual components
of the explicit EOM- and STEOM-CCSD/PT gradient equations. Much of the discussion
in Section5 explains detailed features that arise in the algebraic expressions, which might
be difficult to organize manually but here are handled automatically in the direct algebraic
derivation. Also described are the factorization approach and certain general efficiency as-
pects applicable to the implementation of the working equations. The full set of algebraic
derivative expressions, contained in the tables of Section5, were generated and checked
using ourSMART package and should thus be free of mathematical and typographical er-
rors. Additionally, the extensive captions of the tables in Section5 provide a synopsis of
the current work. In Section6, the main features of this work are summarized.

2. THE EOM-CCSD/PT AND STEOM-CCSD/PT ENERGY METHODS

Let us first establish the notation. In the abstract expressions of Sections2 and 3, all indices
refer tospin molecular orbitals; in the explicit algebraic expressions of Sections4 and 5,
all indices refer tospatial molecular orbitals. The molecular orbital space is partitioned
into occupied (also called hole orh) and unoccupied (also called virtual, particle, orp)
subspaces, based on a closed-shell reference determinant. Generic occupied orbitals are la-
beledi, j , k, l, k1, k2, k3, andk4, while generic virtual orbitals are labeleda, b, c, d, c1, c2,
c3, andc4. Each occupation subspace is further divided into active and inactive subspaces.
Occupied orbitals that are explicitly active are labeledm, n, andm1; virtual orbitals that
are explicitly active are labelede, f , ande1. Explicitly inactive orbitals are given primed
labels, such asi′ for occupied inactive anda′ for virtual inactive. The labelsp, q, r, s, t ,
andu are used when neither the occupation nor the active character is specified, and these
labels run over the entire molecular orbital space. Groups of indices are denoted by the
Greek charactersµ, ν, andγ . In thespin-orbital expressions only, so as to minimize the
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appearance of numerical factors and signs, indices related by antisymmetry are restricted
(e.g. i < j ), and the Greek group indices should likewise be interpreted as including re-
strictions to unique indices. Terms are written inx12

12 notation, where upper indices usually
refer to creation operators and lower indices refer to annihilation operators with respect
to the true vacuum; expressions obtained by differentiation, such asDµ andD̄µ, follow
the opposite convention, in the sense that the upper and lower indices are exchanged rela-
tive to the differentiating term. This standard facilitates a consistent tensor notation where
summed indices appear once above and once below. In case of typographical arbitrariness,
all three-index terms have the paired indices in the second position. Bold capital letters
refer to the set of elementary coefficients/amplitudes of the associated second-quantized
operator,e.g. H̄ refers to the set of coefficients̄hµ of the normal-ordered elementary oper-
ators of ˆ̄H in second quantization. (Note that the amplitudes of the bare HamiltonianĤ are
denoted ash0, fµ, andVµ but are collectively referred to ashµ andH.) In this work, clear
distinction is made between these second-quantized elementary operator amplitudes and
the associated matrix elements of the total operator between determinants. Although often
interchangeable, the difference will be apparent for the perturbative variants, where certain
matrix elements are not precisely the same as the “associated” elementary coefficients, due
to the participation of residual pure-excitation terms in the matrix elements. Lastly, sym-
bols with an under-tilde, such asF

∼

or R
∼

, are temporary quantities needed briefly to further
the discussion.

2.1. The (ST)EOM-CCSD methods

The EOM and STEOM methods, collectively referred to here as (ST)EOM, can be based
on any truncated coupled-cluster (CC)[45,46]or many-body perturbation theory[45] treat-
ment of the reference state. In this discussion, we will focus on a coupled-cluster singles-
and-doubles (CCSD) treatment[43] of the reference, but the analysis can be extended to
other CC truncation schemes. The reference system may instead be treated perturbatively,
and the perturbative amplitudes used in the CC-based (ST)EOM expressions. In particular,
we will consider the simplifications associated with using first-order Møller–Plesset[156]
amplitudes in place of the full CCSD amplitudes, yielding the (ST)EOM-PT methods.

We begin with a single closed-shell Slater determinant|Φ0〉 as the reference determinant.
Although |Φ0〉 is typically taken to be comprised of Hartree–Fock (HF) or canonical HF
orbitals, the CC-based expressions will be derived here for the general case of non-HF
orbitals; the PT-based (ST)EOM methods will instead employ only canonical HF orbitals,
and the simplifications will be discussed in Section2.2. The normal-ordered spin-orbital
electronic Hamiltonian is given in second quantization (e.g. reference[46]) by

(1)Ĥ = h0 +
∑
p,q

f
p
q {p̂†q̂} +

∑
p<q, r<s

V
pq
rs {p̂†r̂ q̂†ŝ},

where the constanth0 = 〈Φ0|Ĥ |Φ0〉 is the energy of the reference determinant, thef
p
q

are the amplitudes of the corresponding Fock operator, theV
pq
rs are antisymmetrized two-

electron integrals, and the curly brackets { } denote normal-ordering[27] with respect to
the reference determinant.

Note that the Hamiltonian of expression(1) contains two-electron pure-excitation oper-
ators{â†îb̂†ĵ}. Such operators excite a given determinant to determinantstwo excitation
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levels higher, and their participation implies that at leasttwo additional excitation lev-
els above the state of interest must be included in a reasonable truncated-CI description.
In particular, to adequately approximate states dominated by single excitations in CI, the
Hamiltonian should be diagonalized in a subspace including at least up to (a selection of)
triply excited determinants. To better understand these statements, the block structure of the
matrix obtained by mappinĝH over the reference determinant and singly, doubly, triply,
and quadruply excited determinants is presented inFig. 1. The {â†îb̂†ĵ} operators yield
sizeable matrix elements in the singles-to-triples block〈�abc

ijk |Ĥ |�a
i 〉 of the Hamiltonian,

and thus a diagonalization subspace ofĤ for singly excited states should include (the most
important of) these matrix elements,i.e. should include triply excited determinants, as in-
dicated by the dashed line inFig. 1.

In (ST)EOM-CC theory, a many-body similarity transformation[25] (X̂
∼

−1Ĥ X̂
∼

) is first
performed on the so-called “bare” Hamiltonian̂H above, with the purpose of eliminating
the major elementary operators that couple between different excitation levels and thereby
reducing the minimum reasonable subspace needed in the approximate diagonalization.
A similarity transformation changes the matrix elements and eigenfunctions of an operator
but, in the (impractical) case of acomplete diagonalization space, leaves the eigenval-
ues unchanged. In atruncated diagonalization subspace, the transformation can be chosen
to eliminate the most important (net-) excitation operators that exciteout of the diago-
nalization subspace. At the same time, the effects from the higher-level matrix elements
(excluded from the diagonalization) are incorporated implicitly into the lower-level matrix

Ĥ |Φ0〉 |�a
i 〉 |�ab

ij 〉 |�abc
ijk 〉 |�abcd

ijkl 〉
〈Φ0| h0 X X 0 0

〈�a
i | f a

i {â†î} X X X 0

〈�ab
ij | V ab

ij {â†îb̂†ĵ} f a
i {â†î}, V kb

ij {k̂†îb̂†ĵ}, V ab
cj {â†ĉb̂†ĵ} X X X

〈�abc
ijk | 0 V ab

ij {â†îb̂†ĵ} X X X
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
〈�abcd

ijkl | 0 0 X X X

-----------------

Fig. 1. Block structure of the bare Hamiltonian Ĥ matrix elements. The matrix elements
are partitioned intuitively in blocks〈�ν |Ĥ |�µ〉, where the left- and right-hand determi-
nants are of a particular excitation level. AnX indicates sizeable matrix elements, while0
indicates rigorously vanishing matrix elements (sinceĤ is at most a two-body operator).
CertainX of interest have been replaced by the actual second-quantized elementary oper-
ators that participate in the block. Diagonalization of theĤ matrix over up-to a particular
excitation level is the truncated-CI method. In order to reasonably approximate “singly
excited” electronic states, that is to say, states dominated by singly excited determinants
|Φa

i 〉, a truncated-CI diagonalization subspace should include at least up to (a selection
of) triply excited determinants. This up-to-triples diagonalization subspace is indicated by
the dashed line, and its necessity is a simple consequence of the sizeable matrix elements
〈�abc

ijk |(V ab
ij {â†îb̂†ĵ})|�a

i 〉 that couple singly excited determinants to triply excited deter-
minants. (To avoid confusion, note that all index labels in the three parts of the preceding
expression should be considered as dissimilar.)
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elements (thatare included in the diagonalization). The transformed Hamiltonian matrix
can then be diagonalized approximately in a smaller, more economical, subspace with in-
creased accuracy. Equivalently, for a given diagonalization subspace (say up-to-doubles),
diagonalization of an appropriately similarity transformed Hamiltonian should yield better
results than diagonalization of the bare Hamiltonian over the same subspace.

The similarity transformation of CC and EOM-CC theory is performed through the ex-

ponential operatoreT̂ and defines a new, transformed, Hamiltonianˆ̄H ,

ˆ̄H ≡ e−T̂ Ĥ eT̂

= h̄0 +
∑
p,q

h̄
p
q {p̂†q̂} +

∑
p<q, r<s

h̄
pq
rs {p̂†r̂ q̂†ŝ}

(2)+
∑

p<q<r, s<t<u

h̄
pqr
stu {p̂†ŝq̂†t̂ r̂†û} + · · · ,

with new elementary amplitudes̄hµ that are (diagrammatically connected) tensor products
of the original bare-Hamiltonian amplitudes with theT̂ operator amplitudes; as seen above,

theseh̄µ are defined as the coefficients of the second-quantized elementary operators ofˆ̄H
written in normal-ordered form. ThêT operator is composed of connected pure-excitation
operators and, in the CCSD method, contains only one- and two-body components,

(3)T̂ = T̂1 + T̂2 =
∑
i,a

tai {â†î} +
∑

i<j, a<b

tabij {â†îb̂†ĵ}.

The explicit algebraic expressions for the CCSD one- and two-bodyh̄µ amplitudes are
well documented in the literature, as spin-orbital (e.g. reference[110]) or spatial-orbital
(e.g. reference[157]) quantities; the spatial-orbital̄hµ expressions needed in this work
are collected in expanded form inTables 5 and 6of Section5. (These expressions can be

obtained by diagrammatic evaluation[26,27,124–126]of the definitione−T̂ Ĥ eT̂ in con-
junction with the Hausdorff expansion[158]or by algebraic evaluation[122,123]of Wick’s
theorem[124,159]to combine the product of the three normal-ordered operators—actually
many more elementary normal-ordered operators due to the Taylor-series expansion of
the exponentials—into asingle normal-ordered operator, followed by collection of like
elementary coefficients.) In contrast to the bare HamiltonianĤ in expression(1), the trans-
formed Hamiltonian ˆ̄H now contains three- and higher-body operators, up to six in the case
of CCSD, but their amplitudes are typically small (e.g. references[3,6]). Moreover, the
limited determinantal subspaces employed here in the diagonalizations and supplementary
equations will prevent all four- and higher-body terms from contributing to the (ST)EOM-

CCSD/PT methods. Finally, since theeT̂ operator is not unitary, the similarity transformed

Hamiltonian ˆ̄H is non-Hermitian.
So far, we have done little more than rearrange the elementary coefficients in the Hamil-

tonian. The simplification of the eigenvalue problem arises by setting some of these co-
efficients to vanish, thereby eliminating their associated elementary operators. In CCSD,

the one- and two-body pure-excitation operators{â†î} and{â†îb̂†ĵ} in ˆ̄H are eliminated
by setting their associated coefficientsh̄ai andh̄abij to zero. This yields the familiar CCSD
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equations[110,157]

h̄ai = 〈Φa
i | ˆ̄H |Φ0〉 ≡ 0 ∀ i, a,

(4)h̄abij = 〈Φab
ij | ˆ̄H |Φ0〉 ≡ 0 ∀ i < j, a < b

that determine the amplitudesT. The T̂ transformation operators in expression(3) were
intentionally chosen to have the exact same form as the excitation operators in the trans-
formed Hamiltonian that would be made to vanish, and there are an equal number of
(non-linear) equations above as there areT-amplitude unknowns. With the solution of the
CCSD equations(4), the reference determinant becomes the ground-state eigenfunction of
ˆ̄H truncated at doubles, with the CCSD energy given by

(5)h̄0 = 〈Φ0| ˆ̄H |Φ0〉.
While the CCSD method focuses on the ground state, the EOM-CCSD method[32–

35] considers excited states by matrix diagonalization of the transformedˆ̄H Hamiltonian
(or more precisely, by iterative solution for individual eigenvectors). With the removal of
the pure-excitation{â†î} and{â†îb̂†ĵ} elementary operators, through the vanishing CCSD
equations, the transformed̄̂H matrix attains the approximate block structure presented in
Fig. 2. The two-body pure-excitation{â†îb̂†ĵ} operators would have been the primary
operators in ˆ̄H that coupled singly excited determinants to triply excited determinants,
i.e. the most important participants in the singles-to-triples〈�abc

ijk | ˆ̄H |�a
i 〉 block of ma-

trix elements. With their removal, the only remaining couplings in this singles-to-triples
block are due to new three- and four-body operators, whose coefficients tend to be small in
magnitude. The vanishing of the two-body pure-excitation operators thus implies that the
diagonalization subspace of̄̂H need extend onlyone excitation level beyond the level of
interest to achieve adequate accuracy. For states dominated by single excitations, the exci-
tation energy (EE-) EOM-CCSD method[34] yields accurate results with a diagonalization
subspace including singly (1h1p) and doubly (2h2p) excited determinants only. This mod-
erately sized diagonalization subspace is indicated by the dashed line inFig. 2 and is in
contrast to the much less practical up-to-triples subspace appropriate in CI (cf. Fig. 1). This
alternative many-body-operator viewpoint—and the subsequent simplification of the block
structure before matrix diagonalization—is a straightforward, though perhaps less famil-
iar, explanation of the accuracy of the EOM-CCSD and related methods, whoseansätze
are often phrased in terms of just the wavefunction parameterization and Hilbert-space
projections over determinants, or the action of a wave operator.

Furthermore, in this second-quantized many-body-operator formalism, the approximate
(i.e. incomplete) decoupling in the transformed Hamiltonian applies immediately to all
sectors of Fock space[21,25,29]involving determinants with a different number of elec-
trons. In the ionization potential (IP-) EOM-CCSD variant[39,52], ˆ̄H is diagonalized over
the subspace of 1h and 2h1p configurations, giving principal ionizations relative to the
closed-shell reference system. Conversely,ˆ̄H is diagonalized over 1p and 2p1h configura-
tions in the electron affinity (EA-) EOM-CCSD variant[36]. As in the EE- diagonalization,
elimination of the two-body pure-excitation{â†îb̂†ĵ} operators greatly reduces the cou-
pling to determinants outside of the diagonalization subspace, in particular the IP- or

EA- “singles”-to-“triples” matrix elements,〈�i
bc
jk | ˆ̄H |�i〉 or 〈�abc

jk | ˆ̄H |�a〉, respectively.
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ˆ̄H |Φ0〉 |�a
i 〉 |�ab

ij 〉 |�abc
ijk 〉 |�abcd

ijkl 〉
〈Φ0| h̄0 X̄ X̄ 0 0

〈�a
i | h̄ai ≡ 0 X̄ X̄ X̄ 0

〈�ab
ij | h̄abij ≡ 0 h̄ai ≡ 0, h̄kbij {k̂†îb̂†ĵ}, h̄abcj {â†ĉb̂†ĵ}, ∼ X̄ X̄ X̄

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
〈�abc

ijk | ∼ h̄abij ≡ 0, ∼ X̄ X̄ X̄

〈�abcd
ijkl | ∼ ∼ ∼ X̄ X̄

---------------

Fig. 2. Block structure of the singly transformed Hamiltonian ˆ̄H matrix elements. A sim-
ilarity transformation changes the matrix elements of an operator but, in the complete di-
agonalization limit, leaves the eigenvalues rigorously unchanged. In atruncated-subspace
diagonalization, the similarity transformation can be chosen to eliminate the major elemen-
tary operators that couple between the included and the excluded configurations, thereby
allowing increased accuracy with a smaller diagonalization subspace. In the CCSD and
EOM-CCSD methods, thê̄H ≡ e−T̂ Ĥ eT̂ similarity transformation is performed with the
purpose of eliminating the{â†î} and{â†îb̂†ĵ} elementary operators. These pure-excitation
operators couple a given determinant to determinants respectively one and two excita-
tion levels higher. The operators are eliminated by setting their associated elementary
coefficientsh̄ai ≡ 0 and h̄abij ≡ 0, and theT amplitudes introduced by the similarity
transformation provide exactly the free parameters needed to perform this elimination.

With their removal,〈�a
i | ˆ̄H |Φ0〉 = 0, 〈�ab

ij | ˆ̄H |Φ0〉 = 0, and〈Φ0| ˆ̄H |Φ0〉 = h̄0, yielding

CCSD theory for ground states. In the EOM-CCSD method,ˆ̄H is then matrix diagonal-
ized over singly and doubly excited determinants, to approximate singly excited electronic
states. The eliminated two-body pure-excitation{â†îb̂†ĵ} operators provided the primary
coupling between singly and triply excited determinants, and with their removal, the sin-
gles-to-triples block〈�abc

ijk | ˆ̄H |�a
i 〉 of the matrix is greatly reduced. Singly excited elec-

tronic states are thereby obtained accurately in this diagonalization that is up-to-doubles
only. This smaller, more economical, diagonalization subspace is indicated by the dashed
line and is in contrast to the up-to-triples subspace reasonably required in CI (cf. Fig. 1).
The individual matrix elements are changed by the similarity transformation, indicated
by the bar over the normal-magnitude elements,X̄; moreover, three- and higher-body el-
ementary operators are introduced, but these terms are typically small and are indicated
by the∼. In this second-quantized approach, the same one- and two-body pure-excitation
elementary operators also couple between determinants of a different fixed number of elec-
trons, and so this same approximate block structure applies in the IP- and EA- variants of
EOM-CCSD as well.

Recently, we have reported the first results of adouble ionization potential (DIP-) EOM-
CCSD variant[15], where ˆ̄H is diagonalized over 2h and 3h1p configurations, giving
doubly ionized states relative to the closed-shell reference system.

In the STEOM-CCSD method[1–3], the process is pushed one step further. Asecond
similarity transformation is performed in order to eliminate the primary net-excitation op-
erators that couple between singly anddoubly excited determinants and thereby further
reduce the minimum size of the approximate diagonalization subspace. This second trans-
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formation is performed through a normal-ordered exponential operator{eŜ} [25,26]. The
doubly transformed STEOM-CCSD Hamiltonian becomes

Ĝ ≡ {
eŜ
}−1 ˆ̄H{eŜ}

(6)= g0 +
∑
p,q

gp
q {p̂†q̂} +

∑
p<q, r<s

gpq
rs {p̂†r̂ q̂†ŝ} + · · · ,

with new elementary coefficientsgµ andg0 = h̄0. The Ŝ operator consists of two parts,
Ŝ = Ŝ− + Ŝ+, with

Ŝ− = Ŝ−
1 + Ŝ−

2 =
∑
i′,m

smi′ {m̂†î′} +
∑

m,b,i<j

smb
ij {m̂†îb̂†ĵ},

(7)Ŝ+ = Ŝ+
1 + Ŝ+

2 =
∑
a′,e

sa
′

e {â′ †ê} +
∑

e,j,a<b

sabej {â†êb̂†ĵ}.

These elementary operators inŜ have precisely the same form as the elementary opera-
tors in the doubly transformed Hamiltonian̂G that will be made to vanish. For the double
ionization potential (DIP-) STEOM variant[3], theŜ+ operator is not used, as the match-
ing elementary operators in the Hamiltonian cannot participate in the (2h) diagonalization;
contrariwise, for the double electron affinity (DEA-) STEOM variant[3], the Ŝ− opera-
tor is not used; for the excitation energy (EE-) STEOM method[1,3], both Ŝ− and Ŝ+
are needed. Unlike the pure-excitationT̂ in the first transformation, thêS operators do
not commute, due to their̂m† or ê q-annihilation components (annihilation operators with
respect to the quasi-particle vacuum|Φ0〉), but the overall normal-ordering is included in

{eŜ} to prevent the non-commuting components from contracting among themselves and
thereby streamline the resultingG expressions. Note that contractions are still possible

between the{eŜ} operator and its inverse in the similarity transformation.
Again, this second similarity transformationby itself does little more than rearrange

the elementary coefficients in the doubly transformed Hamiltonian. But it does serve to
introduce the free parametersS, which are then used to eliminate the coefficients of the
unwanted net-excitation operators inĜ. To begin with, this second similarity transforma-
tion preserves the zeros of the first[25], so that the decoupling due to the CCSD equations
remains true,

(8)

ga
i = h̄ai = 0 ∀ i, a,

gab
ij = h̄abij = 0 ∀ i < j, a < b

(where the first equation has been used in the second). These zeros are independent of the
value of theS coefficients, and so thêG similarity transformation does not interfere with

the pure-excitation{â†î} and{â†îb̂†ĵ} eliminations achieved in the precedinḡ̂H transfor-
mation. The equations that determine the STEOM-CCSDS amplitudes are analogous to
those of the CCSD and EOM-CCSDT amplitudes, namely they set the matching operator
coefficients of the resulting transformed Hamiltonian to zero. The equations that determine
S− for EE- and DIP-STEOM-CCSD are

(9)

gm
i′ = −〈Φi′ |Ĝ|Φm〉 ≡ 0 ∀ i′,m,

gmb
ij = −〈Φ b

ij |Ĝ|Φm〉 ≡ 0 ∀ m, b, i < j,
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and these vanishinggm
i′ and gmb

ij coefficients eliminate the associated{m̂†î′} and net-

excitation{m̂†îb̂†ĵ} elementary operators in̂G. Likewise, the equations that determine
S+ for EE- and DEA-STEOM-CCSD are

(10)

ga′
e = 〈Φa′ |Ĝ|Φe〉 ≡ 0 ∀ a′, e,

gab
ej = 〈Φab

j |Ĝ|Φe〉 ≡ 0 ∀ e, j, a < b,

and these vanishingga′
e and gab

ej coefficients eliminate the associated{â′ †ê} and net-
excitation{â†êb̂†ĵ} operators inĜ. (Note that satisfaction of the pure-excitation equa-
tions(8) is needed to simplify the matrix elements in equations(9) and (10)to be the same
as the associated elementary operator coefficients, an issue to which we will return later in
the PT-based discussion.) These eliminated elementary operators inĜ have precisely the
same form as thêS operators of expressions(7), and there are an equal number of equa-
tions as there areS-amplitude unknowns. Additionally we note that in equations(9) and
(10), only a selection of thegµ operator coefficients are made to vanish, and this selection
defines the active partitionsm and e of the orbital spaces, respectively. The role of the
active space in STEOM will be examined in detail later in this section.

Besides the pure-excitation{â†î} operators eliminated in the first transformation,
the eliminated two-body{m̂†îb̂†ĵ} and {â†êb̂†ĵ} net-excitation operators are the pri-
mary operators that would couple singly excited determinants to doubly excited de-
terminants. In the EE-STEOM-CCSD method, these are the most important opera-
tors that would participate in the singles-to-doubles〈�ab

ij |Ĝ|�a
i 〉 block of matrix ele-

ments. To be completely explicit, the only possible contributions to this block of the
Ĝ matrix are of the form〈Φab

ij |{b̂†ĵ}|Φa
i 〉, 〈Φab

ij |{k̂†îb̂†ĵ}|Φa
k 〉, 〈Φab

ij |{â†ĉb̂†ĵ}|Φc
i 〉, or

〈Φab
ij |{k̂†îâ†ĉb̂†ĵ}|Φc

k 〉. Eliminating the{â†î} operators eliminates the first contribution
above, and eliminating the{m̂†îb̂†ĵ} and{â†êb̂†ĵ} operators greatly reduces the magni-
tude of the second and third contributions above, leaving only〈Φab

ij |{k̂′ †îb̂†ĵ}|Φa
k′ 〉 and

〈Φab
ij |{â†ĉ′b̂†ĵ}|Φc′

i 〉 involving an inactive orbital and the final three-body term above.
(These remaining three-body and inactive two-body couplings from singly to doubly ex-
cited determinants are part of the residual contributions that are neglected by the singles-
only diagonalization subspace.) Analogously, the same{â†î} and {m̂†îb̂†ĵ} operators
present the primary eliminated coupling in the DIP- “singles”-to-“doubles”〈�ij

c
k |Ĝ|�ij 〉

matrix elements, and the{â†î} and{â†êb̂†ĵ} operators are the primary eliminated partici-
pants in the DEA- “singles”-to-“doubles”〈�abc

k |Ĝ|�ab〉 matrix elements. Note that these
eliminated second-quantized operators also reduce a large portion of the couplings between
higher excitation blocks (e.g. doubles-to-triples) as well.

With the removal of the most important pure-excitation and net-excitation operators
through equations(8), (9), and (10)—and the implicit incorporation of their contribu-
tions into the lower-level matrix elements through the transformed amplitudes of the
Hamiltonian—the doubly transformed STEOM-CCSD̂G Hamiltonian matrix attains the
approximate block upper-triangular structure presented inFig. 3. Each subblock on the di-
agonal corresponds to a particular excitation level and is approximately decoupled from all
more highly excited determinants. As discussed above, the only remaining couplings that
can excite out of a subblock involve inactive or three- and higher-body operators. Most
notably, singly excited electronic states can now be obtained accurately by diagonalizing
Ĝ over the subspace ofsingle excitations only, as indicated by the dashed lined inFig. 3.
Moreover, this same block structure applies in the DIP- or DEA-STEOM-CCSD variants,



20 M. Wladyslawski and M. Nooijen

Ĝ |Φ0〉 |�a
i 〉 |�ab

ij 〉 |�abc
ijk 〉 |�abcd

ijkl 〉
〈Φ0| g0 = h̄0

¯̄X ¯̄X 0 0

〈�a
i | ga

i ≡ 0 ¯̄X ¯̄X ¯̄X 0
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
〈�ab

ij | gab
ij ≡ 0 ga

i ≡ 0, gmb
ij ≡ 0, gab

ej ≡ 0, ���
¯̄X ¯̄X ¯̄X

〈�abc
ijk | ��� gab

ij ≡ 0, ��� ���
¯̄X ¯̄X

〈�abcd
ijkl | ��� ��� ��� ���

¯̄X
------------

Fig. 3. Block structure of the doubly transformed Hamiltonian Ĝ matrix elements. In

STEOM-CCSD, a second similarity transformation,Ĝ ≡ {eŜ}−1 ˆ̄H {eŜ}, is performed to
eliminate the major remaining elementary operators that couple from singly todoubly ex-
cited determinants and thereby further reduce the size of the approximate diagonalization
subspace. This second transformation preserves the zeros of theˆ̄H transformation (Fig. 2),
and furthermore, the introducedS amplitudes set thêG elementary coefficientsgmb

ij ≡ 0
andgab

ej ≡0 (with m ande indicating active orbitals). These new zeros respectively elim-
inate the net-excitation{m̂†îb̂†ĵ} and{â†êb̂†ĵ} operators, the primary remaining partici-
pants in the singles-to-doubles〈�ab

ij |Ĝ|�a
i 〉 block. The only residual operators left in this

block are the corresponding inactive two-body operators and typically-small three-body
operators. With the elimination of the primary singles-to-doubles and singles-to-triples
coupling operators (and the implicit incorporation of their effects into the singles-level
matrix elements through the transformed Hamiltonian amplitudes), singly excited elec-
tronic states can now be obtained accurately by diagonalizingĜ over the subspace of
singly excited determinants only, indicated by the dashed line. This reduction represents
an enormous savings over the reasonable diagonalization subspace in CI (up-to-triples,
Fig. 1), or even EOM (up-to-doubles,Fig. 2), and allows a large number of singly excited
states to be computed at essentially no additional cost. The STEOM-CCSD method can be
considered a rigorous correlated equivalent of the CI-singles method, using the fully cor-
related effective Hamiltonian̂G. Additionally, due to the second-quantized nature of the
eliminated elementary operators, this same approximate block upper-triangular structure
applies in the DIP- and DEA- variants of STEOM-CCSD as well. Finally note that the
matrix elements are again changed by the second similarity transformation, indicated by
the additional overbar in̄̄X, as are the typically-small residual elements���.

and the methods can accurately describe open-shell systems with two less or two more
electrons respectively (than a closed-shell parent) with a singles-like 2h or 2p diagonal-
ization subspace only. The cost of these final CI-singles-like diagonalizations is trivial,
and a large number of eigenstates can thus be computed simultaneously for essentially no
additional cost.

We now consider some detailed features of STEOM-CCSD theory. In equations(9) and
(10) that define the eliminated̂G components, it is in fact not necessary that the one-body
gm
i′ andga′

e coefficients be made to vanish, since the associated{m̂†î′} and{â′ †ê} operators
do not increase the excitation level of a determinant and thus their removal does not aid
in decoupling excitation blocks of̂G. However, doing so exploits the relationship[3,25,
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160,161]between STEOM-CC, EOM-CC, and FSCC[21–24,26–29]theories, allowing
the coupled set of non-linear (inS) equations(9) and (10)to be re-cast into a series of
independent EOM-CCSD eigenvector problems (one for each active orbitalm or e), which
is numerically more stable. The STEOM-CCSDS− andS+ amplitudes have been shown
to be the same as the amplitudes obtained in the FSCC solution for the IP and EA sectors,
respectively, and can in turn be computed by solving for a selection of active IP- and EA-
EOM-CCSD eigenvectors, along with an additional normalization condition that depends
on the size of the STEOM active space[3].

Although needed to calculate theS amplitudes, the diagonalization of̂G, on the other
hand, does not require the one-bodyŜ1 components. The eigenvalues ofĜ can equivalently
be obtained from

(11)Ĝ2 ≡ {
eŜ2
}−1 ˆ̄H{eŜ2

}
.

As long as the diagonalization is performed over the full set of orbitals (active plus inactive)
in the chosen truncation, the eigenvalue spectrum ofĜ2 is identical[3] to that of the fullĜ:
Since

(12)
{
eŜ
} = {

eŜ2+Ŝ1
} = {

eŜ2
}{

eŜ1
}

by Wick’s theorem[124,159]and the fact that theinactive q-creation operators (diagram-
matically at the top) of̂S1 cannot contract with the explicitlyactive q-annihilation operators
(at the bottom) of̂S2, then

Ĝ = {
eŜ2+Ŝ1

}−1 ˆ̄H{eŜ2+Ŝ1
} = {

eŜ1
}−1{

eŜ2
}−1 ˆ̄H{eŜ2

}{
eŜ1
}

(13)≡ {
eŜ1
}−1

Ĝ2
{
eŜ1
}
,

and thusĜ andĜ2 are related by a similarity transformation and have the same eigenval-
ues. To summarize therefore, the equations for theSamplitudes require the full̂G, whereas
the diagonalization only requireŝG2. Amplitudes ofĜ2 will be denoted typographically
asgµ, whereas amplitudes of the full̂G will be denoted asgµ. In this work, nearly all the
explicit algebraic expressions will be written in terms of theG2 amplitudes, unless noted
otherwise.

The explicit algebraic expressions for theG (andG2) amplitudes in terms of̄H andS
amplitudes cannot readily be obtained from the definition ofĜ in expression(6), though,

due to the unknown inverse{eŜ}−1. In a key development, it was shown[25] that the linear

(in G) set of equations{eŜ}Ĝ = ˆ̄H {eŜ} can be organized into a block form soluble by
backward substitution and leads to

(14)Ĝ = ( ˆ̄H{eŜ})
C
− ({

eŜ − 1
}
Ĝ
)
C
,

where the subscriptC means that, in diagrammatic language, the terms must be connected
(share one or more summation indices through contractions in Wick’s theorem such that
the terms cannot be factored into disjoint pieces). Expression(14) has been evaluated di-
agrammatically for the neededG andG2 amplitudes, and reference[3] lists their explicit
spatial-orbital formulas, which are reproduced here in expanded form inTables 5 and 7of
Section5 (with some typographical corrections).

Once theS amplitudes are obtained and theG2 amplitudes are calculated (i.e. the
second similarity transformation is performed), the final transformed HamiltonianG2 is
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diagonalized over the appropriate singles determinants to compute the energies of inter-
est. Despite this small singles-only diagonalization subspace, however, through the second
similarity transformation the STEOM-CCSD method includes implicit “connected” dou-
bles and triples contributions in the wavefunction. To make this statement more concrete,
Table 1compares the individual excitation levels of the EOM-CCSD and STEOM-CCSD
approximate final wavefunctions (of the bareĤ ) in relation to the straightforward CI pa-
rameterization. ThêC, R̂, andR̂ in Table 1represent operators corresponding to the CI,

EOM-CCSD, and STEOM-CCSD diagonalization subspaces ofĤ , ˆ̄H , andĜ2, respec-
tively (as well as include the reference element), and the individual excitation levels of
these diagonalization operators (constant, singles, doubles, triples, or quadruples) are indi-
cated by their subscripted number (0, 1, 2, 3, or 4, respectively). The diagonalization oper-
ators can be taken as pure excitations (1h1p,2h2p, . . .), as ionizations (1h,2h1p, . . .),
as attachments (1p,2p1h, . . .), as double ionizations (2h,3h1p, . . .), or as double at-
tachments (2p,3p1h, . . .), and the “excitation” level (“singles”, “doubles”,. . .) likewise
redefined. Note that the EOM-CCSD method explicitly includes theR̂1 andR̂2 operators
in its diagonalization, whereas the STEOM-CCSD method only explicitly includesR̂1.
To facilitate comparison within a given CI excitation level, the analogous components be-
tween the EOM-CCSD and STEOM-CCSD methods are written on the same line. The
table entries can be obtained through abstract examination of the (ST)EOM-CCSD wave-
functions by Taylor-series expanding the exponentials and collecting operators of equal
excitation rank. (For the most part, the information is also contained algebraically in the
full expansion of the EOM- and STEOM-CCSD energy expressions of Section5.)

We shall now examine the excitation levels inTable 1individually. Both the EOM-CCSD
and STEOM-CCSD wavefunctions include the reference element, and both methods give
a total treatment of the singles contributions, through the inclusion of theR̂1 or R̂1 singles
operators in their diagonalization subspaces, respectively. The first difference between the
two methods occurs in the doubles-level components. Whereas the EOM-CCSD method
includes the doubly excited determinantsexplicitly through theR̂2 operator in the diag-
onalization, the STEOM-CCSD method incorporates the doubles contributionsimplicitly
through the second similarity transformation. In other words, rather than the full, indepen-
dent treatment of doubles as in EOM-CCSD, the STEOM-CCSD method approximates the
doubles contributions as the connected products ofR̂1 with Ŝ2. The connected(Ŝ2R̂1)C
plays the role of an approximate connected “R̂2” in STEOM, and as previously discussed,
the STEOMŜ amplitudes can be computed from the IP- and EA-EOM-CCSDR̂1 andR̂2
amplitudes.

The most important difference between the EOM-CCSD and STEOM-CCSD treat-
ments occurs in the triples-level components. In the EOM-CCSD method, all the triples
components are diagrammatically “disconnected” products (meaning theT̂ andR̂ share
no summation indices). In contrast, the STEOM-CCSD method includes the connected
({1

2Ŝ
2

2 }R̂1)C contribution, which acts as an approximate connected “R̂3” triples compo-
nent in STEOM. This implicit inclusion ofconnected triples typically favors the STEOM
approach, particularly for valence excited states[3,6,12,13]. Discarding these connected
triples terms from STEOM-CCSD often gives valence results more similar to EOM-
CCSD[3]. For Rydberg states, where the effects of triples are less important, STEOM-
CCSD offers little if any improvement over EOM-CCSD energies, but transition moments
can be sensitive to these included triples effects[3]. As noted in the Introduction, accu-
rate connected triples corrections to EOM-CCSD, such as through EOM-CCSD(T̃) [80]
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Table 1. Individual excitation levels in the EOM-CCSD and STEOM-CCSD approxi-
mate Ĥ final wavefunctions. The Ĉ, R̂, and R̂ correspond to the CI, EOM-CCSD, and

STEOM-CCSD diagonalization subspaces ofĤ , ˆ̄H , and Ĝ2, respectively. The EOM-
CCSD method explicitly includes the singles and doublesR̂1 and R̂2 operators in its
diagonalization, whereas the STEOM-CCSD method only explicitly includesR̂1. Despite
this singles-only diagonalization subspace, the STEOM-CCSD method implicitly includes
“connected” doubles(Ŝ2R̂1)C and triples({1

2Ŝ2
2}R̂1)C contributions in the wavefunction.

This implicit inclusion ofconnected triples typically favors the STEOM-CCSD approach
over EOM-CCSD, particularly for valence excited states[3,6,12,13]. Separately, note the
implicit approximate inclusion of configurations beyond the truncation level (in fact all the
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or CC3[78], can be quite expensive. For many non-trivial organic molecules, the singly
excited states given by STEOM-CCSD are found to be comparable in accuracy to the
EOM-CCSD(̃T) or CC3 results, but for a fraction of the computational cost[6,12,13]. To
give some perspective, an entire EE-STEOM-CCSD calculation, yielding a large number
of singly excited states, ionization potentials, and electron affinities of the system, even
including property calculations and the analytical gradient, is cheaper than calculating just
one excitation energy in EE-EOM-CCSD(T̃).

For the quadruples-level components and higher, both the EOM-CCSD and STEOM-
CCSD methods include only disconnected contributions. Because of the exponential oper-
ators in the similarity transformations, the EOM and STEOM wavefunctions include such
disconnected contributions all the way up to the fully excited determinants (given by the
total number of electrons). It is this approximate treatment ofall excited determinants that
makes ground-state truncated CC theory superior to the like-truncated CI treatment (which
does not include any contributions beyond the truncation). Ground-state CCSD theory is
recovered fromTable 1by keeping only the components involving the reference configu-
ration (the first line in each excitation level). We should note that if all levels ofT̂ were
included, this ground-state “full” CC theory would be equivalent to full CI (but compu-
tationally more expensive). Furthermore, even fortruncated T̂ , due to the exact nature of
similarity transformations, a full diagonalization space (all levels ofR̂ or R̂) would make
EOM-CC or STEOM-CC equivalent to full CI for excited states.

The quality of the STEOM-CCSD approximations for singly excited states can be ex-
plored through comparison with the extended-STEOM-CCSD approach[12,13]. By ex-
tending the diagonalization subspace to includedoubly excited determinantsexplicitly,
through the inclusion ofR̂2 in the Ĝ diagonalization, the extended method gives a full
treatment of doubles and a more complete treatment of implicit connected triples (as
well as implicit connected quadruples if desired). In general,for states dominated by sin-
gle excitations, the original STEOM-CCSD results are typically unchanged in going to
extended-STEOM-CCSD, with shifts often less than 0.05 eV[12,13]. This convergence
substantiates the approximation of using a singles-only diagonalization subspace ofĜ for
singly excited states, indicating that the remaining non-vanishing three-body and inactive
two-body operators that couple singles to doubles (the��� in the〈�ab

ij |Ĝ|�a
i 〉 block inFig. 3

and given explicitly several paragraphs above) are indeed negligible, in such typical appli-
cations. Furthermore, the STEOM-CCSD results for dominantly singly excited states are
usually accurate to within 0.1 eV or so compared to experimental or full CI results[3,6,
12,13]. (This same 0.1 eV accuracy is generally also found for doubly excited states in
extended-STEOM-CCSD[12,13].) However, convergence of the STEOM and extended-
STEOM resultsalone does not necessarily guarantee accuracy relative to full CI. Just as
in CCSD and EOM-CCSD, large amplitudes in the similarity transformation can indicate
that significant contributions are present outside of the treatment. For example[12], the first
1Πg state of N2 or the first1B2 state of CH2 are found to involve an orbital whose corre-
sponding IP- or EA-EOM-CCSD eigenvector has a significant double-excitation character,
yielding large associatedS2 amplitudes. Although the STEOM and extended-STEOM re-
sults for these particular singly excited states are found to agree, the results do not agree
especially well with full CI (∼0.3 eV errors), implying that the largêS2 may have induced
a substantialdirect singles-to-triples coupling through the similarity transformation, by
inflating the three- and higher-body (net-double-excitation) operators inĜ (the ��� in the
〈�abc

ijk |Ĝ|�a
i 〉 block in Fig. 3). To better understand and identify when results should be
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considered suspect or reliable, let us examine the accuracy indicators in STEOM in more
detail, in particular with regard to the selection of the active space.

As seen in equations(9) and (10), the active space defines the selection of two-body
net-excitation operators that are eliminated through the second similarity transformation,
and the selection that are not. The inactive two-body net-excitation operators comprise
part of the remaining coupling that is disregarded by the truncated diagonalization. But
the active space also determines the extent of the three- and higher-body operators that are
modified/created in the second transformation, which too are neglected in the truncated
diagonalization. The active space thus plays a dual role in STEOM. Certainly, it serves to
reduce computational expense by reducing the number of amplitudes/equations in expres-
sions(9) and (10). But it also enables the restriction of the transformation amplitudesS2 to
those that are relatively small in magnitude. This warrants some further discussion.

An underlying assumption of the STEOM-CCSD approach is that theS2 andT ampli-
tudes are small and account primarily for dynamical correlation effects. If these trans-
formation amplitudes are indeed small, then the resulting higher-rank operators in the
transformed Hamiltonian can also be expected to be small, and the approximation in
STEOM to neglect these operators, through the limited diagonalization subspace, is valid.
If the transformation amplitudes are large, however, the accuracy of the results becomes
rather unpredictable. In such cases, there will likely be higher-rank operators inĜ that at-
tain large amplitudes, and they may well be important for the excited states of interest. In
practice, we find that results from STEOM-CCSD calculations can be trusted if

1. theT andS2 transformation amplitudes are relatively small,
2. the %active character in the STEOM eigenvectors is sufficiently high,
3. the STEOM states of interest are predominantly singly excited, and
4. the basis set is adequate, in agreement with standard considerations.

If any of these criteria cannot be met (to be defined more precisely below), results should
be regarded with suspicion. In particular, as in the N2 or CH2 states mentioned above, it
may be that some specific orbital is important for the excited state of interest, but the corre-
spondingS2 amplitudes (IP/EA-EOM eigenvector) have some large values. In such a case,
the STEOM approach simply breaks down, and there is no easy way to circumvent the
problem. This is a relatively rare occurrence for well-behaved Hartree–Fock molecules at
their ground-state equilibrium geometry, but it can readily become apparent as the geome-
try is distorted. Let us consider the individual criteria more carefully.

TheT amplitudes will be small (in absolute value) if the reference state is qualitatively
well described by a single Hartree–Fock determinant. The requirement that the parent state
is well described at the single-reference level is essential for both the EOM and STEOM
methods. As a rule of thumb,T amplitudes are small enough if there are a limited number
of them between 0.1 and 0.15 in magnitude. If such amplitudes are plentiful, or if some
amplitudes exceed 0.15 in absolute value, the results are suspicious (the permanganate an-
ion is an example of a situation where many intermediately largeT amplitudes are present,
and EOM and in particular STEOM are not very accurate[12]).

The S2 amplitudes in STEOM will be small when the associated IP/EA-EOM states
are well described by the principal configurations,i.e. when the doubles components of
the included IP/EA-EOM eigenvectors are small. For the IP-EOM situation, this is gener-
ally the case for the valence ionized states, but the deeper-lying ionized states are typically
poorly described by just the 1h determinants, or in other words, Koopmans’ approximation
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progressively breaks down. Typically, the deeper-lying 1h and certain 2h1p determinants
will approach degeneracy, which leads to configurational mixing between the two and a
concomitant rise of the associatedS2 amplitudes. For the EA-EOM amplitudes, the situ-
ation is somewhat less straightforward. Valence attached states typically have significant
2p1h character, whereas Rydberg attached states often revert back to 1p descriptions. The
coupling between the diffuse Rydberg 1p determinants and spatially more-compact 2p1h
determinants is often minor, and a breakdown of the one-particle picture is only observed
for relatively high attachment energies (e.g. higher than 10 eV). Eventually the breakdown
does occur, and this defines a clear limit to the extent of the virtual active space that should
be used in STEOM. Let us emphasize that all of these attached states are usually unbound
states, and they would at best approximate resonances in electron scattering experiments.
For both the IP- and EA-EOM eigenvectors, there is typically an energy window in which
all states are relatively well described by the principal configurations. This is how the ac-
tive space is chosen in STEOM, usually with about 10–20 occupied and 20–30 virtual
orbitals, extending from about−20 to+10 eV orbital energies. The quality of the active
space (the magnitude of theS2 amplitudes) is monitored by the %singles character in the
IP/EA-EOM eigenvectors. Ideally, all EOM eigenvectors included in the second similar-
ity transformation would have a %singles character above 90%. By default, EOM states
that have a %singles character below 70% are discarded from the second transformation,
as they may deteriorate the accuracy of the results rather than improve it. Certainly the
accuracy would not be predictable if they were included.

Somewhat opposing the %singles character of the included EOM states is the %active
character of the resulting STEOM eigenvectors. (The STEOM diagonalization is per-
formed over all orbitals active plus inactive.) The convergence of the energy with the size
of the STEOM active space has been observed in practice (e.g. reference[3]), and ideally
the active space component of the STEOM eigenvectors should exceed 98%, although in
actuality we often may need to be satisfied with something like 95%. The STEOM %ac-
tive character cannot be improved indefinitely as the %singles character of the included
IP/EA-EOM eigenvectors would drop too low, and this is considered more of a liability.

As a final check on the accuracy of the results, we calculate the %singles character of
the STEOM excited states (in the EOM picture). In other words, we calculate the singles
and doubles vector,̂R1 plus (Ŝ2R̂1)C , and monitor the singles component. The %singles
character of a STEOM state is considered satisfactory,i.e. the state is truly dominated by
single excitations, if the character lies above 90%. If not, it is an indication that the state’s
correlation is not quite “dynamical”, and the user should regard the STEOM results with a
healthy suspicion. In particular, the system may have low-lying doubly excited states that
interfere, and as long as the other indicators are all adequate, results should improve by
moving to the extended-STEOM method, although at a substantial increase in computa-
tional cost versus regular STEOM. A new and useful intermediate approach is to use a
perturbative correction to the STEOM energies, called STEOM+D (unpublished), which
incorporates the dominant doubles corrections and which is only slightly more expensive
than STEOM itself. The STEOM+D approach cannot access “true” doubly excited states
as it is simply a perturbative correction to regular STEOM, but the method does provide a
convenient gauge for the accuracy of the STEOM results. For well-behaved singly excited
states, STEOM and STEOM+D tend to deviate by less that 0.05 eV, and if the deviation is
larger, it provides a fair indication that a more extended treatment may be warranted. The
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only published results on the STEOM+D correction at present can be found in Table IV of
reference[66].

All of the criteria discussed above can only be guidelines; it is a gray boundary between
reliable and suspect. Giving robust error bounds or reliability criteria in this field is diffi-
cult, but it is appropriate to say that the STEOM-CCSD method provides an efficient means
to calculate a large number of singly excited states with a substantial degree of accuracy.
However, the method is not highly systematic, in the sense that it is hard to systematically
improve results. On the other hand, there are good, albeit somewhat complicated, internal
estimators to judge the resultant accuracy. If the indicators are all clear-cut (allT ampli-
tudes smaller than 0.1 in absolute value, %singles in IP/EA-EOM> 90%, %active in
STEOM> 98%, and %singles in STEOM> 90%), it is safe to trust the result. If some of
the indicators are questionable, the user must exercise judgment, depending on the degree
of accuracy needed to provide a reasonable understanding of experimental results. There
is only one knob to turn in STEOM-CCSD, the number of states included in the active
space, and the results are not especially sensitive to this choice (within reason). Moreover,
the knob typically has a clear limit, as the %singles character in the EOM eigenvectors
will go down rapidly if too many states are included. In this sense, the lack of systematic
improvement in STEOM has its advantages for the user. Most often, it is easy to obtain
reliable results. If not, there is no need for endless experimentation with parameters in the
calculation. Try another method (or another project) instead.

In general, then, for the manifold of states dominated by singly excited determinants
and whose reference state is reasonably well described at the single-reference CCSD level,
which comprises a large number of typical systems of interest to quantum chemists, the
STEOM-CCSD method is expected to give results accurate to within a few tenths of
an eV, often less than 0.1 eV errors, relative to the full CI results. The magnitude of the
transformation amplitudes, percent active character, and STEOM percent singles charac-
ter are useful internal criteria in evaluating the reliability of the STEOM-CCSD results
[3,6,12,13].

The STEOM method is most suitable for excitation energies, and this has been the focus
of our discussion. The approach can also be used to describe certain multi-reference situa-
tions using the DIP- and DEA- variants of STEOM[3,4,14–17]. However, the orbitals used
in these approaches are optimized for the parent state having two more or two less electrons
than the actual states of interest, and therefore orbital relaxation effects can be expected to
be quite important. These are not treated particularly well in STEOM, as theT and S
amplitudes are obtained for states with a different number of electrons, while the diagonal-
ization space in STEOM is too small to include relaxation effects. It typically does not help
to redefine the reference orbitals such that they are more suitable for the final states of in-
terest. The preliminary CCSD calculation would then typically yield largeT1 amplitudes,
effectively rotating the orbitals back to describe the parent state, and this is generally more
deleterious than using orbitals optimized for the parent state in the first place. Despite their
clear drawbacks, the DIP- and DEA-STEOM approaches can give easy access to a mani-
fold of multi-configurational states and can be expected to yield semi-quantitative accuracy.
This type of approach is typically most suitable if the parent state is neutral or carries one
unit of charge. In such instances, the parent state itself is generally a physical state, and the
DIP- and DEA- methods can be expected to work satisfactorily if the STEOM criteria dis-
cussed above are satisfied. For example, various states of the NO+

3 cation and their potential
energy surfaces have been studied using the DIP-STEOM approach, starting from the well-
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behaved ground state of the NO−
3 anion as the parent[15]. In addition, some applications

of DIP-STEOM have been presented in which the parent state is adi-anion (e.g. the vibra-
tional frequencies of ozone have been obtained in this fashion[3]). Such an approach can
only work in relatively small basis sets that do not have much diffuse character. Otherwise,
the orbitals for the di-anion would describe free electrons at infinity,i.e. auto-ionization,
and the DIP-STEOM approach would break down. Such problems do not occur for the
DEA-STEOM approach, but our experience with this method has been very limited[3,17].
Often, di-cation parents are highly correlated as they typically have compact low-lying vir-
tual valence orbitals. In such cases, theT2 amplitudes can be large, again deteriorating the
results. Even though the DIP-STEOM and DEA-STEOM methods are of somewhat limited
use in studies that require spectroscopic accuracy, they are important precursor methods to
multi-reference approaches that use similar parameterizations, or generalizations thereof,
but in which the orbitals and transformation amplitudes are optimized precisely for the
states of interest. The theoretical framework for such approaches has been discussed in
reference[162], and initial promising applications of these “internally contracted state-
selective multi-reference coupled-cluster” methods have been presented[132,133]. These
internally contracted multi-reference theories tend to be rather complicated, although they
can be made quite efficient computationally. The need to develop these methods triggered
our use of computer-aided implementations, and these methods have been implemented
largely in an automated fashion using the Automatic Program Generator (APG) developed
by Lotrich and Nooijen (see, for example, reference[132]).

2.2. The (ST)EOM-PT methods

We end this energy discussion by considering the simplified EOM-PT and STEOM-PT

methods. In constructing the first similarity transformation that generatesˆ̄H , solving the
reference CCSD equations forT comprises a significant portion of the overall computa-
tional cost in a (ST)EOM-CCSD energy calculation (scaling as iterativeo2v4; see Sec-
tion 3.3.1). The full-order CCSDT amplitudes can instead be approximated and replaced
by thefirst-order T(1) amplitudes obtained from Møller–Plesset (MP)[156] many-body
perturbation theory (MBPT) (e.g. reference[45]), which are much cheaper to calculate.

These first-order perturbativeT(1) amplitudes are then used in thē̂H similarity transfor-
mation,

(15)ˆ̄H ≡ e−T̂ (1)
Ĥ eT̂

(1)
,

i.e. rather than theT values obtained from solving the CCSD equations, the perturbative
T(1) values are instead plugged into the detailed CCSDH̄ expressions. Note thatany sim-
ilarity transformation preserves the eigenvalues (in the complete diagonalization limit),
and choosing the perturbativeT(1) values yields a sound compromise between efficiency
and the accuracy of the full CCSDT solution. Unlike the CCSD method, though, the

perturbativeT(1) values do notfully eliminate the pure-excitation amplitudes ofˆ̄H in ex-
pression(15); instead, theT(1) are defined by (i.e. eliminate) only thestrictly first-order
component of the CCSD equations. Additionally, the (ST)EOM-PT energy definition is re-
formulated in terms of a commutator, to exclude the non-vanishing residual pure-excitation
components of expression(15)and thereby make the PT-based expressions consistent with
the CCSD-based formulation. These modifications will be examined thoroughly below.
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Besides these changes to the numerical values of theH̄ amplitudes and the defining equa-
tions forT(1) (and the energy), all other parts of (ST)EOM-PT theory are the same as the
(ST)EOM-CCSD theory already described.

This perturbative replacement of theT amplitudes in ˆ̄H is of course not the only way
to impose simplifying perturbative approximations on the (ST)EOM-CCSD methods. But
the approach yields accurate results and is quite simple. For pyridine[1,6], for example,
the (ST)EOM-PT excited-state energies are typically within a few tenths of an eV of the
corresponding (ST)EOM-CCSD energies. Moreover, the difference between the CCSD-
based and PT-based (ST)EOM treatments tends to be highly systematic, meaning that all
states shift by a similar amount[1,6]. In free base porphin, whose reference state is more
highly correlated and thus whose first-orderT(1) amplitudes differ more substantially from
the full-order CCSDT amplitudes, the differences are found to be somewhat larger and
less systematic but are nevertheless reasonable, yielding essentially the same ordering of
states in the dense excitation spectrum[2]. Rather than replacingall the CCSD amplitudes
by their first-order analogs, hybrid (ST)EOM methods can also be devised[11], where the
less importantT amplitudes are treated perturbatively while the more important amplitudes
are treated to full order, although such methods will not be considered here.

More formal perturbative expansions are also possible, but the additional rigor does not
necessarily translate into the same consistent accuracy as above. The CIS(D) method[60,
61], for instance, can be viewed as a second-order perturbative approximation to the
EOM-CCSD method. Despite the formal purity, geometry optimizations and frequency
calculations have shown[62] that the CIS(D) method can yield erratic results.

Stanton and Gauss have described a general order-by-order hierarchy of MBPT-based

EOM methods by submittinĝ̄H to a rigorous perturbative expansion[42]. The simplest
and most practical of these EOM-CCSD(n) methods, the EOM-CCSD(2) method, em-
ploys the same first-order MPT(1) amplitudes as here. The singles-and-doubles EOM-PT
formulation of the present work is in fact equivalent to this EOM-CCSD(2) method[42]:
Although theh̄0 element of the present work is given precisely to second order (the MP2
energy), the rest of thēH amplitudes of expression(15) are formally of mixed order here;
on the other hand, the EOM-CCSD(2)H̄ amplitudes are all strictly up-to second-order.
Despite this apparent difference, the singles and doubles matrix elements in the energy
expressions of the two methods are identical[42] (using the commutator formulation for
the energy here). Admittedly, the extension of the present approach to higher perturbation
orders of the reference treatment is not completely clear, but neither is the need for such
extensions.

We now consider the first-order equations that define the perturbativeT(1) amplitudes.
In MBPT, the bare Hamiltonian, expression(1), is partitioned such that the constant and
one-body Fock operator are taken as the zeroth-order HamiltonianĤ (0) and the two-body
componentV̂ is taken as the perturbing operator. Although this exact partitioning of the
electronic Hamiltonian does not require any particular style of orbitals, in this work we will
restrict ourselves to canonical Hartree–Fock orbitals in the perturbative variants, and this
choice defines the canonical or Møller–Plesset variant of MBPT. For Hartree–Fock (HF)
orbitals, the Brillouin conditionf a

i = f i
a = 0 is satisfied, and furthermore, forcanonical

HF orbitals, the Fock matrix is diagonalf
p
q = εpδpq (no summation implied onp), where

theεp are the orbital energies.
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The equations̄ha(1)i and h̄
ab(1)
ij that determine the first-orderT(1)

1 andT(1)
2 amplitudes

are the first-order perturbative analogs of the CCSD equations,i.e. are the subset of terms
in the full-order CCSDh̄ai andh̄abij expressions that are strictly first-order in the perturba-

tion V̂ . In the one-body CCSD̄hai expression, all the first-order terms vanish automatically

for HF orbitals due to the Brillouin condition, and thus the first-orderh̄
a(1)
i = 0 always.

For HF orbitals, then, theT(1)
1 singles amplitudes are not needed (and are discarded every-

where from all the CCSD-based̄H expressions). In the two-body equation, the first-order
component is given by

h̄
ab(1)
ij ≡ 0 ∀ i < j, a < b,

(16)h̄
ab(1)
ij = 〈

Φab
ij

∣∣ ˆ̄H(1)
MP

∣∣Φ0
〉 = 〈

Φab
ij

∣∣[Ĥ (0), T̂
(1)
2

]+ V̂
∣∣Φ0

〉
,

where the square brackets denote a commutator. Rather than iteratively solving the coupled
non-linear CCSD equations for (T1 and)T2, the two-body first-order MP analog, equation
(16), has an immediate solution forT(1)

2 ,

0 = V ab
ij +

∑
c

(
f a
c t

cb(1)
ij + f b

c t
ac(1)
ij

)−∑
k

(
f k
i t

ab(1)
kj + f k

j t
ab(1)
ik

)
= V ab

ij + (εa + εb − εi − εj )t
ab(1)
ij ,

(17)t
ab(1)
ij = −V ab

ij

(εa + εb − εi − εj )
∀ i < j, a < b,

where the diagonal Fock matrix for canonical HF orbitals has been employed. Solution
for the MP t

ab(1)
ij amplitudes thus amounts to simple division by an energy denominator.

(This same dramatic simplification will also occur in the analytical gradient equations, in
the solution for theZ2 Lagrange multipliers associated with theT(1)

2 .)

Note that in this formulation, only the first-orderh̄a(1)i andh̄ab(1)ij expressions are made

to vanish, whereas the actualh̄ai and h̄abij amplitudes of the (ST)EOM-PTˆ̄H , defined
by the similarity transformation in expression(15), do not completely vanish. In other
words, the CCSD equations, equations(4) or (8), are no longer rigorously satisfied, and

thus by using the perturbativeT(1) values, ˆ̄H doesnot have its pure-excitation amplitudes
fully eliminated. The residual one-bodȳhai amplitudes would then in principle allow the
pure-excitation{â†î} operators to participate in thē̂H and Ĝ2 energy diagonalizations;
likewise, these residual pure-excitation operators would also in principle participate in
the S± equations(9) and (10). These potential complications, however, are avoided by
formally introducing commutators everywhere that the residual pure-excitation operators
would contribute. The commutators haveno numerical effect in the CCSD-based formu-
lation, as the pure-excitation amplitudes that they exclude are always rigorously vanishing
anyway. In the PT-based methods, these formal commutators allow one to simply ignore

the residual̄hai andh̄abij amplitudes of the perturbativē̂H , expression(15). The commutator
formulation is equivalent to the assumption that these residual pure-excitation amplitudes
are actually fully vanishing and need not be included in the detailed algebraic expressions.
The commutator form makes the PT-based expressions consistent with the CCSD-based
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expressions, by mutually forcing the absence of the pure-excitation terms, and the formu-
lation will be examined carefully in conjunction with the Lagrange multiplier functionals
later (Sections3.2 and 5.3.1).

The use here of the commutator form gives (singles and doubles) EOM-PT expressions
identical to the order-by-order treatment of the EOM-CCSD(2) method[42]. The com-
mutator formulation also arises in other perturbative derivations, such as in diagrammatic
Green’s function CC theory[51–53], where the pure-excitation terms cannot participate as
they would lead to diagrammatically disconnected contributions. The commutator arises
naturally in such theories that focus on the excitation energy, although these do not provide
an unambiguous definition of thetotal energy, which is needed for the gradient. Exclud-
ing the residual pure-excitation amplitudes yields consistent CCSD/PT-based expressions
and moreovermaintains size-extensivity. We note, however, that by ignoring these residual
operators, the rigorous connection to the full CI limit is lost for the PT-based methods,
in the sense that diagonalizing over the full Hilbert space no longer gives the exact re-
sult. This choice is made in the definition of (ST)EOM-PT, as the value of maintaining
size-extensivity upon truncated diagonalization of the transformed Hamiltonian is consid-
ered far more important than the formal exactness of the theory upon (a hypothetical) full
diagonalization.

To summarize the present PT-based (ST)EOM energy formulation: Rather than solving
the expensive iterative CCSD equations forT, the perturbativeT(1) values are used in-
stead, whereT(1)

1 = 0 (with HF orbitals) andT(1)
2 is given by equation(16), the first-order

MP component of the CCSD̄habij equation, which has an instant solution, expression(17).
Additionally, the residual pure-excitation amplitudes in the transformed Hamiltonian are
assumed to vanish fully and are ignored (or rather are formally excluded by introducing
commutators); disregarding these residual pure-excitation amplitudes keeps the PT-based
expressions consistent with the CCSD-based expressions and maintains size-extensivity.

Equivalently, the pure-excitation amplitudes ofˆ̄H are taken as the strictly first-order per-
turbativeh̄a(1)i andh̄ab(1)ij expressions, whereas the rest of theH̄ amplitudes are defined in
the standard way according to the similarity transformation of expression(15).

From a practical standpoint relative to the CCSD-based (ST)EOM formulation, the
above (ST)EOM-PT summary thus amounts to

1. a simplification of the detailed̄H expressions by removing all terms involvingT1,
2. the elimination of the one-bodȳhai equation, and
3. the substantial reduction of thēhabij equation and its solution by expressions(16)

and (17).

Besides these simplifications to the CCSDH̄ formulas, and the procedural bypass of the
expensive solution forT, all other parts of the (ST)EOM-PT energy theory are the same
as that of (ST)EOM-CCSD energy theory. (The PT-basedH̄ simplifications will also lead
to simplifications in the analytical gradient expressions, and a straightforward prescription
for identifying the (ST)EOM-PT components in the detailed (ST)EOM-CCSD gradient
equations will be described in Section5.1.1.)

In closing, we mention that throughout the paper, we have been careful to distinguish

between the general truncation of the CC equations andˆ̄H diagonalization and the partic-
ular singles-and-doubles truncation. Unambiguously, EOM-CCSD, STEOM-CCSD, and
CCSD-based refer to the singles-and-doubles truncation both in the coupled-cluster equa-
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tions and in the diagonalization of̂̄H . When we refer to EOM-PT, STEOM-PT, and
PT-based, we will always mean first-order MP-based MBPT to obtain the singles and dou-

blesT(1) amplitudes, and also a single-and-doubles diagonalization ofˆ̄H . Finally, when
we refer to CC/PT, EOM-CC/PT, or STEOM-CC/PT, we are leaving unspecified the refer-
ence CC truncation scheme (e.g. CCSD, CCSDT,etc.) and the details of the perturbative

variant. The EOM-CC/PT diagonalization of̄̂H would be of the same truncation level as
the reference CC/PT equations, and the classic truncation for the STEOM diagonalization
would be one excitation level less than the EOM-CC/PT treatment, but other truncations
(and additional net-excitation-operator eliminations) may also be reasonable[12,13,63,64].

3. THE ENERGY GRADIENT AND LAGRANGE MULTIPLIERS
(ABSTRACT EXPRESSIONS)

3.1. Lagrange’s method of undetermined multipliers

Given the energy expression for a particular electronic structure method,E(H,C,T),
which depends on the set of Hamiltonian amplitudesH (with elementshµ), the variational
wavefunction parametersC (with elementscγ ), and the non-variational wavefunction pa-
rametersT (with elementstν), a direct expression for the first derivative of the electronic
energy with respect to a perturbationχ would be

(18)
∂E(H,C,T)

∂χ
=
∑
µ

∂E

∂hµ

∂hµ

∂χ
+
∑
γ

∂E

∂cγ︸︷︷︸
0

∂cγ

∂χ
+
∑
ν

∂E

∂tν

∂tν

∂χ
.

(Note that the derivative of thetotal energy also includes the nuclear contributions, in the
Born–Oppenheimer approximation.)

By definition, the energy is stationary with respect to the variational parametersC, or
more precisely, the variational parametersC are determined by making the energy station-
ary with respect to these parameters. The derivatives∂E/∂C (and thus∂C/∂χ) vanish
immediately from the gradient.

The non-variational wavefunction parametersT are determined from an equal number
of supplementary equations

(19)qν(H,T) ≡ 0 ∀ ν,

which do not depend on the variational parametersC. The gradient expression(18) re-
quires the derivatives of the non-variational parameters,∂T/∂χ , which in principle could
be obtained by differentiating equations(19) with respect to the perturbation. However,
the resulting coupled set of linear equations would need to be re-solved separately for each
degree of freedom, and such a complication would be rate limiting and must be avoided.
A general technique to eliminate the obstacle of computing∂T/∂χ is through Lagrange’s
method of undetermined multipliers[111–115].

An energy functional is created

(20)F(H,C,T,Z) ≡ E(H,C,T)+
∑
ν

zνqν(H,T),
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consisting of the energy expression plus all the supplementary equations that determine
the non-variational parametersT, each constraint equationqν tensor-multiplied by a sin-
gle undetermined parameterzν called a Lagrange multiplier. Note there are precisely an
equal number of Lagrange multiplierszν as there are non-variational parameterstν . The
derivatives of the functional with respect to these new parameters simply yield the con-
straint equations(19), which vanish when satisfied. When the non-variational parameter
equations(19)are solved, therefore, the functional is automatically stationary with respect
to the Lagrange multipliers, regardless of their numerical values. Likewise, the numeri-
cal value of the functional is simply the energy itself. Finally, both the functional and the
energy have numerically equal perturbation derivatives,

(21)
∂F

∂χ
= ∂E

∂χ
+
∑
ν

∂zν

∂χ
qν︸︷︷︸
0

+
∑
ν

zν
∂qν

∂χ︸︷︷︸
0

,

where the last term is zero by definition and determines∂T/∂χ (i.e. the constraint equa-
tions are defined to vanish for all perturbations, thereby determining the perturbedT
parameters).

The so-far undetermined Lagrange multipliers can be chosen such that they precisely
eliminate the factors in the original gradient expression(18) that multiply the troublesome
derivatives∂T/∂χ . In other words, the Lagrange multipliers provide the precise freedom
to define the energyfunctional to be variational with respect to the non-variationalenergy
parameters. The equations that determine the Lagrange multipliersZ are thus chosen as

(22)
∂F (H,C,T,Z)

∂tν
≡ 0 ∀ ν.

Importantly, this coupled set of linear equations isindependent of the perturbation and the
number of degrees of freedom of the system. The troublesome∂T/∂χ are thus excluded,
and the energy gradient becomes[111]

∂F (H,C,T,Z)

∂χ
=
∑
µ

∂F

∂hµ

∂hµ

∂χ
+
∑
γ

∂F

∂cγ︸︷︷︸
0

∂cγ

∂χ
+
∑
ν

∂F

∂tν︸︷︷︸
≡ 0

∂tν

∂χ
+
∑
ν

∂F

∂zν︸︷︷︸
qν = 0

∂zν

∂χ

(23)=
∑
µ

∂F

∂hµ

∂hµ

∂χ
,

where the first zero∂F/∂cγ reduces to∂E/∂cγ = 0 because the constraint equations(19)
are independent ofC, the second zero determines the Lagrange multipliers by equa-
tions(22), and the third zero is given by the satisfaction of the constraint equations(19).

Although equivalent, as shown in expression(21), the gradient of the energy functional,
expression(23), is a very different expression than the gradient of the bare energy, expres-
sion (18). The complication of calculating the perturbation-dependent derivatives∂T/∂χ

of the non-variational parameters (as well as the∂Z/∂χ of the Lagrange multipliers) has
been avoided, at the cost of solving a single set of linear perturbation-independent equa-
tions (22). (It might also be argued that, in some sense, the variational parametersC act
as their own mutual Lagrange multipliers, eliminating the need to calculate∂C/∂χ . This
interpretation will be considered explicitly in the next section for the EOM functional.)
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With the solution of the Lagrange multiplier equations, the functional becomes varia-
tional with respect to all of its wavefunction parameters, and the generalized Hellmann–
Feynman (GHF) theorem[90–92] applies. Expression(23) for the gradient is the GHF
relation

∂F (H,C,T,Z)

∂χ
= ∂h0

∂χ
+
∑
p,q

D
q
p(C,T,Z)

∂f
p
q

∂χ

(24)+
∑

p<q, r<s

Drs
pq(C,T,Z)

∂V
pq
rs

∂χ
,

where the effective (relaxed) density matrix elements[41,100–104]

(25)D
q
p(C,T,Z) ≡ ∂F

∂f
p
q

and
(
Drs

pq(C,T,Z)
)
p<q, r<s

≡ ∂F

∂V
pq
rs

andD0 = 1 are obtained as the derivatives of the Lagrange multiplier energy functional
with respect to the (bare) Hamiltonian amplitudes. Note that the upper and lower indices
onDµ (and alsoD̄µ later) are exchanged relative to the Hamiltonian amplitudehµ (or h̄µ)
with respect to which the functional was differentiated. These∂F/∂H derivatives do not
containany dependence on the perturbation; their expressions depend only on the defi-
nition of the energy functional for the particular method. The effective density matrix is
not a true density; it containsboth the fundamental (biorthogonal-) wavefunction density
(often called the reduced density) and the response contributions from the non-variational
parameters, through the Lagrange multipliers.

The GHF expression(24) has enormous appeal in that the analytical gradients of a va-
riety of electronic structure methods have been formulated in this unified way and can
subsequently use the same computer code for evaluation. In particular, the∂H/∂χ deriv-
atives, which isolate all of the degree-of-freedom dependence, are treated efficiently by a
general procedure[100,101]that evaluates the GHF expression(24) in the atomic orbital
(AO) basis. The process is identical for all SCF-based electronic methods, as it only de-
pends on the underlying Hartree–Fock equations. An overview of the conversion of expres-
sion (24) to the efficiently calculated AO-based expression is presented in Section5.7.1,
and its three major steps are outlined here. The preliminary step is the combination of the
reference-determinant contributions contained inh0 andf p

q with the aboveDµ correlated
contributions from the electronic method into atotal effective density matrix, which is
contracted with the fundamental Hamiltonian-integral derivatives. Next, the Hamiltonian
derivative expressions are converted to the AO basis, eliminating the expensive molecular
orbital (MO) coefficient derivatives[163] by aZ-vector[101,108–110]or Lagrange mul-
tiplier [118,120]construction. Finally, the MO-based total effective density matrix, after
addition of the remaining MO-response contribution, is transformed to the AO basis and
is traced directly with the Hamiltonian-integral derivatives in their native AO form. This
AO-based evaluation of expression(24)avoids the perturbation-dependent MO-coefficient
derivatives, the associated transformation of the AO Hamiltonian-integral derivatives to
the MO basis, and the storage of the Hamiltonian-integral derivatives. The above general
procedure has been implemented, for instance, in the ACES II package by Gauss, Stanton,
and Bartlett[110] in conjunction with CCSD gradients, and the same module of computer
code is immediately applicable here. Likewise, for instance, the code available in ACES II
for dropped-core gradients[164,165]can be utilized directly as well.
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Except for the construction of the MO-based effective density matrixD for each elec-
tronic method, the remainder of a (ST)EOM-CCSD/PT gradient calculation then proceeds
essentially identically in ACES II to a ground-state CC/MBPT gradient. As will be shown
in the next two sections, the construction of the effective density matrix itself for each
method will also be formulated to maximize uniformity and the reuse of computer code,
through the definition of an intermediate density matrix.

3.2. The EOM-CC/PT intermediate and effective density matrices

In this section, we apply the Lagrange multiplier formalism to write the EOM-CC/PT in-
termediate and effective density matrices inabstract operator form. The corresponding
explicit algebraic spatial-orbital expressions for the closed-shell-reference EE-, IP-, and
EA-EOM-CCSD/PT variants are presented in Section5. Rather than by expanding the
abstract derivative expressions presented in this section, however, we emphasize that the
algebraic derivative expressions of Section5 were instead obtained directly, by automated
symbolic differentiation of the algebraic energy functionals inSMART.

In the present formulation, chain-rule derivatives are constructed through the common,
transformed Hamiltonian̄H amplitudes and yield a compact and uniform structure where
the EOM-variant dependence is isolated sooner in an intermediate density matrixD̄, prior
to the full effective density matrixD. The chain-rule/intermediate-density formulation sep-
arates out the parts of the gradient expressions that depend only on the underlying CC or
PT reference treatment, establishing otherwise method-independent (Z) Lagrange multi-
plier equations and method-independent conversion expressions to the final GHFD that
are the same for all the EOM variants. Besides the method-dependentD̄, which isolate
the unique post-CC/PT information of each electronic method, these other components
of the EOM-CCSD/PT gradients will be identical to those needed for STEOM-CCSD/PT
gradients.

We begin with a definition for the EOM-CC/PT Lagrange multiplier energy functional
and will show that all of the equations that define the energy and the gradient are obtained
from appropriate derivatives. The (general excitation-level) EOM-CC/PT energy functional
can be constructed as

(26)F ≡ h̄0 + 〈Φ0|L̂[ ˆ̄H, R̂]|Φ0〉 + λ
(
1− 〈Φ0|L̂R̂|Φ0〉

)+ 〈Φ0|Ẑ ˆ̄H |Φ0〉,
where the particular EE-, IP-, or EA- variant is determined by the diagonalization op-
erator R̂. Differentiating with respect to the Lagrange multipliers (L , λ, and Z) yields
all the supplementary constraint equations that define the energy parameters (R andT).
Conversely, differentiating with respect to the energy parameters yields the equations that
determine the associated Lagrange multipliers. When all equations are solved, the func-
tional becomes stationary with respect to first-order variations in any of its parameters, and
its perturbation derivative is obtained through the GHF effective density matrix and the
response of the Hamiltonian amplitudes only.

Before considering the gradient equations, let us first examine individually the pieces
that make up the energy functional. In the EOM-CC methods, an electronic state is obtained

as an eigenvector of the non-Hermitian, singly transformed Hamiltonianˆ̄H , and its energy
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is given by

(27)E = 〈Φ0|L̂ ˆ̄HR̂|Φ0〉
〈Φ0|L̂R̂|Φ0〉

,

consisting of the state’s biorthogonal expectation value and the normalizing denominator.
For now, we will keep this familiar representation of the energy and will later discuss the
reason for rewriting it as the commutator form that appears in the functional(26).

If we restrict ourselves to normalized eigenvectors, this supplementary constraint on
the energy parameters can be incorporated through a Lagrange multiplier. Namely, the
Lagrange multiplier functional of the energy(27)under the constraint that the eigenvectors
are normalized is

(28)F
∼

≡ 〈Φ0|L̂ ˆ̄HR̂|Φ0〉 + λ
(
1− 〈Φ0|L̂R̂|Φ0〉

)
(where the denominator〈Φ0|L̂R̂|Φ0〉 = 1 has been removed). This same Lagrange mul-
tiplier procedure was used, for instance, to incorporate the normalization condition in the
linear variational (CI) problem by Szabo and Ostlund[116]. Enforcing stationarity of the
functional with respect to the Lagrange multiplierλ yields

(29)
∂F

∼

∂λ
= 1− 〈Φ0|L̂R̂|Φ0〉 ≡ 0,

and thus, if the eigenvectors are normalized, the functional is automatically stationary with
respect to first-order variations inλ.

Both the energy expression(27) and the energy functional(28) are stationary with
respect to the (bi-) variational wavefunction parametersL and R, and this stationarity
determines the value of the Lagrange multiplierλ. The energy expression(27) is auto-
matically variational with respect toL andR, as making these derivatives vanish yields
the right- and left-hand eigenvector equations, respectively. Likewise, stationarity of the
energy functional(28) with respect to theL amplitudes yields the eigenvector equations
for the right-handR amplitudes,

(30)
∂F

∼

∂lµ
= 〈Φµ| ˆ̄HR̂|Φ0〉 − λ〈Φµ|R̂|Φ0〉 ≡ 0 ∀ µ,

with the identification that the Lagrange multiplierλ is the energy eigenvalueE (the
compound indexµ will be defined below). Conversely, stationarity with respect to the
R amplitudes returns the left-hand eigenvector equations that defineL ,

(31)
∂F

∼

∂rµ
= 〈Φ0|L̂ ˆ̄H |Φµ〉 − λ〈Φ0|L̂|Φµ〉 ≡ 0 ∀ µ.

Thus, if the EOM-CC eigenvector equations are solved for theL andR amplitudes, the
functional(28), like the energy expression(27), is variational with respect to these para-
meters.

The variational parametersL andR can be viewed to act as mutual Lagrange multi-
pliers. TheL amplitudes can be considered as Lagrange multipliers for the eigenvector
constraint that determines theR amplitudes, equations(30). Vice versa, theR amplitudes
can be considered as Lagrange multipliers for the constraint that determines theL ampli-
tudes, equations(31). This interpretation ofR as the wavefunction parameters andL as the
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associated Lagrange multipliers (or vice versa) is appealing, since determining the energy
by itself requires only one set of amplitudes, in contrast to expression(27)which seems to
imply that both sets are needed.

We now define the compound indexµ. In contrast to theZ-vector formulation for
the EOM-CC/PT gradient[37–42], the Lagrange multiplier formulation has no need to
consider the multitude of determinants that have higher excitation level than the diago-
nalization space|�µ〉. For EE-EOM-CCSD/PT, the diagonalization space|�µ〉 is taken
as the set of all determinants related to the reference configuration by promotion of one
or two electrons from occupied to virtual orbitals; the associated wavefunction operators
have 1h1p and 2h2p components and the spin-orbital form

(32)R̂ =
∑
i,a

rai {â†î} +
∑

i<j, a<b

rabij {â†îb̂†ĵ}

and

(33)L̂ =
∑
i,a

lia{î†â} +
∑

i<j, a<b

l
ij
ab{ĵ†b̂î†â}.

Note that in this diagonalization, we choose not to consider the components of the Hamil-
tonian or the eigenvector along|Φ0〉, as these are not needed to determine the excited-state
energies. Examining the EE-EOM-CCSD right-handfull eigenvector equation̄HR

∼

= ER
∼

schematically,

(34)

(
h̄0 H̄0;µ

0µ;0 H̄µ;µ

)(
r0
R

)
= E

(
r0
R

)
=
(
h̄0r0 + H̄0;µR

H̄µ;µR

)
,

where the matrices are partitioned into blocks|Φ0〉 and |�µ〉 = |�a
i 〉 ⊕ |�ab

ij 〉, shows

that the excited-state energies can be obtained from the “singles-and-doubles” eigenvector
equationH̄µ;µR = ER. As a result, the vectors defined by operators(32) and(33) are
not true eigenvectors of the transformed Hamiltonian truncated at doubles and including
the |Φ0〉 column and row, as they are missing the|Φ0〉 element, but these eigenvectors of
the singles-and-doubles submatrixH̄µ;µ are sufficient to define the excited-state energy
and the energy gradient. (Tangentially, we note that the energy functional for the refer-
ence CC/PT state|Φ0〉 can in fact be obtained from the EOM-CC/PT functional(26) by
excluding all dependence on̂L andR̂.)

For the IP-EOM-CCSD/PT variant, thêR operator contains 1h and 2h1p components,
and for the EA-EOM-CCSD/PT variant,̂R contains 1p and 2p1h components; thêL is
the corresponding conjugate operator in each variant. For the IP- and EA- methods, the
|Φ0〉 block of H̄ is completely decoupled, as̄H0;µ = 0 and0µ;0 = 0 automatically in
expression (34) because the number of electrons is different than that of|�µ〉 and ˆ̄H is a
particle-conserving operator.

For the PT-based methods, however, the pure-excitation operators as previously dis-
cussed are not eliminatedfully. Thus for the EE-EOM-PT variant, the0µ;0 subvector of
H̄ in expression(34), which justifies the exclusion of ther0 element, does not vanish
completely, and for all the PT-based variants, the residual one-body pure-excitationh̄ai
amplitude would also in principle contribute to theH̄µ;µ submatrix. These difficulties can
be alleviated by rewriting the total energy, the biorthogonal expression(27), as the sum of
the reference energȳh0 plus the excitation energy formulated in terms of a commutator.
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This commutator purposefully excludes the residual pure-excitation terms from appearing
in the energy expressions.

Let us compare the biorthogonal and commutator formulations of the energy in more de-
tail. Although the following discussion is phrased in terms of the abstract expressions, the
ultimate focus is on the slight difference that resultsin the detailed algebraic expressions,
that is, the presence or not of pure-excitation terms. Without assumption,

(35)〈Φ0|L̂ ˆ̄HR̂|Φ0〉 = 〈Φ0|L̂[ ˆ̄H, R̂]|Φ0〉 + 〈Φ0|L̂R̂ ˆ̄H |Φ0〉.
The only components of̂̄H that can contribute in the last term above are those that do not
annihilate|Φ0〉 in normal-order (i.e. do not contain anyq-annihilation operators), namely
the constant̄h0 and the pure-q-creation (pure-excitation) part

(36)〈Φ0|L̂R̂ ˆ̄H |Φ0〉 = h̄0〈Φ0|L̂R̂|Φ0〉 + 〈Φ0|L̂R̂ ˆ̄H pure-excitation|Φ0〉.
Therefore, assuming normalized eigenvectors, expression(35)becomes

(37)〈Φ0|L̂ ˆ̄HR̂|Φ0〉 = h̄0 + 〈Φ0|L̂[ ˆ̄H, R̂]|Φ0〉 + 〈Φ0|L̂R̂ ˆ̄H pure-excitation|Φ0〉,
strictly.The biorthogonal energy expression 〈Φ0|L̂ ˆ̄HR̂|Φ0〉 thus technically contains pure-
excitation H̄ contributions according to the last term of expression (37).

In the CCSD-based EOM variants, the only pure-excitationˆ̄H operators that can fully
contract withL̂R̂ in the last term of expression(37) involve the one-bodȳhai amplitudes
(and the resulting algebraic terms are given in expression(97) of Section5.3.1). But since
h̄ai is rigorously set to zero by the CCSD equations, these vanishing pure-excitation terms
can in fact be discarded from the detailed algebraic expansion, with nonumerical effect
on the energy. In other words, since the last term of expression(37) is rigorously zero for
CCSD-based methods, the commutator representation of the energy is ultimately equiva-
lent to the biorthogonal representation, but thedetailed algebraic expressions differ slightly
by the removed pure-excitation terms.

For the PT-based methods, on the other hand, the pure-excitationh̄ai amplitudes are only
eliminated to first-order, and thus the last term of expression(37) does not vanish fully.
However, excluding this residual term is advantageous for maintaining size-extensivity, as
discussed in Section2.2. Thus this residual term is discarded, as is normally done, and the
commutator form of the energy,

(38)〈Φ0|L̂ ˆ̄HR̂|Φ0〉 = h̄0 + 〈Φ0|L̂[ ˆ̄H, R̂]|Φ0〉,
while rigorously equivalent for the CCSD-based methods, is also assumed applicable to
the PT-based methods. In this way, the commutator formulation allows for a unified EOM-
CC/PT functional, expression(26).

While excluding the pure-excitation terms from the CC-based algebraic expressions has
no effect on the finalenergy, it may not immediately be apparent that this exclusion also
has no effect on the finalgradient. Fundamentally, if the gradient were obtained numer-
ically, then the perturbed pure-excitation coefficients would be made to vanish for every
perturbation,e.g. h̄ai

(
χ
) ≡ 0 ∀ χ , and therefore inclusion/exclusion of these rigorous ze-

ros for all perturbations can affect neither the final numerical nor analytical gradient. The
detailed algebraic expressions for the gradient, however,are slightly different; but this dif-
ference amounts to a repartitioning of the intermediate quantities, which cancels itself in
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the end to yield numerically identical GHF effective density matrices. This property will
be demonstrated explicitly for the EOM-CCSD gradient (Section5.3.1). For the PT-based
methods, as expected, only the exclusion of the pure-excitation terms, through the formal
commutator above, is consistent with the gradients that would be obtained numerically.

Having considered the energy and normalization terms, the EOM-CC/PT functional(26)
contains another Lagrange multiplier term〈Φ0|Ẑ ˆ̄H |Φ0〉 associated with the underlying
CC/PT constraint that determines the non-variational reference-state parametersT. By con-
struction, differentiating the functional with respect to the associated Lagrange multipliers
Z and setting the results to zero yields the CC/PT equations forT,

(39)
∂F

∂zν
= 〈Φν | ˆ̄H |Φ0〉 = h̄ν ≡ 0 ∀ ν,

where the compound indexν is implicitly defined below. As with all Lagrange multipliers,
solving the constraint equations ensures by design that the functional is stationary with
respect to the associated Lagrange multipliers (and regardless of their numerical values).
For CCSD-based methods, thêZ operator has one- and two-body components and the
spin-orbital form

(40)Ẑ =
∑
i,a

zia{î†â} +
∑

i<j, a<b

z
ij
ab{î†âĵ†b̂}.

Note that the Lagrange multiplier operator(40)is the purede-excitation analog of the pure-
excitation components of the transformed Hamiltonian that are made to vanish through the
CCSD equations(4). For the PT-based methods, the one-body term inẐ is not present

(since there are no associatedT(1)
1 ), and the first-orderˆ̄H(1)

MP that definesT(1)
2 , in equation

(16), is used in the〈Φ0|Ẑ ˆ̄H |Φ0〉 Lagrange multiplier term,

(41)
〈
Φ0
∣∣Ẑ ˆ̄H(1)

MP

∣∣Φ0
〉 = 〈

Φ0
∣∣Ẑ2

([
Ĥ (0), T̂

(1)
2

]+ V̂
)∣∣Φ0

〉;
this simplification of the pure-excitation expressions is the only difference between the
(ST)EOM-CCSD and (ST)EOM-PT functionals.

Table 3of Section5 presents the Lagrange multiplier energy functionals of the closed-
shell-reference EE-, IP-, and EA-EOM-CCSD/PT variants in explicit spin-adapted spatial-
orbital algebraic terms. These relatively simple expressions can be obtained by algebraic or
diagrammatic expansion of the abstract functional, expression(26), and are little more than
the defining equations of these EOM methods. The explicit algebraic functionals serve as
the input to theSMART differentiation package, andall subsequent derivative expressions
in Section5 are obtained directly by symbolic algebraic differentiation. We emphasize the
contrast with more traditional techniques, where an expansion might instead be performed
algebraically or diagrammatically on the (more complicated) abstract derivative expres-
sions, which follow in the remainder of this section.

We see above that by solving the appropriate EOM eigenvector and CC/PT equations,
the EOM-CC/PT functional(26) is automatically stationary with respect to first-order vari-
ations inall parametersexcept the reference-stateT amplitudes. Moreover, theZ Lagrange
multipliers are still unspecified. Forcing this remaining stationarity with respect toT deter-
mines the associated Lagrange multipliersZ and excludes the expensive derivatives∂T/∂χ

from appearing in the final gradient expression (see expression(23)). The resulting set of
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linear equations for theZ amplitudes is given by

∂

∂tν
F (T,Z, . . .) ≡ 0 ∀ ν,

(42)
∂

∂tν
〈Φ0|Ẑ ˆ̄H |Φ0〉 = − ∂

∂tν

(
h̄0 + 〈Φ0|L̂[ ˆ̄H, R̂]|Φ0〉 + λ

(
1− 〈Φ0|L̂R̂|Φ0〉

))︸ ︷︷ ︸
≡ F inh

,

and these equations are solved onlyonce for all perturbations and degrees of freedom of
the system. Furthermore, this equation for theZ Lagrange multipliers associated with the
underlying CC/PT treatment can be cast into a form that is identical for EOM, STEOM,
and all other methods based on a given CC/PT truncation through a chain-rule derivative
in the common, transformed HamiltonianH̄ amplitudes.

The homogeneous left side of equation(42) depends only on the CC or PT truncation
scheme (and the parameterization of the associatedZ Lagrange multipliers). Its explicit
algebraic spatial-orbital expressions for CCSD-based methods are given inTable 8 of
Section5. These homogeneous-side expressions are the same for all EOM-CCSD and
STEOM-CCSD variants, as well as for any electronic method based on a CCSD reference.
In fact, these algebraic expressions, as well as all terms in the (ST)EOM-CCSD gradients
involving Z amplitudes, are equivalent in form to those of ground-state CCSD gradient
theory[109,118], with Z replacing�. For the PT-based methods, the one-body equation
is not present, and the two-body homogeneous side reduces to a tiny subset of the terms
in the full CCSD-based expression; like the solution of the perturbativeT(1)

2 equation(17),
solution for the associatedZ2 Lagrange multipliers amounts to simple division by an en-
ergy denominator. This economical bypass of the iterative solution of theZ equations is
the only procedural difference between the PT-based and CCSD-based gradients; all other
simplifications amount to straightforward skipping of unneeded terms (summarized by the
PT-based prescription to be discussed in Section5.1.1).

The inhomogeneous right side of equation(42) does depend on the particular EOM
(or STEOM) variant but can be organized in an elegant form that separates out the method
dependence, isolating it in an intermediate density matrixD̄. This separation is achieved by
performing the differentiation as a chain rule through theH̄ amplitudes as the intermediate
variables, which are common to all the methods:

(43)
∂F inh

∂tν
=
∑
µ

∂F inh

∂h̄µ

∂h̄µ

∂tν
≡
∑
µ

D̄µ

∂h̄µ

∂tν
,

where onlyH̄ is an explicit function ofT and whereµ runs over all theH̄ amplitudes,
including h̄0. The derivatives seen above, of the inhomogeneous (non-Z) part of the func-
tional with respect to thetransformed Hamiltonian amplitudes,

(44)D̄µ ≡ ∂F inh

∂h̄µ
,

define theintermediate density matrix for the particular electronic method. In contrast to
the full effective density matrixDν ≡ ∂F/∂hν , expression(25), which containsall of
the particular method’s GHF response, the intermediate density matrix isolates just the
unique post-CC/PT component beyond the underlying reference treatment. In this chain-
rule formulation, all remaining parts of the gradient expressions then depend solely on
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the H̄ formulas, which are the same for all like-truncated-CC or like-truncated-PT based
methods. ThēH chain-rule formulation thus systematizes theZ equations (and later the
expressions to convert to the full GHFD) by separating the common̄H parts from the in-
termediate density matrix̄D, which contains all of the “post-̄H” information that is unique
to each electronic method.

For methods based on a CCSD/PT reference truncation, the explicit algebraic spatial-
orbital expressions for the inhomogeneous-side chain rule(43) are presented inTable 8
of Section5. Written in terms of the intermediate density matrix, this convenient method-
independent formulation thus allows solution of equation(42)for theZ Lagrange multipli-
ers using the same computer code for all (ST)EOM-CCSD/PT variants, once the particular
D̄ for the method is calculated.

In practice, due to a passive expansion of the three-body terms, we deviate slightly from
the strict formal definition of the intermediate density matrix implied by expression(44).
Nevertheless, the consistent algebraic definitionD̄µ ≡ ∂F inh/∂h̄µ is maintained. Whereas
the resulting modifications described below might be somewhat tricky to organize by hand,
they are all treated automatically here by the mathematics, when dealing with the algebraic
expressions directly inSMART. For computational storage efficiency, all algebraic expres-
sions in this work are left written in terms of only zero-, one-, and two-body amplitudes.
Consequently, the intermediate density matrix elements are computed as derivatives with
respect to only the zero-, one-, and two-body amplitudes ofH̄. The components associated
with the expanded three-bodȳH amplitudes, which formally would lead to three-bodyD̄,
are instead distributed among the rest of the chain rule automatically. First, a small number
of method-dependent three-body terms contribute explicitly to thetabij chain-rule derivative,
and these are collected inTable 9of Section5. Second, certain (two-body)̄D elements
are modified to additionally contain the contributions that formally belong in the absent
three-bodyD̄. The modified two-bodyD̄ correctly carry these three-body contributions
throughout the remainder of the gradient calculation. These modifications arise and are all
handled automatically here in the fully algebraic treatment, and a more detailed discussion
of these three-body contributions is presented in Section5.2.3.

The (modified) zero-, one-, and two-bodyD̄ elements for the EE-, IP-, and EA-EOM-
CCSD/PT gradients are presented inTable 10of Section5. In addition to their use in
the now method-independentZ Lagrange multiplier equations, the intermediate density
matrix D̄ can be related to the full effective density matrixD by another chain rule that
depends only on the reference CC/PT treatment (i.e. theH̄ amplitudes). Thus the interme-
diate density matrix contains all that is unique to each (ST)EOM variant and, along with
the shared expressions involvingZ, completely defines the gradient for each method.

The final bare-Hamiltonian effective density matrixD is related to the transformed-
Hamiltonian intermediate density matrixD̄ by another chain rule similar to expression(43),

Dµ ≡ ∂F

∂hµ
= ∂

∂hµ

(
F inh + 〈Φ0|Ẑ ˆ̄H |Φ0〉

)
(45)=

∑
ν

D̄ν

∂h̄ν

∂hµ
+ ∂

∂hµ
〈Φ0|Ẑ ˆ̄H |Φ0〉,

where onlyH̄ is an explicit function ofH. The derivatives in expression(45) depend only
on theH̄ formulas, and thus the expressions are the same for all methods of a given CC or
PT reference treatment. The explicit spatial-orbital expressions relating all one- and two-
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bodyD to D̄ elements for CCSD-based methods are given inTable 15of Section5; a large
number of terms drop out for the PT-based methods, and the simplifiedD̄ to D expressions
for PT-based methods are reproduced separately asTable 16. Once the bare-Hamiltonian
effective density matrixD has been computed, the first derivative of the electronic energy
with respect to an arbitrary perturbation is obtained exactly as in a ground-state CC/MBPT
gradient calculation by the GHF expression(24).

The explicit EOM-CCSD/PT gradient equations presented in Section5 are equivalent
to those originally derived by Stanton and Gauss[37–42], but the method of derivation,
details, and organization are different. In the original treatment, abstract derivative expres-
sions, like those above, were first derived with some effort through theZ-vector method.
Subsequently, the abstract derivative expressions were converted into explicit algebraic ex-
pressions manually by diagrammatic expansion. In the present work, the detailed algebraic
gradient expressions are generated by differentiating the defining algebraic energy equa-
tions (functionals) directly and in an automated fashion; see Section4. Next, the previous
EOM gradients were expressed more generally in spin-orbital terms, which are applicable
to both open- and closed-shell references, whereas in the present working equations, spin-
adapted spatial-orbital quantities and a closed-shell reference are chosen for computational
efficiency. Furthermore, the present formulation is somewhat different, as we choose not
to include the reference determinant in our diagonalization subspace; relatedly, ourẐ La-
grange multiplier operator is analogous to Stanton’s composite operator∆̂ ≡ Ẑ + r0L̂,
defined in expression (46) of reference[40]. The definition of the energy functional is
not unique, as long as the definitions lead to numerically identical GHF effective density
matrices in the end, and this flexibility will make our equations look slightly different
than those derived previously. Lastly, in the original EOM gradient formulation, no ex-
plicit connection is drawn between the inhomogeneous side of theZ equations and the
final effective density matrixD, and both sets of expressions are obtained separately. In the
presentH̄ chain-rule formulation, all the unique information of the particular (ST)EOM
method is isolated sooner in the intermediate density matrixD̄. This allows construction of
otherwise method-independentZ Lagrange multiplier equations and method-independent
conversions ofD̄ to the full effective density matrixD that are identical for all meth-
ods based on a given CC or PT reference treatment. For the CCSD/PT-based methods
considered here, the existing code in ACES II for EOM-CCSD/PT gradients was revised
to the present chain-rule/intermediate-density formulation as a first step to implementing
STEOM-CCSD/PT gradients.

3.3. The STEOM-CCSD/PT intermediate density matrix

The STEOM-CCSD/PT energy functional is similar in form to that of EOM-CCSD/PT,
with the addition of another set of Lagrange multiplier terms associated with the supple-
mentary equations that determine theS± amplitudes,

F ≡ h̄0 + 〈Φ0|L̂[Ĝ2, R̂]|Φ0〉 + λ
(
1− 〈Φ0|L̂R̂|Φ0〉

)+ 〈Φ0|Ẑ ˆ̄H |Φ0〉
(46)+

∑
m

〈Φm|Ẑ−[Ĝ, m̂]|Φ0〉 +
∑
e

〈Φe|Ẑ+[Ĝ, ê†]|Φ0〉.
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For the EE-STEOM variant, both new terms are employed, since both theŜ+ and Ŝ−
amplitudes are needed, whereas for DIP-STEOM, theẐ+ term is not included and for
DEA-STEOM, theẐ− term is not included (see discussion after expression(7)).

As in EOM-CCSD, the energy of an electronic state is given by a biorthogonal expecta-
tion value, but now of the doubly transformed STEOM-CCSD HamiltonianĜ2 (defined in
expression(11)),

(47)E = 〈Φ0|L̂Ĝ2R̂|Φ0〉
〈Φ0|L̂R̂|Φ0〉

.

For simplicity, we will consider the normalization and eigenvector expressions in terms
of this customary representation of the energy and will subsequently discuss the same
adjustments introduced by the commutator for the PT-based variants. The restriction to
normalized eigenvectors is again incorporated through the Lagrange multiplier construc-
tion involving the energy eigenvalueλ,

(48)F
∼

≡ 〈Φ0|L̂Ĝ2R̂|Φ0〉 + λ
(
1− 〈Φ0|L̂R̂|Φ0〉

)
.

The variational parametersR andL are determined by the eigenvector equations, recovered
by enforcing the stationarities,

(49)
∂F

∼

∂lµ
= 〈Φµ|Ĝ2R̂|Φ0〉 − λ〈Φµ|R̂|Φ0〉 ≡ 0 ∀ µ

and

(50)
∂F

∼

∂rµ
= 〈Φ0|L̂Ĝ2|Φµ〉 − λ〈Φ0|L̂|Φµ〉 ≡ 0 ∀ µ,

with |Φµ〉 defined below. As before, theL amplitudes can be viewed as Lagrange mul-
tipliers for the eigenvector constraint equations that determine theR amplitudes, or vice
versa. Equivalently, if the STEOM eigenvector equations are solved for theR andL am-
plitudes, the functional is automatically stationary with respect to these variational energy
parameters.

As discussed, the STEOM-CCSD/PT diagonalization subspaces are significantly re-
duced compared to that of EOM-CCSD/PT. In contrast to EE-EOM-CCSD/PT, for ex-
ample, the EE-STEOM-CCSD/PTn-electron diagonalization subspace|�µ〉 now consists
of all singly excited determinants (1h1p) only. The doubly excited configurations (2h2p)
are no longer included in|�µ〉. The EE-STEOM-CCSD/PT eigenvector operators have the
spin-orbital forms

(51)R̂ =
∑
i,a

rai {â†î} and L̂ =
∑
i,a

lia{î†â}.

For the DIP- variant of STEOM-CCSD/PT, the diagonalization subspace|�µ〉 consists of
all (n− 2)-electron states related to the reference determinant by deletion of two electrons
(2h configurations), and the operators have the form

(52)R̂ =
∑
i<j

rij {î ĵ} and L̂ =
∑
i<j

lij {ĵ†î†}.

For the DEA- variant of STEOM-CCSD/PT, the diagonalization subspace|�µ〉 consists
of all (n + 2)-electron states related to the reference determinant by the addition of two
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electrons (2p configurations), and the operators have the form

(53)R̂ =
∑
a<b

rab{â†b̂†} and L̂ =
∑
a<b

lab{b̂â}.

As noted earlier, if the sums in expressions(51) through(53) range over the full orbital
subspaces, active plus inactive, the eigenvalue spectra of the doubly transformed Hamil-
toniansĜ and Ĝ2 are identical, and thus for convenience we choose to neglect theŜ1
components ofĜ in the energy expression. This neglect simply amounts to an implicit
redefinition of theL̂ andR̂ amplitudes compared to that of diagonalizing the fullĜ,

(54)〈Φ0|L̂
∼

ĜR̂
∼

|Φ0〉 =
〈
Φ0
∣∣L̂

∼

{
eŜ1
}−1

Ĝ2
{
eŜ1
}
R̂
∼

∣∣Φ0
〉 ≡ 〈Φ0|L̂Ĝ2R̂|Φ0〉.

Since the remaining constraint equations are independent of the variationalR andL pa-
rameters (cf. equations(19)), this redefinition has no effect on the form of the rest of the
expressions.

The biorthogonal expectation-value energy(47) is again rewritten in terms of the com-
mutator to deliberately exclude the pure-excitation amplitudes from the algebraic ex-
pressions and thereby make the functional(46) consistent for both the CCSD-based and
PT-based methods. Although the one-body pure-excitation operator cannot contribute in
these “singles”-only diagonalization subspaces, its exclusion is still necessary to justify
the removal of ther0 reference component from the EE-STEOM-PT eigenvector (cf. the
discussion after expression(34)). Lastly, the equivalence of thêG andĜ2 diagonalizations
for the commutator form of the energy can be proven through an expression analogous to
expression(54) (although the proof involves a slightly different redefinition ofL̂ andR̂,

namely a full{eŜ1} similarity transformation).
We now turn our attention to the remaining Lagrange multiplier terms in the energy

functional. Through the〈Φ0|Ẑ ˆ̄H |Φ0〉 term, solving the reference CC/PT equations that
determine theT parameters makes the functional automatically stationary with respect
to the associatedZ Lagrange multipliers, exactly as in EOM-CC/PT (equation(39)). In
STEOM, there are two additional sets of constraint equations, which determine theS±
amplitudes. The equations(9) that determineS− are recovered from the functional by
differentiating with respect to the associated Lagrange multipliersZ−,

(55)
∂F

∂d
µ
m

= ∂

∂d
µ
m

(∑
n

〈Φn|Ẑ−[Ĝ, n̂]|Φ0〉
)
= gm

µ ≡ 0 ∀ m,µ,

where theẐ− amplitudes are denoteddµ
m (“detachment”) andµ is a compound label de-

fined implicitly in expression(57) below. Likewise, equations(10) that determineS+ are
recovered by differentiating with respect to the associated Lagrange multipliersZ+,

(56)
∂F

∂aeµ
= ∂

∂aeµ

(∑
f

〈Φf |Ẑ+[Ĝ, f̂ †]|Φ0〉
)
= gµ

e ≡ 0 ∀ e, µ,

where theẐ+ amplitudes are denotedaeµ (“attachment”) andµ is defined implicitly in
expression(58) below. Thus, solving theS− andS+ equations ensures that the STEOM-
CCSD/PT functional is automatically stationary with respect to variations in theZ− and
Z+ Lagrange multipliers, respectively. The operators associated with these Lagrange mul-
tipliers are, in spin-orbital form,

(57)Ẑ− = Ẑ−
1 + Ẑ−

2 =
∑
i′,m

di′
m{î′†m̂} +

∑
m,b, i<j

d
ij
mb{î†m̂ĵ†b̂}
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and

(58)Ẑ+ = Ẑ+
1 + Ẑ+

2 =
∑
a′,e

aea′ {ê†â′} +
∑

e,j, a<b

a
ej
ab{ê†âĵ†b̂}.

These Lagrange multiplier operators are the de-excitation analogs of theĜ excitation op-
erators that are made to vanish in equations(9) and (10)(or equivalently, thêS− andŜ+
operators, which by definition have the same form as the eliminatedĜ components).

A commutator formulation is again employed to make these Lagrange multiplier terms
correct for the PT-based methods. For the CCSD-based STEOM methods, the last two
terms in the energy functional(46)might instead be written more compactly as

(59)+
∑
m

〈Φm|Ẑ−Ĝ|Φm〉 +
∑
e

〈Φe|Ẑ+Ĝ|Φe〉.

These expressions, however, technically contain contributions from the pure-excitation am-
plitudega

i . As in the EOM-CC/PT discussion, inclusion of such pure-excitation terms can
have no numerical effect on the gradientfor the CC-based methods, since these terms are
rigorously made zero for all perturbations, butfor the PT-based methods, such terms do not
vanish completely and should not be included. This struggle with the pure-excitation terms
arises somewhat artifactually here by phrasing everything in “matrix-element” notation. In
a “many-body” formulation, the second-quantized operators and their elementary coeffi-
cients are treated directly. TheS− amplitudes, for example, are in fact defined to set thegm

i′
andgmb

ij operator coefficients to zero; the matrix elements written in equations(9) are only
equivalent to these operator coefficients if the pure-excitationga

i = 0. The many-body

Lagrange multiplier terms would look like∼di′
mg

m
i′ and∼d

ij
mbg

mb
ij , and the pure-excitation

coefficients would not show up, in a natural way.
The explicit algebraic expansions of the energy functional in terms of spin-adapted

spatial-orbital quantities for the EE-, DIP-, and DEA-STEOM-CCSD/PT variants are pre-
sented inTable 4of Section5. These expressions are obtained by diagrammatic or algebraic
expansion of the abstract operator functional(46) and are the defining equations of these
STEOM methods. As before, the algebraic functional comprises the input to ourSMART
package (see Section4), and all subsequent derivative expressions given explicitly in Sec-
tion 5 are obtained directly by symbolic algebraic differentiation.

As in the EOM discussion, the Lagrange multipliers are determined by making the en-
ergy functional stationary with respect to all of its wavefunction parameters. Once the
STEOM-CCSD/PT energy (and left-hand eigenvectorL ) equations are solved, the func-
tional is automatically stationary with respect to variations in theR, L , λ, Z−, Z+, and
Z parameters, but it is not yet stationary with respect to the non-variationalS−, S+, or T
parameters. Moreover, the associatedZ−, Z+, andZ Lagrange multipliers are still unspec-
ified. By construction, enforcing stationarity with respect to theS− amplitudes yields the
equations that determine the associatedZ− Lagrange multipliers,

∂F

∂smµ
≡ 0 ∀ m,µ,

(60)
∂

∂smµ

(∑
n

〈Φn|Ẑ−[Ĝ, n̂]|Φ0〉
)
= − ∂

∂smµ
〈Φ0|L̂[Ĝ2, R̂]|Φ0〉,
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and similarly, setting to vanish the derivatives of the functional with respect to theS+
amplitudes yields the equations that determine the associatedZ+ Lagrange multipliers,

∂F

∂s
µ
e

≡ 0 ∀ e, µ,

(61)
∂

∂s
µ
e

(∑
f

〈Φf |Ẑ+[Ĝ, f̂ †]|Φ0〉
)
= − ∂

∂s
µ
e

〈Φ0|L̂[Ĝ2, R̂]|Φ0〉,

whereµ is a compound label for the four classes ofS indices in expressions(7) and only
G andG2 are explicit functions ofS.

The results of differentiating the algebraic functionals to obtain theZ− Lagrange mul-
tiplier equations(60) for EE- and DIP-STEOM-CCSD/PT are presented inTable 11of
Section5. The explicitZ+ Lagrange multiplier equations(61) for EE- and DEA-STEOM-
CCSD/PT are presented inTable 12. The homogeneous left sides of equations(60) and (61)
depend only on the eliminated̂G coefficients and are therefore identical for both variants
in each table. The inhomogeneous right sides depend on the definition of the energy ex-
pression (i.e. the diagonalization subspace ofĜ2) and thus depend on the STEOM variant.
Since theŜ1 components of the energy expressions have been eliminated, the right-hand
sides vanish forS1 derivatives, leaving the one-body equations completely homogeneous.
The linearZ− andZ+ Lagrange multiplier equations can be decoupled into separate equa-
tions for each active orbital indexm ande, respectively, aiding numerical convergence and
computational efficiency. The details of this decoupling will be considered in Section5.4.1.

After the solution for theZ− andZ+ Lagrange multipliers that account for theS− andS+
response, the functional is finally made stationary with respect to the remaining reference-
stateT parameters, and this determines the associatedZ Lagrange multipliers. Exactly as
in the EOM discussion,

∂

∂tν
F (T,Z, . . .) ≡ 0 ∀ ν,

(62)
∂

∂tν
〈Φ0|Ẑ ˆ̄H |Φ0〉 = −∂F inh

∂tν
= −

∑
µ

∂F inh

∂h̄µ

∂h̄µ

∂tν
≡ −

∑
µ

D̄µ

∂h̄µ

∂tν
,

but now with

F inh ≡ h̄0 + 〈Φ0|L̂[Ĝ2, R̂]|Φ0〉 + λ
(
1− 〈Φ0|L̂R̂|Φ0〉

)
(63)+

∑
m

〈Φm|Ẑ−[Ĝ, m̂]|Φ0〉 +
∑
e

〈Φe|Ẑ+[Ĝ, ê†]|Φ0〉.

Equation(62), written in terms of the chain rule, depends only on the derivatives of the
transformed Hamiltonian̄H amplitudes and is thereforeidentical to theZ Lagrange mul-
tiplier equations(42) and (43)already discussed for the EOM-CCSD/PT method. The
transformed-Hamiltonian intermediate density matrix elementsD̄µ ≡ ∂F inh/∂h̄µ how-
ever are different, and these contain all of the (ST)EOM-variant dependence. The algebraic
zero-, one-, and two-bodȳD elements, which (along with the explicit three-body terms)
completely determine the gradient, for the EE-, DIP-, and DEA-STEOM-CCSD/PT vari-
ants are presented inTable 14of Section5. TheseD̄ contain all of each method’s unique
post-CCSD/PT response information, which in STEOM consists of the bivariationalL
andR contributions and the response contributions of the non-variationalS± parameters
through theZ± Lagrange multipliers.
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With the construction of̄D, the solution of theZ Lagrange multiplier equations and
the remainder of the STEOM-CCSD/PT gradient calculation then proceed identically to
that of EOM-CCSD/PT. The chain-ruleZ equations(62) are identical for all CCSD-based
methods and have already been considered in the EOM discussion of the preceding section
(with explicit expressions inTable 8of Section5). For the PT-based methods, the same
dramatic simplifications to the homogeneous sides of theZ equations arise. There are a
pair of method-dependent three-body terms that contribute to thetabij chain rule explicitly,
and these are presented inTable 9in Section5.

With the solution for the finalZ Lagrange multipliers associated with the under-
lying CCSD/PT reference treatment, the transformed-Hamiltonian intermediate density
matrix D̄ is converted to the bare-Hamiltonian effective density matrixD by another
method-independent chain rule given previously by expression(45) or explicitly asTa-
ble 15/Table 16in Section5. The first derivative of the electronic energy with respect to
an arbitrary perturbation is then obtained from the GHF relation(24). All expensive per-
turbation derivatives of the non-variationalS−, S+, andT parameters have been avoided
by solution of the associatedZ−, Z+, andZ Lagrange multiplier equations(60), (61), and
(62), respectively.

There is one small part of the STEOM-CC/PT gradient that has not yet been treated
in the current work. The missing piece relates to rotation between the active and inactive
orbitals. By comparison to numerical gradients, if the active space is sufficiently large, the
effect is typically very small and its neglect is not significant. The effect is slightly larger
when examining conical intersection regions due to the small differences in energy being
considered. The omitted part is to some extent analogous to the problem of frozen/dropped-
core gradients[101,118,164,165], and we expect this feature can be incorporated with a
suitable addition to the Lagrange multiplier functional.

3.3.1. Summary of steps in a STEOM gradient calculation

The following summarizes the sequence of steps in a STEOM-CCSD/PT analytical gradi-
ent calculation. The individual steps are presented inTable 2(Section5.8), along with the
operation-count scaling and the storage of the most expensive terms in each step. The en-
ergy and gradient calculations proceed sequentially according to the first column ofTable 2
as follows: First, the closed-shell reference determinant is established (usually) through
an SCF calculation, to obtain the MO coefficients and to convert the AO-based one- and
two-electron Hamiltonian integrals into the MO-basedH amplitudes of expression(1).
The standard STEOM-CCSD/PT energy calculation then begins by solving the reference-
state CCSD equations(4) or PT (first-order MP) equation(16), respectively, to yield the
T amplitudes. TheT amplitudes define the first similarity transformation, expression(2),
yielding H̄. Next, a selection of active IP-EOM-CCSD/PT and EA-EOM-CCSD/PT eigen-

vectors are determined by diagonalizingˆ̄H over 1h⊕2h1p and 1p⊕2p1h configurations,
and the eigenvector amplitudes are converted intoS− andS+, respectively; this procedure
is equivalent to solving theS± equations(9) and (10). (Note thatS− is not needed for DEA-
STEOM, andS+ is not needed for DIP-STEOM. Both are needed for EE-STEOM.) The
S± amplitudes define the second similarity transformation, expression(11), yielding G2.
The doubly transformed Hamiltonian̂G2 is diagonalized (inexpensively) over 1h1p, 2h,
or 2p configurations to yieldR, L , and energy eigenvaluesλ for the individual EE-, DIP-,
or DEA-STEOM-CCSD/PT eigenvectors, respectively. (L is not needed for the energy
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but is needed for the gradient.) The gradient calculation begins by (decoupling inm or e
and then) solving the Lagrange multiplier equations(60) and (61)associated with theS−
andS+ constraint equations, yielding theZ− andZ+ Lagrange multipliers, respectively.
With these amplitudes, the one- and two-body intermediate density matrix elementsD̄ are
then constructed. (TheR andL are no longer needed and can now be discarded. TheS±
andZ± could also in principle be discarded, except for the method-dependent three-body
terms in the upcomingZ equations.) The one- and two-bodyD̄ (along with the explicit
three-body terms) are plugged into the method-independent chain-rule equation(62) for
the Lagrange multipliers associated with the underlying CCSD or PTT constraint equa-
tions, and solving yieldsZ. (The H̄ (and S± and Z±) can now be discarded.) Finally,
the method-independent chain-rule expression(45) converts the transformed-Hamiltonian
intermediate density matrix̄D to the bare-Hamiltonian effective density matrixD. (The
Z andT can now be discarded.) The derivatives of the bare HamiltonianH amplitudes
with respect to the perturbation are computed in the AO basis (along with the MO coef-
ficient response), andD is backtransformed into the AO basis. The full derivative of the
electronic-state energy with respect to the perturbation is then given by the AO-based ex-
pression equivalent to the GHF relation(24) (see Section5.7.1).

In this formulation, the computational cost of the STEOM-CCSD/PT analytical gradient
portion is comparable to that of the single-point energy calculation and does not scale
deleteriously with the degrees of freedom of the system. The most expensive steps involve
iterativeo2v4I andov4eI operations (seeTable 2), and the EE- and DEA-STEOM-CCSD
methods each have four such steps: the reference-state CCSD equations forT and the
active EA-EOM-CCSD eigenvector equations forS+ in the energy calculation, and the
associatedZ andZ+ Lagrange multiplier equations in the analytical gradient. The total cost
is thus approximately four times that of the CCSD reference-state calculation. The EE- and
DEA-STEOM-PT methods eliminate the twoo2v4I operations associated with the iterative
solution forT andZ. Finally, the DIP-STEOM-CCSD method is very economical, with
only the twoo2v4I T andZ equations. These again are eliminated in the DIP-STEOM-PT
variant, and only non-iterativeo3v3 terms remain. Additionally, the DIP-STEOM-CCSD
method does not require the largēDcd

ab , D̄bc
ia , and D̄ic

ab matrices, and moreover, for the
DIP-STEOM-PT method, theV ab

cd , h̄abcd , Dcd
ab , V ab

ic , h̄abic , andDic
ab are not needed. Of the

three methods, the DIP-STEOM variants are thus the most suited for application to larger
systems, both in terms of timing and storage. For comparison, the CCSD and EOM-CCSD
gradients also involve the twoo2v4I T andZ equations; additionally, computing eachR or
L eigenvector scales asov4I in EA-EOM-CCSD/PT and aso2v4I in EE-EOM-CCSD/PT.

4. THE SMART SYMBOLIC ALGEBRA PACKAGE

Having now completed the discussion of analytical energy gradients in terms of abstract
operator expressions, this section marks the start of the second half of the paper in terms
of the fully algebraic derivation of the explicit working equations. In this section, an
overview is presented of our generalSMART package, created to manipulate, differentiate,
and thereby derive the algebraic gradient expressions directly. The specific (ST)EOM-
CCSD/PT derivative equations themselves are presented and examined in full detail in
Section5.

Since a closed-shell reference determinant is employed, the spin integration is straight-
forward to carry out, and all explicit algebraic expressions in Sections4 and 5are given in
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terms ofspatial-orbital indices. Note that the same index labels are used as thespin-orbital
indices of the previous abstract discussion in Sections2 and 3. Most expressions are now
written in Einstein’s summation convention. All two-body terms have vertex-interchange
symmetry,e.g. h̄pqrs = h̄

qp
sr . Permutations on external (non-summed) indices are denoted as

Pij for the permutation that exchangesi ↔ j andPab
ij for the permutation that exchanges

i ↔ j anda ↔ b simultaneously. Terms involving the Kronecker delta and a dummy
active/inactive summation index only contribute if the non-summed index is of the same
active/inactive character (for example, inTable 7, theδim in δimV

kl
ac s̃

mc
kl ∈ gia causes the

term to contribute only if the external indexi is active). The notation( )singlet
only denotes that

the quantity enclosed in parentheses is present only for singlet EE-STEOM states and is
not included for triplet EE-STEOM states.

4.1. Overview ofSMART

Traditionally, to obtainexplicit algebraic expressions for an analytical energy gradient, the
abstract operator form of the gradient expressions is usually first derived (for (ST)EOM-
CCSD/PT: expressions(60), (61), (42) to (44)or (62) to (63), and(45)), which might then
be expanded algebraically or diagrammatically to the detailed working equations, and all
typically done by hand. While the algebraic expansion procedure could be made auto-
mated, even the hand derivation of the abstract gradient expressions themselves is often
quite complex. Rather than embark on such a tedious and error-prone undertaking to de-
rive the detailed gradient equations for each new electronic structure method, we instead
developed the generalSMART (Symbolic Manipulation and Regrouping of Tensors) pack-
age of automated symbolic algebra tools, written in theMathematica [127] programming
language. Bypassing the need to consider the abstract gradient expressions, the algebraic
gradient expressions are instead deriveddirectly, by explicit symbolic differentiation of
the algebraicenergy expressions that define the electronic method. The Lagrange multi-
plier formulation establishes a uniform framework in which to perform the derivation in
a standard manner. TheSMART toolkit provides the resources to expand, differentiate,
and simplify directly, by automated symbolic manipulation of the detailed algebraic tensor
expressions themselves. Through a fully symbolic algebraic treatment, the package was
used to generate and check all the explicit gradient expressions presented in the tables of
Section5.

To sketch the procedure, we begin as input with the Lagrange multiplier energy func-
tional for each electronic method in explicit algebraic terms. As discussed, the component
expressions of the energy functional are simply the defining equations of the electronic
structure method. For the (ST)EOM-CCSD/PT methods, the defining algebraic expres-
sions (seeTables 3and4) are relatively straightforward and well known,e.g. references
[3,34,36,52]. As is often the case, these algebraic expressions were originally defined first
in abstract operator terms and subsequently expanded by hand using diagrammatic tech-
niques to explicit algebraic terms. The algebraic form of the energy expressions might also
in principle be obtained automatically from the abstract operator definitions, such as by
automation of Wick’s Theorem or diagrams. For recent examples of automated expansion
procedures, see for instance Kállayet al. [128,129]or Hirata [134,135]. The algebraic
functionals, along with the algebraic definitions of any intermediate quantities (in particu-
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lar the commonH̄, G, andG2 expressions ofTables 5, 6, and 7), serve as the input to the
SMART package.

Using the custom symbolic algebra routines, intermediates can be fully expanded such
that all parts of the expressions are written in terms of the basic parameters. For example,
any transformed Hamiltonian̄H or doubly transformedG2 amplitudes can be expanded
into their bare HamiltonianH expressions (and vice versa, see below). The fully expanded
expressions can then be differentiated symbolically with respect to a particular amplitude
by proper replacement with Kronecker deltas, for example,

(64)
∂

∂tai

(∑
k,c

f k
c t

c
k

)
=
∑
k,c

f k
c δacδik = f i

a .

Above, the symbolic derivative picks out the corresponding terms whose indices precisely
match those of the differentiating amplitude. The symbolic differentiation can also be per-
formed as a chain rule, with the transformed HamiltonianH̄ amplitudes as the intermediate
variables, to automatically construct the derivative in terms of the intermediate density
matrix D̄ (see below). TheSMART routines can reasonably manipulate terms of up to five-
body rank or so and can treat common term symmetries, such as antisymmetry or specific
vertex-interchange (only two-body vertex-interchange symmetry is needed in this work).

A canonical ordering/reindexing algorithm puts all amplitudes and tensor multiplica-
tions into a preferred unique form, treating the symmetry of the individual amplitudes and
re-labeling the dummy summation indices in a unique order. All mathematically equivalent
forms of a given tensor multiplication are thus converted to the same unique form and then
combine automatically. For example,

(65)

V kl
cd t

ac
ik t

d
l = V kl

dct
ad
ik tcl = V lk

cd t
ac
il t

d
k = V lk

dct
ad
il tck

= V kl
cd t

ca
ki t

d
l = V kl

dct
da
ki t

c
l = V lk

cd t
ca
li t

d
k = V lk

dct
da
li tck

= V lk
dct

ac
ik t

d
l = V lk

cd t
ad
ik tcl = V kl

dct
ac
il t

d
k = V kl

cd t
ad
il tck

= V lk
dct

ca
ki t

d
l = V lk

cd t
da
ki t

c
l = V kl

dct
ca
li t

d
k = V kl

cd t
da
li tck

= V kl
bc t

ab
ik t

c
l = · · · = V

jk
cd t

ac
ij tdk = · · · = V

jk
bc t

ab
ij tck

= · · ·


→ V kl

cd t
ac
ik t

d
l .

In essence, for a given tensor multiplication, the individual amplitudes are sorted, based on
a pre-defined canonical ordering of their external index labels and, for amplitudes with no
external indices, based on their relation to the preceding ordered amplitudes through their
summation indices. For the case of no external indices (i.e. scalars), for instance the energy
expressions, the indices of the single Hamiltonian amplitude start the process. Besides sort-
ing the amplitudes, each amplitude itself is put in a preferred symmetry form, defined either
by its particle-hole type (e.g. h̄abic vs. h̄baci ), or in the case of symmetric amplitudes (e.g. h̄abcd
vs. h̄badc), based on the same method of following the touched indices used above to sort the
amplitudes. Dummy summation indices are then assigned to the uniquely ordered list of
preferred-form amplitudes. The ordering algorithm is designed to yield a unique result for
the general types of algebraic tensor multiplications considered here. At present, in cases
with arbitrariness (in this work, the case of no external indices with a symmetric Hamil-
tonian amplitude to start), all (i.e. both) arbitrary orderings are enumerated and a preferred
final reindexed result is chosen uniquely (based on a dictionary-type ordering); the number
of arbitrary orderings is larger for more flexible symmetries, such as antisymmetry, and
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other more efficient schemes could perhaps be devised, but the current implementation for
dealing with arbitrariness has proven sufficient. The canonical reindexing routine is a cen-
tral feature, and its design represented an important challenge in the development of the
SMART package. In subsequent applications, the procedure has been generalized to treat a
variety of symmetry types, index spaces, and arbitrary number of indices in the amplitudes.
The canonical ordering procedure is described in detail in reference[166].

Permutations on external indices can be extracted through another canonical ordering
scheme that selects a preferred permuted form[166]. Routines are available to perform
some factorization and to aid in the collection and substitution of intermediates. The
factorization, extracted permutations, and intermediates can be checked easily by expan-
sion. More discussion of the factorization scheme appears in later sections (in particular,
Sections4.4 and 5.6). The SMART code is internally well documented and checks the
consistency of the manipulated expressions at numerous points in the evaluation. In ad-
dition to the (ST)EOM gradient work presented here, the rather generalSMART package
was also applied to investigate the cumulant expansion of the Contracted Schrödinger
Equation[167] and in unpublished work to manipulate a variety of other tensor algebraic
expressions directly.

4.2. Example derivations inSMART

The above discussion of theSMART derivation process is more concretely understood
through example. In the following, theMathematica input expressions have been modified
slightly for clarity and have been drawn out to reveal the individual substeps. As discussed,
the SMART package takes as input the algebraic Lagrange multiplier energy functionals,
comprised of the defining equations for each electronic method. For example, in singlet
EE-STEOM-CCSD, the defining expressions are given by (fromTable 4)

(66)

energyEESinglet[] = hbar0[] + 2l[i,a]((2g2[k,a,c,i]

- g2[a,k,c,i])r[c,k] + g2[a,c]r[c,i] - g2[k,i]r[a,k]),

Z$equationT[] = 2z[i,a]hbar[a,i]

+(2z[i,j,a,b]-z[i,j,b,a])hbar[a,b,i,j],

ZMinus$equationSMinus[] = 2d[iPrime,m]g[m,iPrime]

+(2d[i,j,m,b]-d[j,i,m,b])g[m,b,i,j],

ZPlus$equationSPlus[] = 2a[e,aPrime]g[aPrime,e]

+(2a[e,j,a,b]-a[e,j,b,a])g[a,b,e,j]

and the energy functional is defined as

(67)

functionalEESinglet[] = energyEESinglet[]+ Z$equationT[]

+ ZMinus$equationSMinus[] + ZPlus$equationSPlus[]

// wellFormed.

(ThewellFormed function above checks the consistency of the algebraic expressions, for
example, that the orbital space of each index is defined or that in a tensor multiplication,
summation indices appear twice and external indices only once.) The above expressions
for the EE-STEOM-CCSD energy functional, along with the common algebraic expan-
sions of thehbar[µ], g[µ], andg2[µ] amplitudes (Tables 5, 6, and 7), comprise the
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input to SMART. All subsequent derivative expressions for the analytical EE-STEOM-
CCSD gradient (inTables 8, 9, 11, 12, 13, 14, and 15) are obtained directly by symbolic
differentiation.

Consider the two-bodyZ equation (Table 8), given by the derivative of the en-
ergy functional with respect totabij . In order to obtain the homogeneous left side,
∂〈Φ0|Ẑ ˆ̄H |Φ0〉/∂tabij , the following steps are carried out inSMART:

(68)

Z$equationT[]

/. toBareHamiltonian

// derivative[#,t[a,b,i,j]]&

// reindex,

namely, in theZ component of the functional thēH amplitudes are first expanded to the
basic “bare”H andT amplitudes to allow differentiation, direct symbolic differentiation
is performed with respect totabij (by proper replacement of alltpqrs with Kronecker deltas,
in the manner of expression(64)), and the result is canonically reindexed to combine the
mathematically equivalent terms by putting them each in a uniquely defined form. The
result of these operations is 224 distinct terms

2ziaf
j
b − zibf

j
a − z

j
af

i
b + 2zjbf

i
a + 4ziat

c
kV

jk
bc

+ 4zjbt
c
kV

ik
ac − 2ziat

c
kV

jk
cb − 2zibt

c
kV

jk
ac − 2zjat

c
kV

ik
bc

(69)− 2zjbt
c
kV

ik
ca + zibt

c
kV

jk
ca + z

j
at

c
kV

ik
cb + 2zjcV

ic
ab + · · · (224 terms).

As will be examined in Section5.2.1, re-expressing this fully expanded derivative expres-
sion back in terms of the transformed̄H amplitudes leads to a substantial factorization,
reducing the above to 56 distinct terms,

(70)
% /. toTransformedHamiltonian

// reindex,

2ziah̄
j
b − zibh̄

j
a − z

j
ah̄

i
b + 2zjbh̄

i
a + 4zikach̄

jc
bk − 2zikcah̄

jc
bk

(71)− 4zklad t
cd
kl V

ij
cb − 4zklbd t

cd
kl V

ij
ac + 2zklad t

cd
kl V

ij
bc + · · · (56 terms).

(Note sinceV ij
ab = h̄

ij
ab = g

ij
ab, these amplitudes will always be written asV ij

ab.) In the
first step of expression(70), the expansion fromH to H̄ initially generates 464 terms,
which are then canonically rewritten byreindex and combine to the 56 distinct terms
in expression(71) above. ThetoTransformedHamiltonian substitution rules used to
perform this “reverse-direction” expansion will be considered in the next section. Lastly,
permutations on the equivalenti ↔ j and a ↔ b external indices are extracted and
z̃klcd ≡ 2zklcd − zkldc is collected, yielding the 12 distinct terms that appear inTable 8,

(72)
% // extractPermutations

// collectWiggle[#,{z}]&,

(73)1
2

(
1+ Pab

ij

)
(2− Pij )

(
2ziah̄

j
b + 2z̃ikach̄

jc
bk − 2z̃klad t

cd
kl V

ij
cb + · · ·) (12 terms).

In a similar fashion, the homogeneous side of theone-body Z equation is obtained by
instead differentiating with respect tot[a,i] in thederivative call in expression(68).
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The inhomogeneous side of the two-bodyZ equation, formulated in terms of a chain
rule,

∑
µ(∂F

inh/∂h̄µ)(∂h̄µ/∂t
ab
ij ), is obtained in a similarly straightforward manner,

(74)

functionalEESinglet[]

/. z[__]->0

// chainRule[#,t[a,b,i,j]]&

(the leading minus sign is not included here). In the first step above, thezµ terms are
eliminated from the energy functional to giveF inh. In the second step, thechainRule
function performs a series of direct differentiations in an analogous approach to that de-
scribed above. Output are the general chain-rule derivative expression

∑
µ D̄µ(∂h̄µ/∂t

ab
ij )

(in Table 8), the EE-STEOMD̄µ expressions (inTable 14), and the EE-STEOM explicit
derivative contributions (inTable 9). ThechainRule script thus contains three chief sub-
steps, namely the construction of the general chain-rule expression in terms of dummy
D̄µ and the actual∂h̄µ/∂tabij expressions, the derivation of the particularD̄µ expressions

themselves fromF inh, and the derivation of the explicit contributions to the derivative.
A definitive check of the chain-rule construction is then performed against the full direct
tabij differentiation result. Although handled automatically, the details of these substeps will
now be considered, in particular to show that they are mainly a scripted execution of the
direct differentiation technique already described.

First, construction of the general chain-rule derivative expression proceeds by differen-
tiating each of the zero-, one-, and two-bodyH̄ amplitudes:̄h0 h̄kc h̄ck h̄kl h̄cd h̄

k1k2
k3k4

h̄
k1k2
ck3

h̄
ck1
k2k3

V kl
cd h̄cdkl h̄ckdl h̄kcdl h̄

kc1
c2c3 h̄

c1c2
kc3

h̄
c1c2
c3c4, with respect totabij : Each h̄µ

amplitude is expanded to its basicH andT amplitudes, differentiated directly with respect
to tabij , and re-expressed back in terms ofH̄ amplitudes as factorization. Each∂h̄µ/∂tabij
derivative expression is then tensor-multiplied with the correspondingdummy D̄µ element

to construct the general chain-rule expression. For example, theD̄
k2k3
ck1

(∂h̄
ck1
k2k3

/∂tabij ) con-
tribution is obtained essentially as

(75)

dbar[k2,k3,c,k1]*

(((hbar[c,k1,k2,k3]

/. toBareHamiltonian)

// derivative[#,t[a,b,i,j]]&)

/. toTransformedHamiltonian)

// extractPermutations

to yield these chain-rule terms

(76)+1
2

(
1+ Pab

ij

)(
D̄

ji
bkh̄

k
a − D̄li

bkh̄
kj
al − D̄

jl
bkh̄

ki
al + D̄

ij
ckh̄

kc
ba + (2− Pij )

(
D̄

jl
bkh̄

ik
al

))
appearing inTable 8. The expansion and differentiation (third and fourth lines above) at
first generates 26 distinct terms, the re-expression in terms ofH̄ (fifth line) reduces this
to 12 distinct terms (when reindexed; 40 initially upon expansion), and the extraction of
permutations (sixth line) reduces this to the 5 distinct terms of the result.

Second, thechainRule script derives theactual EE-STEOM D̄µ ≡ ∂F inh/∂h̄µ
expressions. In order to perform these differentiations with respect toh̄µ, the inputF inh is
first expressed completely in terms of the one- and two-bodyH̄ amplitudes (using/. to-

TransformedHamiltonian). This H̄-only expression is then differentiated directly with
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respect to each of thēhµ amplitudes given earlier, yielding the associatedD̄µ expressions
individually. Some factorization is then performed to arrive at the expressions as presented
in Table 14.

Third, as a result of the passive expansion of the three-bodyH̄ amplitudes (see Sec-
tion 5.2.3), the tabij chain-rule derivative additionally includes a small number of explicit
contributions, which are collected inTable 9. Although these remaining contributions can
trivially be obtained as the difference between the above chain-rule construct and the full
∂F inh/∂tabij direct-differentiation result, they can also be derived from theD̄µ expressions
that explicitly contain aT amplitude: Since the input functional is linear in theH̄ ampli-
tudes, it can alternatively be viewed asF inh = ∑

µ D̄µh̄µ, and thus if aD̄µ expression
depends onT, theproduct rule of differentiation defines two parts, a “chain-rule” part and
an “explicit” part,

(77)
∂

∂tabij

(D̄µh̄µ) = D̄µ

∂h̄µ

∂tabij︸ ︷︷ ︸
chain-rule

part

+ h̄µ
∂D̄µ

∂tabij︸ ︷︷ ︸
explicit

part

.

For discussion, see Section5.2.3. To compute the explicit parts, thechainRule function
differentiates with respect totabij each such̄Dµ containingT and tensor-multiplies the result
by the associated̄hµ amplitude. For the STEOM methods, onlyD̄cd

kl containsT amplitudes,
and the explicit part is computed automatically as

(78)

v[k,l,c,d]*

((dbar[c,d,k,l]

/. makeRule[dBarExpressions])

// derivative[#,t[a,b,i,j]]&)

// extractPermutations

to yield the EE-STEOM explicit contribution

(79)

+ 1
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(2− Pij )
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)
seen inTable 9. (Above, themakeRule function creates substitution rules from theD̄µ ex-
pressions. On a technical note, the function is fairly elaborate, as it must protect in a general
way the dummy summation indices appearing in theD̄µ expressions from conflicting with
any possible substituted external indices.)

Finally, the above constructions are checked against the straightforward∂F inh/∂tabij
direct-differentiation result. Namely, the fullF inh is expanded to basic terms and differ-
entiated directly with respect totabij . This outcome is compared against the chain-rule
construction with all theD̄µ expressions substituted in (plus the explicit part and with
theH̄ and permutations expanded). An exact match ensures that thechainRule function
has performed properly.

In the same way, the chain-rule inhomogeneous side of the one-bodyZ equation
is obtained by instead supplyingt[a,i] as the argument tochainRule in expres-
sion (74). Likewise in the finalDµ expressions ofTable 15, the chain-rule portions,
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ν D̄ν(∂h̄ν/∂hµ), are obtained by now supplying each barehµ amplitude as the argu-

ment tochainRule,

(80)

functionalEESinglet[]

/. z[__]->0 // chainRule[#,f[i,a]]&,

functionalEESinglet[]

/. z[__]->0 // chainRule[#,v[i,j,a,b]]&,

. . . ,

and the reference CCSD portions,∂〈Φ0|Ẑ ˆ̄H |Φ0〉/∂hµ, are obtained by direct differentia-
tion,

(81)

Z$equationT[]

/. toBareHamiltonian // derivative[#,f[i,a]]&,

Z$equationT[]

/. toBareHamiltonian // derivative[#,v[i,j,a,b]]&,

. . . ,

followed by extraction of permutations and other factorization. Of course for comparison,
complete non-chain-ruleDµ expressions could also be computed by differentiating the
total functional directly with respect to each barehµ amplitude,

(82)

functionalEESinglet[]

/. toBareHamiltonian // derivative[#,f[i,a]]&,

functionalEESinglet[]

/. toBareHamiltonian // derivative[#,v[i,j,a,b]]&,

. . . .

Finally, theS± derivatives (theZ± equations) ofTables 11 and 12are obtained in the
same way by fully expanding the functional to the bare Hamiltonian amplitudes, directly
differentiating with respect to each of the four types ofsµ amplitudes, and re-expressing
the result back in terms of̄H as factorization. (In actuality, the full expansion to the bareH
is not necessary, sincēH does not depend onS, and so the functional need only be written
exclusively in terms of̄H amplitudes before differentiation.) In this way, all the derivative
expressions needed for the analytical energy gradient are obtained through a systematic,
fully algebraic derivation procedure: Starting from the electronic method’s input algebraic
Lagrange multiplier energy functional, the derivation proceeds by direct differentiation (or
scripted direct differentiation for the chain rule) with respect to each non-variational energy
parameter or Hamiltonian amplitude.

4.3. Interconversion between H,H̄, and G2 amplitudes

In the examples of the preceding section, full expansion to the most basic amplitudes was
accomplished through thetoBareHamiltonian expansion rules, and either expansion or
factorization was achieved through thetoTransformedHamiltonian expansion rules.
The origin of these interconversion expressions betweenH, H̄, andG2 Hamiltonian am-
plitudes warrants some further consideration. As seen above, the ability to perform such
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interconversions is a vital feature for manipulating the algebraic expressions. It allows in-
put in whatever Hamiltonian terms are most convenient and allows one to go back and forth
as needed. Before differentiation, for example, all Hamiltonian amplitudes that explicitly
depend on the differentiating amplitude must first be expanded to component terms. Relat-
edly, chain-rule differentiation with̄H as the intermediate variables requires the expression
to first be written in terms of̄H Hamiltonian amplitudes only. Throughout the equations,
theH̄ amplitudes in particular serve as useful intermediates in the compact factorization of
the derivative expressions (see Section4.4).

In the following discussion, only the one- and two-body amplitudes are considered. In
SMART, the explicit formulas are available for the expansion of everyH̄ amplitude in terms
of its componentH (andT) amplitudes

(83)h̄µ = hµ + φ
∼

µ(H,T)

and everyG2 amplitude in terms of its componentH̄ (andS2) amplitudes

(84)gµ = h̄µ + θ
∼

µ(H̄,S2).

The h̄µ andgµ formulas are defined by thē̂H andĜ2 similarity transformations, expres-
sions (2) and (11), and these similarity transformations have been evaluated diagram-
matically to yield the explicit algebraic spatial-orbital formulas given, for instance, in
references[157] and[3], respectively. For completeness, these “forward-direction”h̄µ and
gµ expansion formulas are reproduced here inTables 5, 6, and 7.

The derivation of the “reverse-direction” expansions, that is, formulas for converting
eachuntransformed Hamiltonian amplitude to its “expansion” in terms of thetransformed
amplitudes, is less obvious. To be clear, these formulas refer to the inverses of expressions
(83) and (84), namely expansions of everyH amplitude in terms of̄H amplitudes

(85)hµ = h̄µ −Φ
∼

µ(H̄,T)

and everyH̄ amplitude in terms ofG2 amplitudes

(86)h̄µ = gµ −Θ
∼

µ(G2,S2).

These reverse formulas are in principle defined by the inverse similarity transformations,

where the ˆ̄H and Ĝ2 expressions(2) and (11)are multiplied from the right and left by
the appropriate inverse operators (although the same difficulty in principle is caused by

the unknown{eŜ}−1). In practice, however, the reverse expressions are instead obtained by
backward substitution of the forward expressions among themselves. For a complete dis-
cussion of such backward substitutions, see reference[25]. To understand the process, first
note thatT̂ andŜ2 are net-excitation operators, and thus, when contracted with a Hamil-
tonian amplitude, always increase its net-excitation level (i.e. increase the net number of
q-creation operators and/or decrease the net number ofq-annihilation operators). In the for-
ward equations(83) and (84), therefore, a given̄hµ orgµ amplitude can only depend on the
matching uncontracted amplitude or on contracted Hamiltonian amplitudes oflower net-
excitation levels. By ordering the forward equations from least to greatest net-excitation
level, each equation then only depends on those that precede it, and backward substitution
to convert all the untransformed Hamiltonian amplitudes to the transformed amplitudes
proceeds in one cascading step. The forwardH̄ andG2 equations ofTables 6 and 7are
sorted in order of increasing net-excitation level to make clearer this relationship structure.
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However, as a result of this inherent structure, brute-force backward substitution of the
forward equations inany order until the result no longer changes also terminates, although
then the number of steps is unknown. While such a clumsy substitution is impractical by
hand, it can easily be carried out by computer.

With these explicit forward and reverse formulas, conversion of an expression to be writ-
ten completely in terms of only one- and two-bodyH, H̄, or G2 Hamiltonian amplitudes is
accomplished by simple global substitution. For example, thetoBareHamiltonian rules
seen in the previous section expand everyh̄ν or gγ amplitude by its unique formula in
terms ofH only; the substitution rules are given by the forward equations(83) or (84), re-
spectively (with(83) also substituted into the(84) expressions). Oppositely, to convert an
expression to be written in terms ofH̄ Hamiltonian amplitudes only, thetoTransformed-
Hamiltonian rules replace everygγ or (bare)hν amplitude by its unique formula in terms
of H̄ only, according to expressions(84)or (85), respectively. (Although not needed in this
work, toDoubleTransformedHamiltonian rules can also be constructed to express all
Hamiltonian amplitudes in terms of onlyG2, using equations(86)and equations(86)sub-
stituted into(85).)

4.4. Factorization approach

Although the detailed algebraic gradient expressions are derived here by computer, their
subsequent implementation (into the program code of the ACES II electronic structure
suite) is still performed here by hand. The aim of the factorization of the algebraic ex-
pressions, therefore, is to create a uniform computational framework for calculating the
gradient, requiring the least amount of new programming code per electronic method. To
this end, theH̄ amplitudes in particular play a central role, as they are common to all
CCSD/PT-based methods. They serve as the linking variables in the chain-rule differenti-
ations, leading to (essentially) method-independentZ Lagrange multiplier equations and
method-independentD conversion expressions, both in terms of the sameD̄. Furthermore,
the PT-based (ST)EOM gradients also use these sameD̄, as the perturbative simplifications
to H̄ are isolated outside of̄D. Additionally, employing theH̄ expressions as intermedi-
ate quantities leads to compact factorizations in the derivative expressions: In both the
homogeneous and inhomogeneous sides of theZ equations (Table 8), the H̄ amplitudes
effectively condense the expanded∂h̄µ/∂tν derivative expressions. See, for instance, ex-
amples(71) and (76)previously. The basis of this simplification of theT derivatives will
be examined in Section5.2.1. Likewise, theS± derivatives (theZ± equations,Tables 11
and 12) find compact expression in terms ofH̄. This central role of thēH amplitudes, es-
pecially theD̄ chain rule, applies systematically to all future CCSD/PT-based electronic
methods.

In order to standardize the formulations and to reuse computer code, the factorizations
employed in this work are thus motivated firstly by consistency of expression and only sec-
ondly by computational efficiency. While the systematics of theH̄ chain-rule derivatives
lead to a largely efficient computational structure, the expensiveD̄cd

ab terms are formu-
lated in the same manner as the inexpensiveD̄kl

ij terms, for example. Such expensive terms
might be computed more efficiently by refining the factorization. The present factorization
is generally sufficient, and the expressions are mostly implemented as presented in the ta-
bles. To improve the efficiency of some of the most expensive terms, a small number of
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refactorizations and file management tweaks are implemented, and these are described in
Section5.6. Although the details are specific to the present ACES II implementation, the
issues discussed are quite general.

In addition to theoverall focus of the factorization/organization of the algebraic ex-
pressions, there is a low-level aspect to the factorization as well. In the end, the algebraic
expressions are implemented in binary tensor multiplications,e.g. yijab ≡ z̃klad t

cd
kl V

ij
cb →

xca = z̃klad t
cd
kl ; y

ij
ab = xcaV

ij
cb (andnot xidjklb = tcdkl V

ij
cb ; y

ij
ab = z̃kladx

idj
klb or xklijadcb = z̃kladV

ij
cb ;

y
ij
ab = x

klij
adcbt

cd
kl ). The goal of the low-level factorization is to minimize the number and

expense of these final multiplications. As seen in the examples of Section4.2 above,
the reindex, extractPermutations, andcollectWiggle functions serve to com-
pact the algebraic expressions. Other detailed functions are included to aid theSMART
user in finding and substituting reusable intermediate quantities, such as theuµ, qν , and
Mγ intermediates scattered throughout the tables. Functions are available, for instance, to
recursively factor out amplitudes with the highest number of external indices or amplitudes
of a particular operator type. Thereindex function can take optional arguments to tailor
the assignment of the summation indices in the output expressions. Ultimately, though,
while the detailed expressions themselves are derived here by computer, this factorization
process is driven largely by the user. And the final implementation is still performed here
by hand.

With very recent advances, however, such as the APG[132,133], first generation
TCE[134–136], optimizing TCE[137–141], or string-based[128–131]methods described
in the Introduction, even the factorization and implementation of the derived expressions
can be made automated. General automated factorization schemes might never even con-
struct theH̄ intermediates but instead could factor the primitive, fully-expanded, derivative
expressions directly, devising their own organization and reusable intermediate quantities.
Such methods could heuristically take into account the characteristics of the computer
hardware and software and the chemical system under consideration and could likely yield
more efficient, though less transparent, factorizations. Moreover, the factorized expressions
could be implemented automatically in error-free computer code, and the individualized
implementation need not be constrained by considerations of the code’s reusability for dif-
ferent electronic methods. Despite the complexity, great strides have been made in this
young field of fully automated derivation and implementation, and further rapid progress
is surely forthcoming.

5. THE (ST)EOM-CCSD/PT DETAILED ALGEBRAIC GRADIENT
EQUATIONS

In this section, the specific spatial-orbital equations that must be solved for the closed-shell-
reference EE-, IP-, and EA-EOM-CCSD/PT and EE-, DIP-, and DEA-STEOM-CCSD/PT
analytical first derivatives are presented in full detail. All theabstract operator gradient
expressions of the theory Sections3.2 and 3.3are instead derived here inexplicit algebraic
terms, in an automated straight-algebraic treatment usingSMART. TheSMART package is
discussed in the previous Section4. This Section5 provides an essentially self-contained
exposition of the steps involved in the derivation of the detailed (ST)EOM-CCSD/PT gradi-
ent equations as well as the steps involved in an actual gradient calculation. The discussion
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explains in-depth features that arise in the working equations, many of which would be
challenging to organize if derived by hand. Also examined are items relevant to imple-
menting the detailed gradient expressions in an efficient computer code. Note that like
Section4, the index labels in this section and in the tables refer tospatial molecular or-
bitals; for additional comments on the notation, see the start of Section4.

5.1. The EOM-CCSD/PT and STEOM-CCSD/PT Lagrange multiplier energy
functionals

In Tables 3 and 4(Section5.8), respectively, the Lagrange multiplier energy functionals
that define the EE-, IP-, and EA-EOM-CCSD/PT and the EE-, DIP-, and DEA-STEOM-
CCSD/PT methods are presented in explicit algebraic terms. As discussed, the functionals
are constructed from the energy expression for an electronic state in the particular method
together with the supplementary equations that determine the energy parameters, each set
of supplementary constraints tensor-multiplied by associated Lagrange multipliers. The
explicit algebraic functionals serve as the input to theSMART package, and all subsequent
derivative expressions are generated through automated symbolic manipulations.

We now consider some features of the detailed algebraic functionals. In the energy terms,
the exact form of the spatial-orbitalL andR amplitudes is not unique, and a spin-adapted
form (e.g. l̃ijab ≡ 2lijab − l

ij
ba) is chosen to make the algebraic expressions consistent with

those obtained diagrammatically. This flexibility will be true of all the spatial-orbital ampli-
tudes, and the convenient spin-adapted form will always be chosen. Obviously, the detailed
gradient equations will depend on the particular choice, but in the end, the numerical value
of the gradient (i.e. the final GHF effective densityD) is unique. Note that the particu-
lar choice for the spatial-orbitalL andR parameterization determines the specific explicit
form of the EOM and STEOM eigenvector equations (equations(30)–(31) and (49)–(50),
respectively), and the spin-adaptedL andR are consistent with the EOM- and STEOM-
CCSD/PT eigenvector equations as implemented in the ACES II program.

Moving on, the next term in the functionals,λ(1−〈Φ0|L̂R̂|Φ0〉), enforces normalization
of the eigenvectors (see equation(29)). This term depends only on theL andR amplitudes
andλ, and it therefore only contributes to the derivatives with respect to these parameters,
the normalized EOM and STEOM eigenvector equations. The normalization term does not
contribute to any other derivatives and will be omitted from the algebraic functionals.

The next term in the functionals,〈Φ0|Ẑ ˆ̄H |Φ0〉, is associated with the constraint that the
underlying CCSD or PT equations forT must be satisfied (equations(4) or (16), respec-
tively). This term is the same for all the CCSD-based (ST)EOM methods, as well as for
other methods based on a CCSD reference treatment. Its components are greatly simpli-
fied for the PT-based methods, due to the elimination ofh̄

a(1)
i and the simplification of

theh̄ab(1)ij expression. The explicit algebraic formulas (e.g. reference[157]) for these pure-

excitationH̄ amplitudes are presented inTable 5. Again, there is a flexibility in choosing
the specific spatial-orbital parameterization of theZ amplitudes, and the spin-adapted form
is chosen. Alternatively, a plainer form could be used, such as

(87)〈Φ0|Ẑ ˆ̄H |Φ0〉 = ziah̄
a
i + z

ij
abh̄

ab
ij ,
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which would simply lead to different details in the final gradient expressions. A different
definition of the spatial-orbital parameterization would automatically be compensated for
in the solution of the modifiedZ Lagrange multiplier equations.

In addition to the CCSD/PT̂Z Lagrange multiplier term, the STEOM functional con-
tains two additional terms,

∑
m〈Φm|Ẑ−[Ĝ, m̂]|Φ0〉 and

∑
e〈Φe|Ẑ+[Ĝ, ê†]|Φ0〉, associ-

ated with the supplementary equations(9) and (10)that determine theS− andS+ para-
meters, respectively. The spatial-orbitalZ− Lagrange multiplier amplitudes (dµ) andZ+
Lagrange multiplier amplitudes (aµ) are chosen, as always, to be spin-adapted. The explicit
formulas for the fullG (gµ) amplitudes that determineS± are reproduced from refer-
ence[3] in Table 5, and the explicit formulas for theG2 (gµ) amplitudes are reproduced in
Table 7; the few typographical errors appearing in reference[3] have been corrected here.
The needed spatial-orbitalH̄ expressions, adapted from reference[157], are presented in
expanded form inTable 6.

5.1.1. Simplifications for the PT-based expressions

The only difference between the energy functionals for the PT-based and CCSD-based
(ST)EOM methods is the simplification of the underlyingH̄ formulas ofTables 5 and 6.
The PT-based̄H expressions are contained as a subset of the terms in the full CCSD-based
H̄ expressions; therefore, the PT-basedfunctionals are contained as a subset of the terms
in the expanded CCSD-based functionals. The PT-based simplifications toH̄ are described
in Section2.2 and when applied to the CCSD-based functionals, result in the following
prescription:T1 = 0, Z1 = 0, and inZ2 termsV = 0 exceptV ab

ij . This prescription is
a convenient summary for extracting the detailed expressions for the PT-based functionals
from the fully expanded CCSD-based algebraic expressions.

To elaborate, the first-orderh̄a(1)i = 0 automatically for HF orbitals. Thus, theT1 are not
used in the ˆ̄H similarity transformation, and all terms involving a one-bodytai amplitude
are eliminated everywhere in the detailed CCSD-based algebraic expressions (T1 = 0).
Also, all terms in the functional that originate from the one-bodyh̄ai equation always mul-
tiply a one-bodyzia amplitude and are thus eliminated from the expanded functionals by

removing all terms containingZ1 (Z1 = 0). The explicit first-order̄hab(1)ij equation, de-

fined abstractly in expression(16), is related to the full CCSD̄habij expression by the above

elimination of all T1 terms, as well as all terms involving aV amplitude besidesV ab
ij ;

since contributions originating from̄habij always multiply a two-bodyzijab amplitude, then

all terms containing bothZ2 and aV amplitude besidesV ab
ij are not present in the expanded

PT-based functionals.
Thederivative expressions in the PT-based (ST)EOM methods can be obtained either by

1. differentiating the PT-based functionals directly, or
2. by applying the above prescription to the detailed CCSD-based derivative expressions.

An additional set of eliminations arises in the derivatives due to the last condition above:
in two-bodyD expressions,Z2 = 0 except inDij

ab (discussed below in Section5.7). This
list of simplifications—T1 = 0, Z1 = 0, in Z2 termsV = 0 exceptV ab

ij , and in two-body
D expressionsZ2 = 0 except inDij

ab—can be viewed as a prescription for identifying the
(ST)EOM-PT subset of terms that are contained in the full (ST)EOM-CCSD algebraic ex-
pressions, and for the remainder of this paper, these explicit simplifications will be referred
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to as the PT-based “prescription”. These simplifications lead to elimination of theT1 and
Z1 equations and (using that the Fock matrix is diagonal for canonical HF orbitals) reduc-
tion of theT2 andZ2 equations to simple division by an energy denominator. Besides this
procedural difference, and the straightforward exclusion of unneeded terms summarized
by the above prescription, all other parts of the PT-based gradient calculation then proceed
identically to that of the CCSD-based methods.

5.2. The (ST)EOM-CCSD/PT Z Lagrange multiplier equations

To emphasize the common features of the EOM-CCSD/PT and STEOM-CCSD/PT gra-
dients, we will first consider the equations that determine theZ Lagrange multipliers
associated with the non-variationalT parameters of the underlying CCSD or PT refer-
ence treatment. The equations forZ are determined by setting to vanish the derivatives of
the functional with respect to the associatedT parameters (see equations(42)or (62)). For
all electronic methods based on a CCSD or PT reference treatment, the algebraic spatial-
orbital equations for theZ Lagrange multipliers are presented inTable 8(Section5.8). The
homogeneous sides of theZ equations originate from the commonh̄ai -and-̄habij or h̄ab(1)ij

contributions to the functionals and are thus identical for all CCSD-based or PT-based
electronic methods, respectively. The inhomogeneous sides, while containing all of the
electronic method dependence, are cast into a method-independent form through a chain
rule in the commonH̄ amplitudes. The (ST)EOM-variant dependence is then contained
completely and compactly in the intermediate density matrixD̄ (and the associated ex-
plicit three-body terms). Although discussed next, note that for the STEOM methods, the
Z equations are solvedafter theZ± equations (due to the presence ofZ± in D̄).

5.2.1. Homogeneous sides of the Z equations

The expressions on the CCSD-based homogeneous left sides inTable 8 are equiva-
lent in form to the� terms of ground-state CCSD gradient theory, originally derived
through theZ-vector method and diagrammatic expansion[109]. In the present work, these
homogeneous-side derivative expressions are generated directly by symbolic differentia-
tion of the algebraic Lagrange multiplier energy functionals, through operations that are
typical of theSMART package (see Section4.2): Beginning with the simple algebraic form

of 〈Φ0|Ẑ ˆ̄H |Φ0〉 in Table 3/Table 4, the transformed Hamiltonian̄H amplitudes are first ex-
panded to basic terms, the bare HamiltonianH andT amplitudes, to allow differentiation.
Direct differentiation is then performed with respect to the appropriateT amplitude. The
H amplitudes are then converted back toH̄ amplitudes to simplify the expressions. The
canonical reindexing procedure ensures that only unique terms remain. Permutations are
extracted on equivalent external indices, and some additional factorization is performed.
For the PT-based methods, the one-bodyZ equation is not present, and the homogeneous
side of the two-body equation condenses to a simple energy factor.

As mentioned above, after performing theT derivatives on the fully expanded expres-
sions, the conversion from the basicH amplitudesback to the transformed̄H amplitudes
accounts for a great deal of factorization. Although many terms are initially introduced
in the “expansion” of eachH amplitude to the transformed̄H amplitudes (using the in-
vertedH-to-H̄ expressions(85)), most terms cancel against other expanded terms, leaving
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a much-compacted̄H-only expression. Since the derivative of an exponential is again an
exponential, it might be expected that theT derivatives of thēH amplitudes (expanded first
to basic terms) can regenerate the similarity transformation. More formally, as considered
for example in reference[157], theT derivatives can be written in terms of a commutator

involving ˆ̄H ,

∂
∂tν

〈Φ0|X̂ ˆ̄HŶ |Φ0〉 = ∂
∂tν

〈Φ0|X̂e−T̂ Ĥ eT̂ Ŷ |Φ0〉
= 〈

Φ0
∣∣X̂( ∂

∂tν
e−T̂

)
Ĥ eT̂ Ŷ

∣∣Φ0
〉+ 〈

Φ0
∣∣X̂e−T̂ Ĥ

(
∂
∂tν

eT̂
)
Ŷ
∣∣Φ0

〉
= 〈

Φ0
∣∣X̂(−Ω̂νe

−T̂
)
Ĥ eT̂ Ŷ

∣∣Φ0
〉+ 〈

Φ0
∣∣X̂e−T̂ Ĥ

(
eT̂ Ω̂ν

)
Ŷ
∣∣Φ0

〉
(88)= 〈Φ0|X̂[ ˆ̄H, Ω̂ν]Ŷ |Φ0〉,

and thus theT derivatives can be written preciselyand compactly back in terms ofH̄
amplitudes. In expression(88), Ω̂ν is the (pure-excitation) elementary-operator component
associated with coefficienttν in T̂ , andX̂ andŶ are arbitrary operators that are independent
of T. Note that the above regeneration of the similarity transformation relies on the fact
that the pure-excitation operatorŝΩν andT̂ commute (which is not true for the derivatives
involving Ŝ, considered later).

Careful examination of the derivative expressions inTable 8, however, reveals the pres-
ence of “leftover”T amplitudes, which seems to contradict the above discussion since they
are all expected to be absorbed back into theH̄ amplitudes. These two-bodyT amplitudes
could in fact combine with the two-bodȳH amplitudes to which they are contracted to
form three-bodyH̄ amplitudes. But as noted earlier, all amplitudes are left written here in
terms of only one- and two-body components, and these three-bodyH̄ amplitudes remain
automatically in an expanded form. Some more-subtle consequences of this passive ex-
pansion of the three-bodȳH amplitudes, but which nevertheless are handled automatically
here, are considered in Section5.2.3.

5.2.2. Inhomogeneous sides of the Z equations

Whereas the homogeneous left sides of theZ equations depend only on the CCSD/PT
reference treatment (i.e. H̄) automatically, the inhomogeneous right sides can also be con-
structed as such through a chain rule in theH̄ amplitudes (expression(43)). All of the
post-CCSD/PT (ST)EOM-variant dependence is then isolated in the intermediate density
matrix D̄. The chain-rule expressions presented inTable 8were generated by automated
construction from the derivatives of the CCSDH̄ amplitudes (see Section4.2): Each one-
and two-bodyh̄µ amplitude was fully expanded in terms of its componentH andT am-
plitudes, differentiated with respect totν , re-expressed back in terms ofH̄ amplitudes,
and tensor-multiplied with the associated dummyD̄µ element. Permutations on external
indices were then extracted, and some factorization was performed. The chain-rule con-
structs can be checked by substitution of theD̄ elements for each method and comparison
to theT derivatives of the functional performed directly (along with the addition of the
explicit three-body terms discussed in the next section).

Two simple terms on the inhomogeneous sides whose origin may not be obvious are the
isolated Hamiltonian terms 2h̄ia and(2− Pij )V

ij
ab that are not multiplied by āD element.
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These are the result of chain-rule differentiation with respect toh̄0,

(89)
∂F inh

∂h̄0
· ∂h̄0

∂tν
→


∂F inh

∂h̄0
≡ D̄0 = 1,

∂h̄0

∂tai
= 2h̄ia and

∂h̄0

∂tabij

= (2− Pij )V
ij
ab,

and are the same for all methods (with the exception that thetai derivative is not present for
the PT-based methods).

5.2.3. Three-body contributions to the Z equations and D̄

We now examine the formal modifications that arise from a more practical approach to
three-body terms. In principle, the three-bodyH̄ and D̄ amplitudes could be formulated
in the same straightforward manner as the one- and two-body amplitudes. In an actual
gradient calculation, however, three-body (six-index) matrices are expensive to store and
manipulate, and these handful of contributions are computed more efficiently in terms of
their lower-body components. Since all the basic operators employed in this work are at
most two-body, all algebraic expressions can therefore be written in terms of zero-, one-,
and two-body amplitudesonly. The three-body amplitudes are simply left expanded in
their (up to two-body) component terms. This passive expansion of the three-bodyH̄ and
D̄ amplitudes leads to two departures from the formal chain-rule organization. Although
explained in detail here, we emphasize that the resulting modifications are all handled au-
tomatically (and correctly!) by the mathematics in the automated algebraic treatment. For
the most part, in fact, theSMART package takes no special action regarding the expanded
three-body terms and treats them as it would any other tensor product. An in-depth under-
standing of the formal reorganization is not crucial, and the uninterested reader can skip to
the next section.

The most noticeable consequence of leaving all expressions written in terms of only
up to two-body amplitudes is that thetabij chain-rule derivative ofTable 8requires some
remaining three-body contributions to be added in explicitly, and the expressions are col-
lected inTable 9(Section5.8). These leftover method-dependent three-body contributions
can be obtained trivially as the difference between thetabij direct-differentiation result and
the expansion of the one- and two-bodyD̄ elements for each variant into thetabij chain-rule
construct. As mentioned in theSMART examples (Section4.2), however, these additional
contributions can also be derived directly, by differentiating theD̄ expressions that contain
T amplitudes. The appearance ofT amplitudes inD̄ is a second, more-subtle, consequence
of treating everything in terms of only up to two-body amplitudes.

According to the definition of̄D in expression(44), i.e. D̄µ ≡ ∂F inh/∂h̄µ (whereµ
includes three-body indices), one would expectD̄ not to contain anyT amplitudes. Prior to
the above differentiation,F inh must be written exclusively in terms of̄H amplitudes, and
theseH̄ should absorb all theT amplitudes, as̄H is their only possible source. However,
the three-bodyH̄ amplitudes are left written in terms of their lower-body (actually two-
body)h̄ν andtγ components. In differentiating the functional with respect to these specific
two-bodyh̄ν amplitudes, thetγ amplitudes will remain and thus will appear explicitly in
the resulting associated two-bodȳDν expressions. These modified̄Dν no longer strictly
correspond to theformal interpretation of expression(44), since they now additionally
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contain the contributions that belong to the missing three-bodyD̄. But theseD̄ν still satisfy
thealgebraic definition∂F inh/∂h̄µ, whereµ now runs over only up to two-body indices.

In the formal chain-rule expression(43), repeated here for convenience,

(90)
∂F inh

∂tν
=
∑
µ

D̄µ

∂h̄µ

∂tν
,

the compound indexµ runs over all theH̄ amplitudes, including the three-body terms,
andonly H̄ is assumed to be an explicit function of T. But since certain̄D elements are
now also explicit functions ofT, this formal chain-rule derivative must be generalized to
include the product rule of differentiation:

(91)
∂F inh

∂tν
=
∑
µ

D̄µ

∂h̄µ

∂tν
+
∑
µ

h̄µ
∂D̄µ

∂tν
.

If µ includes the three-body indices, then noT appear inD̄, and the second term above
drops out, leaving only the original chain-rule term. Ifµ includes only up totwo-body
indices, then the contributions arising from the expanded three-bodyH̄ amplitudes are in-
stead distributed between the two types of terms in the product rule(91). In the first term,
the chain-rule term, certain two-bodȳD elements pick up the contributions that formally
belong to the absent three-bodyD̄; these modifications appear as terms that contain aT
amplitude explicitly. Since certain̄D explicitly now depend onT, the second term in ex-
pression(91) generates some additional three-body contributions, which must be added
to the chain-rule term. These “explicit” contributions are method-dependent, since they
arise from derivatives of the method-dependentD̄. The explicit contributions are a rigor-
ous mathematical consequence of the modifiedD̄ and the product rule of differentiation.

This abstract discussion is perhaps better understood through example. In the EE-EOM-
CCSD/PT method, one of the three-bodyH̄ contributions appearing the input energy
functional looks like

(92)∼h̄lcdbt
ab
ij ∈ h̄aclijd ,

where the∼ represents the factors and permutations (cf. Table 3) that have been omitted
for clarity. If three-bodyH̄ amplitudes were written directly, the chain-rule construct in the
two-bodyZ equation would simply contain the (expensive) expression

(93)D̄
ijd
acl

∂h̄aclijd

∂tabij

.

By leaving this three-bodȳH amplitude written in terms of its lower-body components, as
above, the product rule of differentiation generates

D̄
ijd
acl

∂h̄aclijd

∂tabij


 D̄
ijd
acl

∂(∼tabij h̄lcdb)

∂tabij

(94)= (∼D̄
ijd
acl t

ab
ij

)(∂h̄lcdb

∂tabij

)
︸ ︷︷ ︸

contribution
to D̄db

lc
chain rule

+ (∼D̄
ijd
acl h̄

lc
db

)(∂tabij

∂tabij

)
︸ ︷︷ ︸

explicit
contribution
∼D̄

ijd
acl h̄

lc
db

.
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(For simplicity, a somewhat imprecise notation has been chosen, wherei, j , a, b appear
both as dummy summation indices and as external indices on the differentiatingtabij .)

The first term in the product rule(94) is part of theh̄lcdb chain rule and thus modifies
the associatedtwo-bodyD̄db

lc expression to additionally contain athree-body contribution

∼D̄
ijd
acl t

ab
ij (the T term in D̄bc

ia in Table 10). This “modified” two-bodyD̄ element never-

theless retains its simple algebraic definition,D̄db
lc ≡ ∂F inh/∂h̄lcdb, and this uptake of the

three-body contribution happens automatically, by treating all expressions in terms of up
to two-bodyH̄ amplitudes only.

The second term in the product rule(94)contributes to thetabij derivative explicitly (and
yields the first of the explicit EE-EOM three-body contributions inTable 9). To make the
connection with how the explicit contributions are calculated by thechainRule func-
tion in expression(77) of theSMART examples, consider the following. Since the formal
three-bodyD̄ijd

acl is independent ofT, it can be brought inside the derivative in the explicit
contribution,

(95)
(∼D̄

ijd
acl h̄

lc
db

)(∂tabij

∂tabij

)
= h̄lcdb

∂(∼D̄
ijd
acl t

ab
ij )

∂tabij

= h̄lcdb
∂D̄db

lc

∂tabij

;

the∼D̄
ijd
acl t

ab
ij under the derivative in the middle portion above is precisely the modification

to D̄db
lc seen in the chain-rule term in expression(94). In this way, the explicit contributions

are obtained from the derivatives of the modifiedD̄ expressions that now containT ampli-
tudes.

These modified two-bodȳD expressions properly carry the three-body contributions
throughout the rest of the gradient calculation. For instance, the modifiedD̄db

lc participates
in theone-bodytai chain-rule derivative; even though there is noexplicit method-dependent
three-body contribution as there is in the two-bodytabij chain rule, there is animplicit three-
body contribution hidden in the modified̄D. Likewise, the three-body contributions in̄D
carry through to the full effective density matrixD and thus to the gradient. For example,
the modification ofD̄db

lc is transparent to the conversion to the fullD, as it simply amounts
to a slightly different partitioning in the finalD expressions:

Dµ = (
D̄db

lc

)
formal

∂h̄lcdb

∂hµ
+ D̄

ijd
acl

∂h̄aclijd

∂hµ
+ · · ·

= (
D̄db

lc

)
formal

∂h̄lcdb

∂hµ
+ D̄

ijd
acl

∂(∼h̄lcdbt
ab
ij )

∂hµ
+ · · ·

= ((
D̄db

lc

)
formal +∼D̄

ijd
acl t

ab
ij

)∂h̄lcdb
∂hµ

+ · · ·

(96)= (
D̄db

lc

)
modified

∂h̄lcdb

∂hµ
+ · · · .

This last illustration underscores the fact that there are multiple ways to formulate the
detailed gradient expressions, as long as they lead to numerically identical GHF effective
density matrix elements in the end.

The above discussion examines the various formal modifications that arise in leaving
the three-bodȳH amplitudes expanded in their component terms. These subtleties might be
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difficult to organize by hand, but here, they are all treatedautomatically by the mathematics
of dealing with the algebraic expressions directly.

5.3. The EOM-CCSD/PT intermediate density matrixD̄

The zero-, one-, and two-body intermediate density matrix elementsD̄ for the EE-, IP-,
and EA-EOM-CCSD/PT variants are presented inTable 10(Section5.8). TheseD̄µ ≡
∂F inh/∂h̄µ were obtained inSMART by expressing the inhomogeneous (non-Z) part of
each functional in terms of only (zero-, one-, and two-body) transformed HamiltonianH̄
amplitudes and differentiating directly with respect to each class ofH̄ amplitude. TheT
amplitudes that appear in̄Dbc

ai , D̄
ka
ij , andD̄ab

ij arise from leaving the three-bodȳH terms
expanded in their lower-body components, as discussed in the preceding section.

TheseD̄ (along with the explicit three-body contributions ofTable 9) completely de-
termine the analytical gradient for each method. TheD̄ appear in both the chain-ruleZ
Lagrange multiplier equations ofTable 8and the chain-rule conversion to the full effec-
tive density matrixD in Table 15/Table 16later. We contrast the current formulation with
that originally derived by Stanton and Gauss[37–42], where theZ equations and effective
densityD expressions are treated independently.

5.3.1. Inclusion of pure-excitation terms in the EOM-CCSD functional

In Sections2.2 and 3.2, we considered why and how the pure-excitation amplitudes should
be excluded from the (non-Z part of the) energy functionals for thePT-based methods.
Additionally, we reasoned that inclusion/exclusion of the pure-excitation amplitudes can
have nonumerical effect on the gradient for theCCSD-based methods. In this section, we
explicitly demonstrate this feature for the EOM-CCSD analytical gradients. The inclusion
of h̄ai terms in the functionals will lead to finalD effective density matrix elements that
are numerically identical but that are partitioned differently due to an equal and opposite
modification ofD̄i

a and 2zia . The detailed discussions that comprise this section can be
skipped by the non-specialized reader, if desired.

As considered previously, the commutator formulation is employed in the energy func-
tionals to exclude the pure-excitation terms from the algebraic expressions, yielding a
consistent formulation for both the CCSD-based and PT-based (ST)EOM variants. We
have, however, the freedom to define the energy functional in different ways, as long as
they lead to numerically identical final effective density matrix elementsD. If the CCSD-
based EOM energy expression is instead written as the biorthogonal expectation value
(rather than the commutator form), the following one-body pure-excitation terms are addi-
tionally present in the algebraic expansion:

(97)

〈Φ0|L̂ ˆ̄HR̂|Φ0〉 = h̄0 + 〈Φ0|L̂[ ˆ̄H, R̂]|Φ0〉 +


l̃
ij
ab(h̄

a
i r

b
j + h̄bj r

a
i ) EE-EOM-CCSD,

−l̃
j i
a(h̄

a
i rj ) IP-EOM-CCSD,

l̃ i
ba(h̄

a
i r

b) EA-EOM-CCSD.

The H̄ chain-rule formulation of the gradient isolates all of the method dependence (be-
sides the CC/PT truncation) in the intermediate density matrixD̄, and thus the effect of
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including/excluding thesēhai terms is isolated completely in the associatedD̄i
a . With the

commutator formulation, nōhai terms are present (inF inh), and thusD̄i
a = 0 for all meth-

ods (seeTables 10 and 14). The inclusion of the pure-excitation̄hai terms according to
expressions(97)yields the following non-zerōDi

a :

D̄i
a = 2l̃ijabr

b
j EE-EOM-CCSD,

D̄i
a = −l̃

j i
arj IP-EOM-CCSD,

(98)D̄i
a = l̃ i

bar
b EA-EOM-CCSD.

However, thesēDi
a will in fact have no effect on the finalD, as the change will automati-

cally be compensated for by a numerical change in the associatedzia Lagrange multipliers.
On the homogeneous left sides of theZ Lagrange multiplier equations,

∂〈Φ0|Ẑ ˆ̄H |Φ0〉/∂tν , the Z amplitudes multiply the derivatives of the pure-excitation co-
efficients,e.g. 2zia(∂h̄

a
i /∂tν). On the inhomogeneous right sides,−∑µ D̄µ(∂h̄µ/∂tν), the

pure-excitationD̄ elements multiplythese same derivatives, e.g. −D̄i
a(∂h̄

a
i /∂tν). These

expressions can be combined on the homogeneous side, and thus including pure-excitation
components leads to a simple offset of theZ Lagrange multipliers,(z

∼
µ)

pure-excitation
excluded =

(zµ+D̄µ)
pure-excitation
included . More concretely, in the explicitZ equations ofTable 8, the first three

terms on each inhomogeneous side involveD̄i
a and can be combined with the matching

first three terms on each homogeneous side, which involve 2zia . The remaining inhomoge-
neous sides are now identical to the case whenD̄i

a = 0, and thus a non-zerōDi
a simply

amounts to an offset to 2zia , (2z
∼

i
a+×̄D

∼

i
a)

pure-excitation
excluded = (2zia + D̄i

a)
pure-excitation
included . This offset is

then returned in the conversion to the finalD: Everywhere inTable 15, D̄i
a appears together

with 2zia (in particularDi
a = D̄i

a + 2zia), and thus, regardless of a non-zeroD̄i
a , the finalD

are always numerically identical.
For the PT-based methods, on the other hand, while the inhomogeneous sides would

involve the same (“full”-order) pure-excitation expressions−D̄µ(∂h̄µ/∂tν), the homoge-

neous sides involve only thefirst-order pure-excitation expressionszµ(∂h̄
(1)
µ /∂tν). Thus

the modification to theZ Lagrange multipliers would be non-trivial and would not be cor-
rected properly in the conversion to the finalD. In particular, the one-bodyzia terms are
not even present here for the PT-based methods and thus are not available to correct the
inclusion of a non-zeroD̄i

a . For the PT-based methods then, inclusion/exclusion of the
pure-excitation terms leads to different results, and only the exclusion is consistent with
the numerical energy-only gradients, where the pure-excitation terms are assumed fully
vanishing and are thus ignored.

Finally, let us note that, in order to facilitate the above discussion of non-zeroD̄i
a , the

D̄i
a terms were included in the chain-rule constructs ofTable 8, even though they van-

ish for all the commutator-based functionals employed here. Thetwo-body pure-excitation
D̄

ij
ab terms, on the other hand, havenot been included in the expressions, as two-bodyh̄abij

amplitudes cannot contribute here due to the limited determinantal subspaces and the ex-
clusion of the reference determinant from the diagonalizations. ThusD̄

ij
ab = 0 always here,

regardless of whether or not the commutator form is employed in the energy functionals,
and such terms are thus omitted from the chain rules. Note that the omittedD̄

ij
ab(∂h̄

ab
ij /∂tν)

terms can easily be reconstructed, if desired, from the CCSD-basedZ2 terms on the homo-
geneous sides, since these also multiply∂h̄abij /∂tν .
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5.4. The STEOM-CCSD/PT Z− and Z+ Lagrange multiplier equations

We now shift focus toward obtaining the STEOM-CCSD/PTD̄. By construction, solution
of the CCSD/PTT, STEOMS− andS+, and STEOM eigenvector equations (right and left)
ensures that the functional is automatically stationary with respect to variations in theZ,
Z−, Z+, L , R, andλ parameters. Satisfaction of the remaining stationarities with respect to
S−, S+, andT determines the associated Lagrange multipliersZ−, Z+, andZ, respectively.
Solution for theZ− andZ+ Lagrange multipliers is required to calculate the STEOMD̄,
whereas the subsequent solution forZ, as well as the remainder of the gradient calculation,
then proceeds identically to that of EOM-CCSD/PT.

The equations that determine theZ− of EE- and DIP-STEOM-CCSD/PT, equations(60),
are presented in explicit algebraic form inTable 11(Section5.8). The equations that de-
termine theZ+ of EE- and DEA-STEOM-CCSD/PT, equations(61), are presented in
Table 12. TheseS-derivative expressions were obtained inSMART by expanding theG
andG2 amplitudes in the functionals to theirH̄ andS components, differentiating directly
with respect to the four classes ofSamplitudes, canonically reindexing, extracting permu-
tations, and collecting intermediates. Note that it is not advantageous here to express these
Sderivatives back in terms of the originalG2 amplitudes. This is in contrast to theT deriv-
atives (equations forZ), where re-expressing the expanded derivative expressions back in
terms of the original̄H amplitudes leads to very compact factorization (see Section5.2.1).
In essence, the regeneration analogous to expression(88) of theĜ2 similarity transforma-
tion does not occur due to the non-commuting nature ofŜ. There is, however, one (full)G
amplitude that arises in each of the homogeneous-side expressions, which plays a special
role in the decoupling of theZ± equations, to be discussed in the next section.

The inhomogeneous sides of theZ± equations are factored in terms of intermediatesM ,
which are collected inTable 13. TheseM intermediates involve only the bivariationalL
andR amplitudes from the energy expressions and could perhaps have been defined more
formally as∂E/∂G2 (whereE ≡ h̄0 + 〈Φ0|L̂[Ĝ2, R̂]|Φ0〉); the inhomogeneous-sideS
derivatives could then have been constructed as explicit chain rules in theG2 amplitudes
(in analogy to theH̄ chain rules of theZ equations). Mainly for historical reasons, how-
ever, theM elements were implemented with positive unit factors as defined in the upper
portion of the table; the numerical factors and signs relating the∂E/∂G2 and theM el-
ements are presented in the lower portion of the table. Although somewhat analogous to
the chain-ruleD̄, the chain-rule-likeM elements are substantially less important, since the
types ofG2 amplitudes that participate in the energy diagonalizations are quite limited and
hardly shared by the STEOM variants, whereas nearly the whole gamut ofH̄ amplitudes is
employed by all the methods. Also, the fact that this potential analogy was initially over-
looked emphasizes the fully algebraic nature of the derivation process here, where such
formal considerations are only of modest importance.

Lastly, we note a special symmetry associated with the spatial-orbitalL and R am-
plitudes for DIP- and DEA-STEOM that originates from the antisymmetric spin-orbital
symmetry, namely that both pairs of indices can be interchanged simultaneously,e.g.
likrj l = lkirlj . Thus, the two-bodyMik

jl andMbd
ac possess the standard pair-interchange

symmetry in the same way as all other two-body amplitudes considered here.
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5.4.1. Decoupling of the Z± equations in the active external index

Rather than solving the equations ofTable 11for all Z− simultaneously and the equations
of Table 12for all Z+ simultaneously, these equations can first be decoupled in the active
external index[10], which greatly improves efficiency and numerical convergence. In the
homogeneous-side expressions ofTable 11, the active external indexm always appears
on a Z− Lagrange multiplier amplitudedν

m, with the exception of a single termdµ
n gn

m;
likewise, inTable 12, the active external indexe always appears on aZ+ amplitudeaeν ,

with the exception of a single termafµge
f . Since the size of the active space is typically on

the order of only 10–50 orbitals, the small matrices given bygn
m orge

f can be diagonalized
directly, yielding[3,65] respectively the IP- or EA-EOM-CCSD/PT eigenvaluesξ and the
matrices of right-hand eigenvectorsU and left-hand eigenvectorsU−1. TheZ− equations
can be tensor-multiplied withU on the right, producing a modified set of linear equations in
a new variable(X− ≡ Z−U)νm that is decoupled in the active indexm. Upon solution, the
desired Lagrange multipliers are recovered through the inverse operationZ− = (X−)U−1.
Conversely, theZ+ equations decouple in the active external indexe by tensor-multiplying
with U−1 on the left, leading to new linear equations in(X+ ≡ U−1Z+)eν and recovery of
the original Lagrange multipliers throughZ+ = UX+.

Explicitly, to construct the decoupledZ− equations, first rename the external indexm in
Table 11to a dummy label, saym1, multiply with the eigenvector elementsum1

m , and sum
overm1. (To avoid any confusion, note thatm1 simply represents another label for active
occupied indices, not a particularm orbital.) The already decoupledZ− amplitudes become
dν
m → ∑

m1
dν
m1

u
m1
m ≡ xνm (in effect just changing names), whereas the once problematic

terms become

(99)
∑
n

dµ
n g

n
m →

∑
n,m1

dµ
n g

n
m1

um1
m =

∑
n

dµ
n u

n
mξm ≡ xµmξm,

which is completely decoupled in all external indicesm andµ. (Although the indexm
appears twice in the last term of expression(99), no summation is implied.) The inho-
mogeneous right sides ofTable 11are also tensor-multiplied withum1

m in the same way.
Analogously, after tensor-multiplying theZ+ equations ofTable 12with U−1 on the left,
the modified homogeneous sides then containaeν →∑

e1
(u−1)ee1

a
e1
ν ≡ xeν and

(100)
∑
f

ge
f a

f
µ →

∑
f,e1

(
u−1)e

e1
ge1
f afµ =

∑
f

ξe
(
u−1)e

f
afµ ≡ ξex

e
µ

(no summation one), and the inhomogeneous sides are tensor-multiplied with(u−1)ee1
in

the same way. With this decoupling, the set ofZ− equations can be solved independently
for each active external indexm, and the set ofZ+ equations can be solved independently
for each active external indexe.

Although now independent in the active external index, it is in practice more efficient to
solve all of the decoupled set of linear equations for the auxiliaryX− or X+ together, using
a block direct linear equation solver. In this way, the individual tensor multiplications are
performed for the entire block ofm or e expansion vectors at a time, thereby accessing the
H̄ amplitudes only once per multiplication type and reducing the disk access cost. The full
set of expansion vectors is used to approximate the solution for each of the individual de-
coupled equations. Thus, we borrow expansion vectors optimized from adjacent equations,
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and this leads to rapid convergence. The total number of expansion vectors (and hence mul-
tiplications byH̄) for the overall set of equations is much reduced compared to solving for
each linear equation independently. To summarize, using our block direct linear equation
solver has two advantages: efficient multiplication of a number of vectors simultaneously
and borrowing expansion vectors from adjacent equations to accelerate convergence. There
are no significant drawbacks to the block direct strategy, apart from somewhat increased
storage requirements, since a larger set of expansion vectors must be kept (up to about 60
in practice).

5.5. The STEOM-CCSD/PT intermediate density matrixD̄

With the solution for the numerical values of theZ± Lagrange multipliers, the STEOM
D̄ can now be calculated. The one- and two-body intermediate density matrix elementsD̄
for the EE-, DIP-, and DEA-STEOM-CCSD/PT variants are presented inTable 14(Sec-
tion 5.8). TheseD̄ were obtained inSMART by expressing the inhomogeneous (non-Z)
part of each STEOM functional in terms of only the one- and two-bodyH̄ amplitudes and
differentiating directly with respect to each class ofH̄ amplitude. Since theZ− term in the
energy functionals is identical for EE- and DIP-STEOM, the response terms involvingdµ
in Table 14are also identical; likewise, theZ+ response terms (involvingaµ) are identical
in the EE- and DEA-STEOM̄D.

With the construction of the STEOM-CCSD/PT̄D, the remainder of the gradient calcu-
lation then proceeds identically to that of EOM-CCSD/PT. TheD̄ (and associated explicit
three-body terms) contain all of the (ST)EOM-variant dependence and completely de-
fine the gradient for each method. Only the shared expressions related to the underlying
CCSD/PT reference treatment remain: TheD̄ are first applied in the (ST)EOM-variant-
independent equations ofTable 8(together with the handful of explicit three-body contri-
butions ofTable 9) to determine theZ Lagrange multipliers associated with the underlying
CCSD/PTT parameters. With the solution forZ, the intermediate density matrix elements
D̄ are then converted to the full GHF effective density matrixD to obtain the analytical
gradient (see Section5.7below).

5.6. Efficiency tweaks in implementation

In this section, we examine some steps taken to increase the efficiency of the implemented
gradient expressions above. While the details may be specific to the present ACES II im-
plementation, the general issues apply to nearly any implementation of tensor algebraic
expressions. Broadly speaking, the main considerations are minimization of disk stor-
age, memory usage, and operation count. Whereas some of the adjustments are simple
file management issues, others involve fine-tuning the factorization to avoid treating large
matrices. All efficiency modifications were tested against the straightforward implementa-
tion.

As a rule, the modifications focus on the matrices with three or four virtual indices,
which are expensive to store, manipulate, and multiply. Whenever practical, such matrices
are made to overwrite other like-sized quantities, even at the cost of having to recompute
some expressions. During the solution of theZ Lagrange multiplier equations, which tends
to have large hard-disk storage requirements, theD̄ci

ab, D̄bc
ai , h̄

ab
ci , h̄aibc, andV ai

bc matrices are
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treated carefully to minimize their respectiveov3 storage. The details are cumbersome, but
in the end, a storage savings of 2ov3 is achieved:ov3 from storing only one of̄haibc or V ai

bc

and anotherov3 from overwritingh̄abci by D̄ci
ab (with the additional cost of computinḡhaibc

andD̄ci
ab twice).

In a more straightforward modification, the expensivev4 storage of theD̄cd
ab matrix is

delayed until after the disk-intensive solution of theZ equations. Despite the systematics
of the chain-rule formulation, the two terms involvinḡDcd

ab in Table 8can be calculated
more efficiently by expansion and refactorization. The refactorization reduces both the
disk access and the number of multiplications since all four virtual indices no longer need
to be treated simultaneously. We should also note that further efficiency improvements can
in principle be obtained bynever constructing theD̄cd

ab andDcd
ab in the MO basis but instead

calculating the final AO-based GHF density directly.
Finally, notwithstanding the parallel with the EE- and DIP-STEOM formulations, the

Mcd
ab ≡ labr

cd in the DEA-STEOM method is a poor choice for an intermediate quantity,
with its four virtual indices. Instead, all terms involvingMcd

ab andMed
ab (with one index

explicitly active) are more efficiently calculated in a refactorized form. Many terms, how-
ever, only require theMef

ab subset of elements, and thisv2e2-sized matrix is constructed
and used normally.

In addition to the storage and operation-count savings, expansion ofMcd
ab provides an-

other, subtle benefit. Because some choice must always be made regarding the indexing of
multi-dimensional matrices in a one-dimensional computer memory space, certain tensor
multiplications will involve time- and memory-intensive rearrangements (or cumbersome
memory addressing). For example, one or both matrices in a binary tensor multiplication
may require rearrangement to conform to the details of the computational routine that ac-
tually performs the multiplication. Or theresult of the multiplication may be generated
in a form that requires a permutation to store properly. Expanding theMcd

ab intermedi-
ates provides additional flexibility in the tensor multiplications to avoid such expensive
rearrangements. In fact, expansion of certainMbi

aj in EE-STEOM, while not important for
storage reasons, also reduces some expensive rearrangements, either in a three-virtual ma-
trix that it multiplies or in a three-virtual result of a multiplication. Although the affected
terms depend on the particular indexing method in ACES II,any indexing choice can re-
quire some expensive permutations in the implemented tensor multiplications. Moreover,
the necessity of these rearrangements is not apparent in the derivation/factorization of the
algebraic expressions but only manifests itself in the actual final implementation. (Such
issues underscore the complexity of the general factorization problem and the skillful com-
prehensiveness required of its automation.)

We end this section by reemphasizing that all of the above modifications are optional
and are only included to squeeze more performance out of the implementation.

5.7. The conversion ofD̄ to the effective density matrix D

With the solution for theZ Lagrange multipliers associated with the underlying CCSD/PT
T amplitudes, the intermediate density matrix elementsD̄ can finally be converted to the
full effective density matrix elementsD. The conversion depends only on theH̄ amplitudes
and is performed through the method-independent expression(45)presented in explicit al-
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gebraic form for CCSD-based methods inTable 15(Section5.8). The chain-rule portion,∑
ν D̄ν(∂h̄ν/∂hµ), was constructed by the same automated routine used to construct theZ

chain-rule expressions,
∑

ν D̄ν(∂h̄ν/∂tµ), but with the expanded̄H amplitudes differenti-
ated with respect toH now rather thanT. The chain-rule construction can again be checked
by expansion of all̄D for each method and comparison to the directH derivatives of the
functionals. The remaining∂〈Φ0|Ẑ ˆ̄H |Φ0〉/∂hµ portion is obtained normally by expansion
of the H̄ amplitudes to component terms, direct differentiation with respect to all classes
of H amplitudes, extraction of permutations, and factorization.

For the PT-based methods, the simplifiedH̄ and simplified〈Φ0|Ẑ ˆ̄H(1)
MP|Φ0〉 cause most

of the terms to drop out of theD expressions ofTable 15. For clarity, the terms that remain
for the PT-basedD are presented separately asTable 16. These PT-basedD expressions
can be obtained by performing the same derivation as above, but using the simplified PT-
basedH̄ andh̄ab(1)ij expressions. The PT-based subset of the full CCSD-based expressions
of Table 15can also/instead be identified by the PT-based prescription summarized in
Section5.1.1: All one-bodyT1 andZ1 terms are not present (this also reducescabij to tabij ).

SinceV ab
ij is the only two-body Hamiltonian amplitude that contributes to the PT-based

Z2 expression, the only two-bodyD whereZ2 should appear is the associatedD
ij
ab; all Z2

terms thus drop out from the other two-bodyD expressions. Finally, since the PT-based
functionals exclude the pure-excitationh̄ai amplitudes by construction,̄Di

a is always zero
and is eliminated everywhere.

Note that theZ contributions toD in Table 15are equivalent in form to the reduced
density matrix of ground-state CCSD gradient theory[109,118], with Z replacing�. This
should be expected, as theZ Lagrange multipliers account for the response of the CCSDT
parameters of the underlying reference treatment. (Theintermediate density matrixD̄, on
the other hand, contains all of thepost-CCSD information, which for ground-state CCSD
gradient theory there is none.) Next, we note three stand-alone terms that multiply neither
a D̄ norZ element (1,tai , andcabij appearing inD0, Da

i , andDab
ij , respectively); these orig-

inate from the derivatives of the CCSD energyh̄0 and actually multiplyD̄0 = 1 implicitly.
The D̄-to-D conversion expressions ofTable 15are factorized to facilitate reuse of in-

termediate subexpressions. Since certain intermediates build on other intermediates, the
expressions must be evaluated in a somewhat careful order (though largely as written) to
maximize efficiency. To minimize unnecessary storage allocation, eachDµ overwrites its
correspondingD̄µ, i.e. each contribution toDµ is added directly into the associated stored
D̄µ, being careful to first evaluate the terms involving the unmodifiedD̄ or the partially
calculatedD elements. Additionally, note that the bare HamiltonianH amplitudes are Her-
mitian (or rather real-symmetric), as are their perturbation derivatives∂H/∂χ ; since these
Hermitian∂H/∂χ are contracted withD in the final GHF gradient expression, thenD el-
ements that are related by transposition (such asDbc

ai andDai
bc) can be added together to

avoid storing them separately. These combined density matrix elements are then Hermitian
by construction. (The individualD of Table 15/Table 16are not Hermitian by nature of the
non-Hermiticity of H̄.) At last, with the construction of the bare-Hamiltonian effective
density matrixD, the calculation of the gradient with respect to an arbitrary perturbation,
according to the standard GHF relation discussed in the next section, then proceeds in the
same manner as a ground-state CC/MBPT analytical gradient.

All explicit algebraic expressions needed to obtain the (ST)EOM-CCSD/PT intermedi-
ate density matrix elements̄D and needed to convertD̄ to the full effective density matrix
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D were implemented manually in the ACES II package. The implementation was checked
thoroughly against numerical gradients, as well as at various intermediate steps in the code,
for a large number of test cases.

5.7.1. Expression of the energy derivative in terms of elementary Hamiltonian
derivative integrals

As outlined at the end of Section3.1, the final MO-based effective density matrixD is
backtransformed to the AO basis and is traced directly with the Hamiltonian-integral deriv-
atives in their native AO form[100,101], as is normally done for computational efficiency.
This approach both avoids the perturbation-dependent transformation of the AO-based
Hamiltonian-integral derivatives to the MO basis as well as circumvents the need to store
these derivatives, as they can be multiplied with the appropriate AO-based effective den-
sity matrix element immediately upon computation and added to the gradient. To convert
the MO-based GHF gradient expression into an efficient AO-based expression, the deriva-
tive of the reference-determinant energy∂h0/∂χ and the Fock-matrix derivatives∂f p

q /∂χ

are expanded in terms of the fundamental Hamiltonian integrals and the reference (usu-
ally Hartree–Fock) density matrix. The reference and the correlated contributions are then
combined, leading to the definition of thetotal effective density matrix, according to the
general procedure discussed below.

The effective density matrix elements derived in this work are defined asDµ ≡ ∂F/∂hµ,
where thehµ refer to theh0, f p

q , andV pq
rs amplitudes of the normal-ordered (with respect

to the reference determinant) Hamiltonian, expression(1), and the analytical energy gradi-
ent is given by the GHF relation, expression(24):

(101)
∂F

∂χ
= ∂h0

∂χ
+D

q
p

∂f
p
q

∂χ
+Drs

pq

∂V
pq
rs

∂χ
,

whereD0 = 1 and the indices here refer to unrestricted spatial molecular orbitals. We wish
to rewrite this expression in terms of the elementary Hamiltonian integrals. The one-body
elementary Hamiltonian integrals contain only the kinetic energy and nuclear-electron at-
traction terms and are denoted here ash

p
q . The two-body elementary Hamiltonian integrals

V
pq
rs are the same as used previously. Equivalently, these fundamental Hamiltonian inte-

grals are the amplitudes of the basic second-quantized Hamiltonian normal-ordered with
respect to thetrue vacuum (as opposed to the reference determinant). In terms of these
fundamental integrals, the gradient becomes by definition

(102)
∂F

∂χ
= D(total)qp

∂h
p
q

∂χ
+D(total)rspq

∂V
pq
rs

∂χ
.

The reference-determinant contribution, contained in the reference energyh0 and the
Fock matrix elementsf p

q , has been moved into the total effective density matrix ele-
mentsD(total)µ. ThisD(total)µ, after inclusion of the orbital response contribution (dis-
cussed below), then goes on to the AO backtransformation to be multiplied with the AO
Hamiltonian-integral derivatives in the final gradient calculation.

Conversion of theDµ of expression(101)to theD(total)µ of expression(102)can pro-
ceed by returning to the energy functional. Since the functional is linear in the Hamiltonian
amplitudes and since theDµ are independent of the perturbation, the derivative in expres-
sion(101)can be “undone”, and the functional can alternatively be written as

(103)F = h0 + f
p
q D

q
p + V

pq
rs Drs

pq .



74 M. Wladyslawski and M. Nooijen

The Fock matrix elements are expanded in terms of their fundamental components as

(104)f
p
q = h

p
q + 2V pi

qi − V
pi
iq = h

p
q + 2V pr

qs D(0)sr − V
pr
sq D(0)sr ,

and the reference-determinant energy is expanded as

h0 = 2hi
i + 2V ij

ij − V
ij
ji

(105)= 2h
p
qD(0)qp + V

pq
rs

(
2D(0)rpD(0)sq −D(0)spD(0)rq

)
,

whereD(0)qp refers to the reference-determinant density matrix (typically the Hartree–
Fock density[116]). The energy functional then becomes

(106)F = h
p
q

(
2D(0)qp +D

q
p

)+ V
pq
rs

(
2D(0)rpD(0)sq −D(0)spD(0)rq

+ 2D(0)sqD
r
p −D(0)rqD

s
p +Drs

pq

)
.

Extracting the exchange permutation and using the pair-interchange symmetry of the
spatial-orbitalV pq

rs = V
qp
sr , this expression can be written in a symmetrical form, defin-

ing D(total)µ:

(107)D(total)qp = D
q
p + 2D(0)qp

and

(108)D(total)rspq = Drs
pq + (2− Prs)

(
D(0)rpD(0)sq +

1

2
D(0)sqD

r
p + 1

2
D(0)rpD

s
q

)
.

The energy functional

(109)F = h
p
qD(total)qp + V

pq
rs D(total)rspq

is now given in terms of the elementary MOhp
q andV pq

rs integrals, and its gradient is given
by expression(102).

At last, with this construction of the MO total effective density matrix elements
D(total)µ, the efficiently calculated gradient expression is obtained by transformation of
the fundamental MO-based GHF expression(102) to the AO basis. Note that the MO-
based∂h

p
q /∂χ and∂V pq

rs /∂χ contain both the derivatives of the AO Hamiltonian integrals
as well as the response of the MO coefficients. As mentioned previously, this latter so-
called coupled-perturbed Hartree–Fock response[163] is perturbation/degree-of-freedom
dependent but can instead be eliminated by aZ-vector or Lagrange multiplier construction;
for details of this general procedure, see, for example, references[101,108–110]or refer-
ences[118,120], respectively. In the process, an additional one-body density-matrix-like
term (sometimes called the energy-weighted density matrix) is generated that is contracted
with the derivatives of the AO overlap integrals. TheD(total)µ above is straightforwardly
converted to the AO basis, the remaining MO-coefficient response is included, and the
final AO-based total effective density matrix is traced with the efficiently calculated AO
Hamiltonian-integral derivatives. The modules available in ACES II, for instance, to per-
form these calculations[110] are directly applicable here. In this way, the analytical energy
gradient has been constructed to avoid all rate-limiting perturbation-dependent steps and is
obtained from the AO elementary Hamiltonian-integral derivatives, the AO-overlap deriv-
atives and associated energy-weighted density, and the AO total effective density matrix
only.
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5.8. Tables of equations

Table 2. Computational steps in a STEOM-CCSD/PT analytical gradient calculation, with
scaling and storage. See Section3.3.1. The energy and gradient calculations proceed se-
quentially according to the steps listed in the first column. The ‘scaling’ column presents
for each step, the operation scaling order and the types of amplitudes that participate in
the most expensive tensor multiplications. The ‘storage’ column presents the largest sep-
arately/newly stored result of each step and its size-scaling. Theo refer to the number of
occupied molecular orbitals, thev to virtual, them to active occupied, thee to active virtual;
(AO) indicates the entire atomic orbital space; theI indicates the step is iterative; theN
indicates the number of STEOM eigenvectors computed;(hom.)µν or (inh.)µν respectively
indicate the calculated value of the homogeneous or inhomogeneous side of an equation;
χ indicates the number of perturbations.

Step Cost-
determining
amplitude

Scaling Cost-
determining
amplitude

Storage

SCF calculation⇒ H (AO basis) (AO)4 (AO)4

& MO coefficients

AO-to-MO transformation⇒ H V ab
cd (AO)4v V ab

cd v4

DIP-STEOM-PT V ia
bc (AO)4o V ia

bc ov3

CCSD equations⇒ T or V ab
cd in h̄abij o2v4I tabij o2v2

PT equation⇒ T
(εa + εb−εi − εj

)
o2v2 tabij o2v2

constructH̄ in h̄abcd , h̄abic o2v4 h̄abic ov3

DIP-STEOM-PT in
h̄iabj , h̄

ai
bj , h̄

ai
kj

o3v3 h̄iabj , h̄
ai
bj o2v2

active IP-EOM-CCSD/PT h̄iabj , h̄
ai
bj o3v2mI smb

ij o2vm

eigenvectors⇒ S− EE & DIP
active EA-EOM-CCSD/PT h̄abcd ov4eI sabej ov2e

eigenvectors⇒ S+ EE & DEA

constructG2 EE h̄iabc in giabj , g
ai
bj o2v3e giabj , g

ai
bj o2v2

DIP V
ij
ab in g

ij
kl o3v2m g

ij
kl o4

DEA h̄iabc in gabcd ov4e gabcd v4

diagonalizeG2 ⇒ R, L , λ EE giabj , g
ai
bj o2v2IN rai , l

i
a ovN

DIP g
ij
kl o4IN rij , l

ij o2N

DEA gabcd v4IN rab, lab v2N
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Table 2. (Continued)

Step Cost-
determining
amplitude

Scaling Cost-
determining
amplitude

Storage

Z− Lagrange multiplier equations d
ij
mb o2vm

decoupling (diagonalizegn
m) unm,

(
u−1

)n
m

m3 unm,
(
u−1

)n
m

m2

homogeneous side h̄iabj , h̄
ai
bj o3v2mI (hom.)ijmb o2vm

inhomogeneous side EEh̄iabc ov3m (inh.)ijmb o2vm

DIP V
ij
ab o2v2m (inh.)ijmb o2vm

decoupling (recoverdµ
m) x

ij
mb o2vm2 – –

Z+ Lagrange multiplier equations a
ej
ab ov2e

decoupling (diagonalizege
f )

(
u−1

)e
f
, uef e3

(
u−1

)e
f
, uef e2

homogeneous side h̄abcd ov4eI (hom.)ejab ov2e

inhomogeneous side EEh̄iabc o2v3e (inh.)ejab ov2e

DEA h̄iabc ov3e (inh.)ejab ov2e

decoupling (recoveraeµ) x
ej
ab ov2e2 – –

constructD̄ EE in D̄cd
ab ov4e D̄cd

ab v4

DIP in
D̄

jb
ai , D̄

bj
ai , D̄

ab
ij

o3v2m D̄
jb
ai , D̄

bj
ai , D̄

ab
ij o2v2

DEA in D̄cd
ab ov4e D̄cd

ab v4

Z Lagrange multiplier equations z
ij
ab o2v2

homogeneous side CCSDh̄abcd o2v4I (hom.)ijab o2v2

PT
(εa + εb−εi − εj

)
o2v2 – –

inhomogeneous side EED̄ic
ab o2v4 (inh.)ijab o2v2

DIP D̄
jb
ai , D̄

bj
ai , D̄

kj
ai o3v3 (inh.)ijab o2v2

DEA D̄ic
ab o2v4 (inh.)ijab o2v2

convertD̄ to D EE in
Dcd

ab,D
bc
ia ,D

ab
ij

o2v4 – –

DEA in
Dcd

ab,D
bc
ia ,D

ab
ij

o2v4 Dak
ji o3v

DIP-STEOM-CCSD inDcd
ab o2v4 Dcd

ab v4

DIP-STEOM-PT inDbc
ia ,D

ab
ij o3v3 Dbc

ia ov3



Analytical Energy Gradients for Excited-State Coupled-Cluster Methods 77

Table 2. (Continued)

Step Cost-
determining
amplitude

Scaling Cost-
determining
amplitude

Storage

convertD to AO basis Dcd
ab (AO)4v (AO)4

DIP-STEOM-PT Dbc
ia (AO)4o (AO)4

compute∂H/∂χ in AO basis (AO)4χ on-the-fly

MO coefficient response (AO)5 (AO)2

compute gradient by GHF rela-
tion

(AO)4χ χ
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Table 3. The EE-, IP-, and EA-EOM-CCSD/PT Lagrange multiplier energy functionals.
See Sections3.2 and 5.1. The energy functional completely defines the electronic structure
method and is constructed from the energy expression for an individual electronic state, to-
gether with the supplementary equations that determine the energy parameters, each set of
supplementary constraints tensor-multiplied by unknown Lagrange multipliers. The equa-
tions that determine the Lagrange multipliers are systematically obtained by defining the
energyfunctional to be stationary with respect to all the non-variationalenergy parame-
ters. The analytical gradient can then be calculated by the generalized Hellmann–Feynman
(GHF) relation, expression(101), in terms of an effective density matrix that, through
the Lagrange multipliers, accounts for all the parameter response but is perturbation-
independent. These algebraic functionals serve as the input to theSMART (Symbolic
Manipulation and Regrouping of Tensors) package for automated symbolic differentia-
tion. The PT-based functionals are contained as a subset of the CCSD-based expressions,
given by the simplification of thēhµ formulas inTables 5 and 6. (The simplifications to
the fully expanded functionals are summarized by the prescriptionT1 = 0, Z1 = 0, and
in Z2 termsV = 0 exceptV ab

ij ; see Section5.1.1.) In all the tables, the amplitudes are
based on normal-ordering with respect to the closed-shell reference determinant|Φ0〉, and
the indices refer to spatial molecular orbitals.

EOM-CC/PT
functional

F ≡ h̄0 + 〈Φ0|L̂[ ˆ̄H, R̂]|Φ0〉 + λ
(
1− 〈Φ0|L̂R̂|Φ0〉

)+ 〈Φ0|Ẑ ˆ̄H |Φ0〉

EE-EOM- 〈Φ0|L̂[ ˆ̄H, R̂]|Φ0〉 = 2lia(H̄R)ai + l̃
ij
ab(H̄R)abij

CCSD/PT (H̄R)ai = −h̄ki r
a
k + h̄ac r

c
i + h̄kc r̃

ac
ik + (

2h̄kaci − h̄akci

)
rck − h̄klci r̃

ac
lk + h̄kadcr̃

cd
ik

(H̄R)abij = (
1+ Pab

ij

)

−h̄kj r

ab
ik + h̄ac r

cb
ij − h̄bkji r

a
k + h̄bajc r

c
i + 1

2h̄
kl
ij r

ab
kl

+ 1
2h̄

ab
cd r

cd
ij − h̄bkci r

ca
jk − h̄bkcj r

ac
ik

+ h̄kbcj r̃
ac
ik + (

2h̄kadc − h̄kacd

)
rdk t

cb
ij

− (
2h̄klci − h̄lkci

)
rck t

ba
jl − V kl

cd

(
r̃adkl t

cb
ij + r̃cdil t

ab
kj

)


l̃
ij
ab ≡ 2lijab − l

ij
ba

r̃abij ≡ 2rabij − rbaij

IP-EOM- 〈Φ0|L̂[ ˆ̄H, R̂]|Φ0〉 = −li(H̄R)i − l̃
ij
b(H̄R) b

ij

CCSD/PT (H̄R)i = −h̄ki rk + h̄kc r̃
c

ik − h̄klci r̃
c

lk

(H̄R)bij =
(−h̄kj r

b
ik − h̄ki r

b
kj + h̄bc r

c
ij − h̄bkji rk + h̄klij r

b
kl

− h̄bkci r
c

kj − h̄bkcj r
c

ik + h̄kbcj r̃
c

ik − V kl
cd r̃

d
kl t

cb
ij

)
l̃
ij
b ≡ 2lijb − l

j i
b

r̃ b
ij ≡ 2r b

ij − r b
ji
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Table 3. (Continued)

EOM-CC/PT
functional

F ≡ h̄0 + 〈Φ0|L̂[ ˆ̄H, R̂]|Φ0〉 + λ
(
1− 〈Φ0|L̂R̂|Φ0〉

)+ 〈Φ0|Ẑ ˆ̄H |Φ0〉

EA-EOM- 〈Φ0|L̂[ ˆ̄H, R̂]|Φ0〉 = la(H̄R)a + l̃
j
ab(H̄R)abj

CCSD/PT (H̄R)a = h̄ac r
c + h̄kc r̃

ac
k + h̄kacd r̃

dc
k

(H̄R)abj =
(−h̄kj r

ab
k + h̄bc r

ac
j + h̄ac r

cb
j + h̄bajc r

c + h̄abcd r
cd
j

− h̄akcj r
cb
k − h̄bkcj r

ac
k + h̄kbcj r̃

ac
k − V kl

cd r̃
cd
l t

ba
jk

)
l̃
j
ab ≡ 2l j

ab − l
j

ba

r̃abj ≡ 2rabj − rbaj

CCSD-based 〈Φ0|Ẑ ˆ̄H |Φ0〉 = 2ziah̄
a
i + z̃

ij
abh̄

ab
ij

PT-based 〈Φ0|Ẑ ˆ̄H |Φ0〉 = 〈Φ0|Ẑ ˆ̄H(1)
MP|Φ0〉 = z̃

ij
abh̄

ab(1)
ij

z̃
ij
ab ≡ 2zijab − z

ij
ba
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Table 4. The EE-, DIP-, and DEA-STEOM-CCSD/PT Lagrange multiplier energy func-
tionals. See Sections3.3 and 5.1. In addition to the CCSD/PTZ term associated with
reference-stateT amplitudes, the STEOM functional contains two additional Lagrange
multiplier (Z±) terms associated with the equations that define theS± amplitudes. The
algebraic functionals serve as the input to theSMART package for subsequent automated
symbolic differentiation and manipulation. Thēhµ, gµ, andgµ amplitudes are defined
in Tables 5, 6, and 7. The PT-based functionals are contained as a subset of the CCSD-
based expressions, given by the simplification of theh̄µ formulas inTables 5 and 6(and
summarized by the prescriptionT1 = 0, Z1 = 0, and inZ2 termsV = 0 exceptV ab

ij ;
see Section5.1.1). For EE-STEOM,( )

singlet
only denotes terms that are present for singlet but

not for triplet states. For DIP- or DEA-STEOM, thêZ+ or Ẑ− term, respectively, is not
included.

STEOM-
CCSD/PT
functional

F ≡ h̄0 + 〈Φ0|L̂[Ĝ2, R̂]|Φ0〉 + λ
(
1− 〈Φ0|L̂R̂|Φ0〉

)+ 〈Φ0|Ẑ ˆ̄H |Φ0〉
+∑

m 〈Φm|Ẑ−[Ĝ, m̂]|Φ0〉 +∑
e 〈Φe|Ẑ+[Ĝ, ê†]|Φ0〉

EE-STEOM-
CCSD/PT

〈Φ0|L̂[Ĝ2, R̂]|Φ0〉 = 2lia(G2R)ai
(G2R)ai = ((

2gkaci
)singlet

only − gakci

)
rck + gac r

c
i − gki r

a
k

DIP-STEOM-
CCSD/PT

〈Φ0|L̂[Ĝ2, R̂]|Φ0〉 = lij (G2R)ij

(G2R)ij = gklij rkl − gki rkj − glj ril

DEA-STEOM-
CCSD/PT

〈Φ0|L̂[Ĝ2, R̂]|Φ0〉 = lab(G2R)ab

(G2R)ab = gabcd r
cd + gac r

cb + gbdr
ad

EE- & DIP-
STEOM-
CCSD/PT

∑
m 〈Φm|Ẑ−[Ĝ, m̂]|Φ0〉 = 2di′

mg
m
i′ + d̃

ij
mbg

mb
ij

d̃
ij
mb ≡ 2dij

mb − d
ji
mb

EE- & DEA-
STEOM-
CCSD/PT

∑
e 〈Φe|Ẑ+[Ĝ, ê†]|Φ0〉 = 2ae

a′g
a′
e + ã

ej
abg

ab
ej

ã
ej
ab ≡ 2aejab − a

ej
ba

CCSD-based 〈Φ0|Ẑ ˆ̄H |Φ0〉 = 2ziah̄
a
i + z̃

ij
abh̄

ab
ij

PT-based 〈Φ0|Ẑ ˆ̄H |Φ0〉 =
〈
Φ0
∣∣Ẑ ˆ̄H(1)

MP

∣∣Φ0
〉 = z̃

ij
abh̄

ab(1)
ij

z̃
ij
ab ≡ 2zijab − z

ij
ba
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Table 5. The pure-excitation elementary operator coefficients of ˆ̄H that define the CCSD
or PT T amplitudes and the net-excitation elementary operator coefficients of Ĝ that
define the STEOM-CCSD/PT S± amplitudes. See Sections2.1 and 5.1. These spatial-
orbital expressions are adapted respectively from reference[157]and with corrections from
reference[3]. These elementary operator coefficients that are made to vanish are the sup-
plementary equations that define the non-variationalT andS± parameters in the energy
expressions, and thus these equations appear in the energy functionals multiplied by as-
sociated Lagrange multipliers. For the PT-based methods, theh̄

a(1)
i andh̄ab(1)ij expressions

that define the first-order Møller–PlessetT(1) amplitudes are the first-order terms of the
CCSD equations (see Section2.2). Amplitudes of the fullĜ are denoted typographically
asgµ, whereas amplitudes of̂G2 are denoted asgµ (see Section2.1). As discussed here
and in reference[3], the equations that defineS± are closely related to the IP- and EA-
EOM-CCSD/PT eigenvector equations. For a computationally efficient factorization of the
h̄ai andh̄abij expressions, see for example reference[44].

ˆ̄H
CCSD-
based

h̄ai = f a
i − f k

i t
a
k + f a

c t
c
i − f k

c

(
tci t

a
k − 2tacik + tcaik

)+ (
2V ka

ci − V ak
ci

)
tck

− (
2V kl

ci − V lk
ci

)(
tal t

c
k + taclk

)+ (
2V ka

cd − V ka
dc

)(
tdi t

c
k + tdcik

)
− (

2V kl
cd − V lk

cd

)(
tal t

dc
ik + tci

(
tak t

d
l + tadkl

)− tdl
(
2tacik − tcaik

))
≡ 0 ∀ i, a

h̄abij = V ab
ij + V kl

ij

(
tak t

b
l + tabkl

)+ V ab
cd

(
tci t

d
j + tcdij

)
+ V kl

cd

(
tcaik t

db
j l + tdbik tcaj l + (

tci t
d
j + tcdij

)(
tak t

b
l + tabkl

))
+ 2

(
2V kl

cd − V lk
cd

)
tacik t

bd
j l

+ (
1+ Pab

ij

)



−f k
j t

ab
ik + f b

c t
ac
ij − f k

c

(
tbk t

ac
ij + tcj t

ab
ik

)
− V ak

ij tbk + V ab
ic tcj − V bk

ci

(
tcj t

a
k + tcajk

)
− V ka

ci

(
tcj t

b
k + tcbjk

)+ (
2V ka

ci − V ak
ci

)
tbcjk

+ V kl
ci

(
tal t

cb
jk + tbk t

ca
j l + tcj

(
tal t

b
k + tablk

))
− (

2V kl
ci − V lk

ci

)(
tal t

bc
jk + tck t

ba
j l

)
− V ka

cd

(
tdi t

cb
jk + tcj t

db
ik + tbk

(
tdi t

c
j + tdcij

))
+ (

2V ka
cd − V ka

dc

)(
tdi t

bc
jk + tck t

db
ij

)
+ V kl

cd

(
tdj t

ca
ik + tci t

da
jk

)
tbl

− (
2V kl

cd − V lk
cd

) (tacij (tbk tdl + tbdkl

)+ tabik

(
tcj t

d
l + tcdj l

)
+ tacik

(
tdj t

b
l + tdbj l

) )


≡ 0 ∀ i, j, a, b

ˆ̄H(1)
MP

PT-
based

ˆ̄H(1)
MP = [

Ĥ (0), T̂
(1)
2

]+ V̂

h̄
a(1)
i = 0 → tai = 0 ∀ i, a

h̄
ab(1)
ij = V ab

ij + (
1+ Pab

ij

)(
f b
c t

ac
ij − f k

j t
ab
ik

) ≡ 0 ∀ i, j, a, b
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Table 5. (Continued)

Ĝ gm
i′ = gm

i′ − h̄k
′

i′ s
m
k′ + gm

n s
n
i′ ≡ 0 ∀ i′,m

gm
n = gmn − h̄k

′
n s

m
k′

gmb
ij = gbmji − h̄bk

′
ji s

m
k′ − h̄k

′
n s

m
k′ s

nb
ij ≡ 0 ∀ m, b, i, j

ga′
e = ga

′
e + h̄a

′
c′ s

c′
e − gf

e s
a′
f ≡ 0 ∀ a′, e

gf
e = g

f
e + h̄

f

c′s
c′
e

gab
ej = gbaje + h̄ba

jc′s
c′
e − h̄

f

c′s
c′
e sabfj ≡ 0 ∀ e, j, a, b

Table 6. The CCSD zero-, one-, and two-body amplitudes of ˆ̄H . See Sections2.1, 4.3,
and 5.1. These spatial-orbital expressions are adapted from reference[157]. The simplified
PT-based expressions are obtained by settingT1 = 0 (see Section2.2). The pure-excitation
H̄ expressions that define theT amplitudes are presented separately inTable 5. The fac-
torization is motivated by typographical compactness rather than computational efficiency.
(The expressions are ordered according to increasing net-excitation level to facilitate back-
ward substitution; see Section4.3.)

ˆ̄H ≡ e−T̂ Ĥ eT̂

h̄
ij
ab = V

ij
ab

h̄ia = f i
a + (

2V ik
ac − V ik

ca

)
tck

h̄
j i
ak = V

ji
ak + V

ij
ca t

c
k

h̄iabc = V ia
bc − V ik

bc t
a
k

h̄0 = h0 + 2f k
c t

c
k + (

2V kl
cd − V kl

dc

)(
tck t

d
l + tcdkl

)
h̄ij = f i

j + f i
c t

c
j + (

2V ki
cj − V ik

cj

)
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2V ik
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)(
tcj t

d
k + tcdjk

)
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b t
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)(
tak t
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cb t
c
j − V ik

cb

(
tcj t

a
k + tcajk
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)
tacjk

h̄
ij
kl = V

ij
kl + V

ij
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l + tcdkl
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)
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(
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)(
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a
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)
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cj t
c
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ck t
c
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jkt
a
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ck

(
tcj t

a
l + tcaj l

)− V li
cj

(
tck t

a
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)
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cd

(
tcj t

d
k + tcdjk

)+ (
2V li

cj − V il
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)
tackl + (

2V il
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)(
tdl t
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jk + tcj t
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kl

)
− V il

cd

(
tdk t
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j l + tcj t
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(
tcj t

d
k + tcdjk
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h̄abic = V ab

ic − f k
c t

ab
ik − V bk

ci t
a
k − V ka

ci t
b
k + V ab

dc t
d
i − V ka

cd

(
tdi t

b
k + tdbik

)− V kb
dc

(
tdi t

a
k + tdaik

)
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ci

(
tal t

b
k + tablk

)+ (
2V kb

dc − V kb
cd

)
tadik − (

2V kl
cd − V lk

cd

)(
tdl t

ab
ik + tbk t

ad
il

)
+ V kl
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(
tal t

db
ik + tbk t

da
il + tdi

(
tal t

b
k + tablk
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Table 7. The STEOM-CCSD/PT zero-, one-, and two-body amplitudes of Ĝ2. See Sec-
tions 2.1, 4.3, and 5.1. These spatial-orbital expressions are adapted from reference[3],
with corrections. TheS± amplitudes are determined by the net-excitation fullG expres-
sions inTable 5. The H̄ amplitudes are defined inTable 6. (TheseG2 expressions are
ordered according to increasing net-excitation level to facilitate backward substitution; see
Section4.3.)

Ĝ2 ≡ {
eŜ2
}−1 ˆ̄H{eŜ2

}
g
ij
ab = V

ij
ab

gia = h̄ia − δimV
kl
ac s̃

mc
kl + δaeV

ik
cd s̃

cd
ek

g
ji
ak = h̄

j i
ak − δjmV

il
cas

mc
lk + δim

(
V

jl
ac s̃

mc
kl − V

jl
ca s

mc
kl

)+ δaeV
ij
cd s

dc
ek

giabc = h̄iabc − δbeV
ik
dc s

da
ek + δce

(
V ik
bd s̃

ad
ek − V ik

dbs
ad
ek

)+ δimV
lk
bc s

ma
lk

g0 = h̄0

gij = h̄ij + δim
(
h̄kc s̃

mc
jk − h̄klcj s̃

mc
lk

)
gab = h̄ab + δbe

(
h̄kc s̃

ac
ek + h̄kacd s̃

dc
ek

)
gaibj = h̄aibj + δbe

(
h̄ics
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ej + h̄kicj s̃
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ek − h̄ikcj s
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ek + h̄iacds

dc
ej

)
+ δim

(−h̄kbs
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jk + h̄kacb s̃

mc
jk − h̄kabc s

mc
jk + h̄klbj s

ma
lk

)
+ δbeδim
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cd s̃
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lk sacej − V kl

cd s̃
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el s
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cd s̃

mc
jk − V lk

cd s
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jk

)
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+ V lk
cd s
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cd s
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ej s
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)
giabj = h̄iabj + δbe

(
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)
+ (
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(
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j
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kl + h̄

k1j
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)− δimδjnV
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s
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ek − h̄kbdc1

s
ac1
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s
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f l sabek

)
gbmji = h̄bmji − h̄ki s
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kj − h̄kj s
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ik + h̄bc s

mc
ij + h̄klij s
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kl + h̄kbcj s̃

mc
ik − h̄bkcj s

mc
ik − h̄bkci s

mc
kj

− V kl
cd s̃

md
kl tcbij + gmn snbij

gbaje = h̄baje + h̄ac s
cb
ej + h̄bc s

ac
ej − h̄kj s

ab
ek + h̄abcd s

cd
ej + h̄kbcj s̃

ac
ek − h̄bkcj s

ac
ek − h̄akcj s

cb
ek

− V kl
cd s̃

cd
el t
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jk − g

f
e s
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fj

s̃mb
ij ≡ 2smb

ij − smb
ji

s̃abej ≡ 2sabej − sbaej
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Table 8. The CCSD-based and PT-based Z Lagrange multiplier equations. See Sec-
tions 3.2, 3.3, and 5.2. The Z Lagrange multipliers account for the response of the
non-variationalT parameters of the underlying CCSD/PT reference treatment. These equa-
tions—as well as all other derivative expressions presented in the remaining tables—were
derived directly from the input algebraic functionals by automated symbolic manipulations
in theSMART package. TheZ equations are constructed to be essentially identical for all
CCSD-based or PT-based methods through chain-rule derivatives in the commonH̄ am-
plitudes. Nearly all of the (ST)EOM-variant dependence beyond the CCSD/PT reference
treatment is isolated in the intermediate density matrixD̄; the explicit three-body contribu-
tions to thetabij chain rule are collected inTable 9. Since canonical Hartree–Fock orbitals
are employed in the PT-based methods here, there is no PT-based one-bodyZ equation, as
h̄
a(1)
i = 0 (andta(1)i = 0) always, and the homogeneous side of the PT-basedZ2 equation is

trivial, due to the simplified̄hab(1)ij and diagonalf p
q = εpδpq , where theεp are the orbital

energies. Like theT(1)
2 equation, solution for the associatedZ2 Lagrange multipliers in the

PT-based methods requires only simple division by an energy denominator.

Z equations
∂

∂tν
〈Φ0|Ẑ ˆ̄H |Φ0〉 = −

(
∂F inh

∂tν
=∑

µ D̄µ

∂h̄µ

∂tν
+∑

µ h̄µ
∂D̄µ

∂tν

)
∀ ν

Homogeneous left sides

CCSD-
based

∂

∂tai
〈Φ0|Ẑ ˆ̄H |Φ0〉

= 2

(−zkah̄
i
k + zich̄

c
a + zkc

(
2h̄icak − h̄ciak

)+ z̃ikcd h̄
dc
ka − z̃lkach̄

ci
kl

+ z̃klbd t
cd
kl

(
2h̄ibac − h̄ibca

)− z̃klcd t
cd
j l

(
2h̄ijak − h̄

j i
ak

) )
∂

∂tabij

〈Φ0|Ẑ ˆ̄H |Φ0〉

= 1
2

(
1+ Pab

ij

)
(2− Pij )


2zjbh̄

i
a − 2zkbh̄

ij
ak + 2zjc h̄icab

+ 2zijach̄cb − 2zikabh̄
j
k + z

ij
cd h̄

cd
ab + zklabh̄

ij
kl

+ 2z̃ikach̄
jc
bk − 2zikach̄

cj
bk − 2zjkca h̄cibk

− 2z̃j lcd t
cd
kl V

ik
ab − 2z̃klad t

cd
kl V

ij
cb


PT-based

∂

∂tabij

〈
Φ0
∣∣Ẑ2

([
Ĥ
(
0
)
, T̂

(1)
2

]+ V̂
)∣∣Φ0

〉 = z̃
ij
ab(εa + εb − εi − εj )

Inhomogeneous right sides(without leading minus sign)

CCSD-
based

∂F inh

∂tai
= −D̄k

ah̄
i
k + D̄i

ch̄
c
a + D̄k

c

(
2h̄icak − h̄ciak

)+ 2h̄ia + D̄i
kh̄

k
a − D̄c

ah̄
i
c

+ D̄c
k

(
2V ik

ac − V ik
ca

)+ D̄l
k

(
2h̄ikal − h̄kial

)+ D̄d
c

(
2h̄icad − h̄icda

)
+ D̄ci

klV
lk
ac − D̄cd

kaV
ik
dc − D̄kl

aj h̄
ij
kl + D̄ib

cd h̄
cd
ab + 2D̄ij

kl h̄
kl
aj − 2D̄cd

abh̄
ib
cd

− D̄lc
akh̄

ki
cl − D̄cl

akh̄
ik
cl + D̄ic

dkh̄
kd
ca + D̄ci

dkh̄
kd
ac + D̄ki

cl h̄
lc
ak + D̄ik

cl h̄
cl
ak

− D̄kd
ca h̄

ic
dk − D̄kd

ac h̄
ci
dk +

(−D̄lc
dbt

bd
kl + D̄

lj
dkt

cd
j l

)(
2V ik

ac − V ik
ca

)
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Table 8. (Continued)

Z equations
∂

∂tν
〈Φ0|Ẑ ˆ̄H |Φ0〉 = −

(
∂F inh

∂tν
=∑

µ D̄µ

∂h̄µ

∂tν
+∑

µ h̄µ
∂D̄µ

∂tν

)
∀ ν

CCSD/PT-
based

∂F inh

∂tabij

= 1
2

(
1+ Pab

ij

)
(2− Pij )

D̄
j
b h̄

i
a − D̄k

bh̄
ij
ak + D̄

j
c h̄

ic
ab

+ V
ij
ab + D̄

j
k V

ik
ab − D̄c

bV
ij
ac

+ D̄
jc
bkV

ik
ac + D̄

jl
bkh̄

ik
al + D̄

jd
bc h̄

ic
ad



+ 1
2

(
1+ Pab

ij

)D̄
ij
akh̄

k
b − D̄ic

abh̄
j
c + D̄

ij
klV

kl
ab + D̄cd

abV
ij
cd

− D̄
jc
bkV

ik
ca − D̄ci

bkV
jk
ca − D̄

jl
bkh̄

ki
al − D̄li

bkh̄
kj
al

− D̄
jd
bc h̄

ic
da − D̄id

cbh̄
jc
da + D̄kc

abh̄
ji
ck + D̄

ji
ckh̄

kc
ab


+∑

µ h̄µ
∂D̄µ

∂tabij

(see Table 9)

Table 9. The explicit three-body contributions to the tabij chain-rule derivative in Table 8.
For computational storage reasons, we choose to formulate all expressions in terms of
only zero-, one-, and two-body amplitudes. As a result of the expanded three-bodyH̄ am-
plitudes, certain two-bodȳD elements (those associated with the two-body Hamiltonian
amplitudes in this table) are modified to additionally contain the contributions that for-
mally belong in the absent three-bodyD̄; these three-body contributions appear as theT
terms inD̄ak

ji , D̄bc
ia , andD̄ab

ij in Table 10and inD̄ab
ij in Table 14. The product rule of dif-

ferentiation on thesēD that explicitly containT then generates the following additional
contributions to the chain-rule terms ofTable 8. For discussion, see Section5.2.3. These
formally cumbersome modifications are all handled automatically here through the direct
algebraic treatment. Theu1ma andu2ie intermediates are defined inTables 11 and 12, re-
spectively, and the minus sign that precedes the inhomogeneous right side of theZ equation
has not been included here.

Explicit three-body
contributions

∑
µ h̄µ

∂D̄µ

∂tabij

EE-EOM-CCSD/PT +1
2

(
1+ Pab

ij

)2
(
2h̄lcdb − h̄lcbd

)
rdl l̃

ij
ac − 2

(
2h̄ljdk − h̄

j l
dk

)
rdl l̃

ik
ab

− 2
(
2V kl

bd − V lk
bd

)
rcdkl l̃

ij
ac

− 2
(
2V jl

cd − V
jl
dc

)
rcdkl l̃

ik
ab


IP-EOM-CCSD/PT +1

2

(
1+ Pab

ij

)((
2V kl

bd − V lk
bd

)
r d
kl l̃

j i
a

)
EA-EOM-CCSD/PT +1

2

(
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)(−(2V jl
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jl
dc

)
rcdl l̃

i
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)
EE- and DIP-
STEOM-CCSD/PT

+1
2

(
1+ Pab

ij

)(−d̃
ij
mbV

kl
ad s̃

md
kl

) = +1
2

(
1+ Pab

ij

)(
d̃
ij
mbu1ma

)
EE- and DEA-
STEOM-CCSD/PT

+1
2

(
1+ Pab

ij

)(−ã
ej
abV

il
cd s̃

cd
el

) = +1
2

(
1+ Pab

ij

)(−ã
ej
abu2ie

)
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Table 10. The zero-, one-, and two-body intermediate density matrix elements D̄ for EE-,
IP-, and EA-EOM-CCSD/PT gradients. See Sections3.2 and 5.3. TheseD̄µ ≡ ∂F inh/∂h̄µ
(along with the associated three-body contributions to thetabij chain rule,Table 9) com-
pletely define the analytical gradient for each method. Note that upper and lower indices
on D̄µ are exchanged relative to the differentiatingh̄µ, andF inh is the EOM functional
(Table 3) without the CCSD/PTẐ term. TheD̄ determine the analytical gradient through
the essentially method-independent chain-ruleZ Lagrange multiplier equations ofTable 8
and through the method-independent chain-rule conversion to the GHF effective density
matrix D in Table 15/Table 16. In contrast to the full effective density matrixD, which
containsall of the method’s GHF response, the intermediate density matrixD̄ contains just
thepost-CCSD/PT response information that is unique to each method.

D̄µ EE-EOM-CCSD/PT IP-EOM-CCSD/PT EA-EOM-CCSD/PT

D̄i
a 0 0 0

D̄
ij
ab 0 0 0

D̄a
i 2lkc r̃

ac
ik −lk r̃ a

ki lcr̃
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i
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ij −(1+ Pab

ij

)(
l̃klcd t
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kl r̃
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ij + l̃klcd t

cd
j l r̃

ab
ik

) 1
2

(
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ij

)
l̃kld t
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kl r̃

a
j i −1
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(
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ij
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l̃ l
cd t

cd
j l r̃

ba
i

D̄
j
i −2ljc rci − 2ljkcd r̃

cd
ik lj ri + l

jk
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c
ik + l

kj
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c
ki −l

j
cd r̃

cd
i

D̄b
a 2lkar

b
k + 2lklacr̃

bc
kl −llka r̃

b
lk lar

b + l k
ca r̃

cb
k + l k

ac r̃
bc
k

D̄ak
ji −2lkc r̃

ca
ij − 2(2− Pij )l̃

kl
cd t

cd
il r

a
j lkr̃ a

ij 0

D̄bc
ia 2lka r̃

bc
ik + 2(2− Pbc)l̃

kl
ad t

cd
kl r

b
i 0 la r̃

cb
i

D̄kl
ij lklcd r̃

cd
ij −1

2

(
1+ P kl

ij

)
lklcr̃

c
ij 0

D̄cd
ab l̃klabr

cd
kl 0 1

2

(
1+ P cd

ab

)
l̃ k
abr

cd
k

D̄
bj
ai −2lja rbi − 2ljkca r̃cbik − 2ljkac r̃bcik l

jk
a r̃

b
ik + l

kj
a r̃

b
ki −l

j
ac r̃

bc
i − l

j
ca r̃

cb
i

D̄
jb
ai 4lja rbi + 2l̃jkac r̃bcik −l̃

kj
a r̃

b
ki l̃

j
ca r̃

cb
i

D̄
kj
ai −2l̃jkca rci l̃

jk
ari 0

D̄ic
ab 2l̃ikabr

c
k 0 l̃ i

bar
c

D̄0 1 1 1
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Table 11. The STEOM-CCSD/PT Z− Lagrange multiplier equations. See Sections3.3
and 5.4. TheZ− Lagrange multipliers account for the response of the non-variationalS−
parameters. The energy functional is made variational with respect toS−, and the result-
ing equations determine the associatedZ− Lagrange multipliers. TheZ− amplitudes are
denoted asdµ. Theuν intermediates are the same as in reference[3] (repeated here for
convenience), and theM intermediates are defined inTable 13. These equations can be
decoupled in the active external indexm by diagonalizing thegn

m matrix, improving effi-
ciency and numerical convergence (see Section5.4.1).

Z− equations
∂

∂smµ

(∑
n 〈Φn|Ẑ−[Ĝ, n̂]|Φ0〉

) = − ∂

∂smµ
〈Φ0|L̂[Ĝ2, R̂]|Φ0〉 ∀ m,µ

Homogeneous left sides
EE- & DIP-
STEOM–
CCSD/PT

∂

∂sm
i′

(∑
n〈Φn|Ẑ−[Ĝ, n̂]|Φ0〉

) = −2dk′
mh̄i

′
k′ − qn

mh̄
i′
n − d̃ lk

mch̄
ci′
kl + 2di′

n g
n
m

∂

∂smb
ij

(∑
n〈Φn|Ẑ−[Ĝ, n̂]|Φ0〉

)

= (2− Pij )


(
2dk′

mδik′ + qn
mδin

)
h̄
j
b − 2dk′

mh̄
ji

bk′ − qn
mh̄

ji
bn

+ d
ij
mch̄

c
b − d

kj
mbh̄

i
k − dik

mbh̄
j
k + dkl

mbh̄
ij
kl + d̃ ik

mch̄
jc
bk

− dik
mch̄

cj
bk − d

kj
mch̄

ci
bk − d̃kl

md t
cd
kl V

ij
cb + d

ij
nbg

n
m


Inhomogeneous right sides(without leading minus sign)
EE- & DIP-
STEOM-
CCSD/PT

∂

∂sm
i′
〈Φ0|L̂[Ĝ2, R̂]|Φ0〉 = 0

EE-
STEOM-
CCSD/PT

∂

∂smb
ij

〈Φ0|L̂[Ĝ2, R̂]|Φ0〉

= 2(2− Pij )

(−Mi
mh̄

j
b +Mk

mh̄
ji
bk −Mci

dmh̄
jd
bc −Mei

cmu1jcbe
−Mek

cm

((
2sdcek

)singlet
only − scdek

)
V

ij
db

)

+ 2
(
(2)singlet

only − Pij

) (−M
cj
bmh̄

i
c +Mck

bmh̄
ij
ck −M

dj
cmh̄

ic
db

−M
ej
bmu2ie −M

ej
cmu2iceb +Mek

bmu3ijek

)
DIP-
STEOM-
CCSD/PT

∂

∂smb
ij

〈Φ0|L̂[Ĝ2, R̂]|Φ0〉

= 2(2− Pij )

(
−Mi

mh̄
j
b +Mk

mh̄
ji
bk +Mik

mlh̄
j l
bk

+Mik
mnu1jnbk −Mkl

mns
nc
lk V

ij
cb

)

+ 2

(
M

ij
mkh̄

k
b −Mik

mlh̄
lj
bk −M

jl
kmh̄

ki
bl

+M
ij
mnu1nb −Mik

mnu2njbk −M
jk
nmu2nibk

)

qn
m ≡ 2dk′

msn
k′ + d̃ lk

mcs
nc
lk ; u3klei ≡ V kl

abs
ab
ei ; u1kmci ≡ V

kj
ca s̃

ma
ij − V

kj
ac s

ma
ij ;

u1ma ≡ −V
ij
abs̃

mb
ij ; u2mk

ci ≡ −V
kj
ac s

ma
ji ; for u2ie, u1kace , u2kaec see Table 12.
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Table 12. The STEOM-CCSD/PT Z+ Lagrange multiplier equations. See Sections3.3
and 5.4. TheZ+ Lagrange multipliers account for the response of the non-variationalS+
parameters. The energy functional is made variational with respect toS+, and the result-
ing equations determine the associatedZ+ Lagrange multipliers. TheZ+ amplitudes are
denoted asaµ. Theuν intermediates are the same as in reference[3] (repeated here for
convenience), and theM intermediates are defined inTable 13. These equations can be de-
coupled in the active external indexe by diagonalizing thege

f matrix, improving efficiency
and numerical convergence (see Section5.4.1).

Z+ equations
∂

∂s
µ
e

(∑
f 〈Φf |Ẑ+[Ĝ, f̂ †]|Φ0〉

) = − ∂

∂s
µ
e

〈Φ0|L̂[Ĝ2, R̂]|Φ0〉 ∀ e, µ

Homogeneous left sides
EE- & DEA-
STEOM-
CCSD/PT

∂

∂sa
′

e

(∑
f 〈Φf |Ẑ+[Ĝ, f̂ †]|Φ0〉

) = 2ae
c′ h̄

c′
a′ − qe

f h̄
f

a′ + ãekdch̄
cd
ka′ − 2af

a′g
e
f

∂

∂sabej

(∑
f 〈Φf |Ẑ+[Ĝ, f̂ †]|Φ0〉

)

= (2− Pab)


(
2ae

c′δac′ − qe
f δaf

)
h̄
j
b + 2ae

c′ h̄
jc′
ba − qe

f h̄
jf
ba

− aekabh̄
j
k + a

ej
cbh̄

c
a + a

ej
ach̄

c
b + a

ej
cd h̄

cd
ab + ãekach̄

jc
bk

− aekach̄
cj
bk − aekcb h̄

cj
ak − ãelcd t

cd
kl V

jk
ba − a

fj
abg

e
f


Inhomogeneous right sides(without leading minus sign)
EE- & DEA-
STEOM-
CCSD/PT

∂

∂sa
′

e

〈Φ0|L̂[Ĝ2, R̂]|Φ0〉 = 0

EE-
STEOM-
CCSD/PT

∂

∂sabej

〈Φ0|L̂[Ĝ2, R̂]|Φ0〉

= 2(2− Pab)

(
Me

ah̄
j
b +Me

c h̄
jc
ba −Mel

akh̄
jk
bl −Mek

amu1jmbk
−Mek

cm

((
2smc

lk

)singlet
only − smc

kl

)
V

jl
ba

)

+ 2
(
(2)singlet

only − Pab

) (Mej
bkh̄

k
a +M

ej
ck h̄

kc
ab −Mel

bkh̄
kj
al

+M
ej
bmu1ma −Mek

bmu2mjak +M
ej
cmu3mc

ab

)
DEA-
STEOM-
CCSD/PT

∂

∂sabej

〈Φ0|L̂[Ĝ2, R̂]|Φ0〉

= 2(2− Pab)

(
Me

ah̄
j
b +Me

c h̄
jc
ba +Med

ac h̄
jc
bd

+M
ef
ac u1jcbf −M

ef
cd s

dc
f kV

jk
ba

)

+ 2

(
−Mec

abh̄
j
c −Med

ac h̄
jc
db −Mde

bc h̄
jc
da

−M
ef
abu2jf −M

ef
ac u2jcf b −M

fe
bc u2jcf a

)

qe
f ≡ 2ae

c′s
c′
f + ãekdcs

dc
f k; u3ma

cd ≡ V
ij
cds

ma
ij ; u1kace ≡ V ki

cb s̃
ab
ei − V ki

bc s
ab
ei ;

u2ie ≡ V
ij
abs̃

ab
ej ; u2kaec ≡ −V ki

bc s
ba
ei ; for u1ma , u1kmci , u2mk

ci see Table 11.



Analytical Energy Gradients for Excited-State Coupled-Cluster Methods 89

Table 13. The STEOM-CCSD/PT intermediates M . For historical reasons, theM inter-
mediates were implemented with positive unit factors, as defined in the upper portion of
the table. The factors and signs relating theM expressions to the more-formal chain-rule
∂E/∂G2 derivatives (see Section5.4) are given in the lower portion. Note that the DIP
Mik

jl = Mki
lj and DEAMbd

ac = Mdb
ca possess the standard pair-interchange symmetry due to

the underlying symmetry of theL andR amplitudes.

EE-STEOM-
CCSD/PT

DIP-STEOM-
CCSD/PT

DEA-STEOM-
CCSD/PT

Mi
j ≡ liar

a
j Mi

j ≡ likrjk Mb
a ≡ lacr

bc

Mb
a ≡ liar

b
i Mik

jl ≡ likrj l Mbd
ac ≡ lacr

bd

Mbi
aj ≡ liar

b
j

∂E/∂g
j
i = −2Mi

j ∂E/∂g
j
i = −2Mi

j ∂E/∂gab = 2Mb
a

∂E/∂gab = 2Mb
a ∂E/∂g

jl
ik = Mik

jl ∂E/∂gacbd = Mbd
ac

∂E/∂g
aj
bi = −2Mbi

aj
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Table 14. The zero-, one-, and two-body intermediate density matrix elements D̄ for EE-, DIP-, and DEA-STEOM-CCSD/PT gradients. See
Sections3.3 and 5.5. In contrast to the full effective density matrixD, which contains all of the method’s GHF response, the intermediate
density matrixD̄ isolates just the post-CCSD/PT gradient information that is unique to each electronicmethod. TheD̄ contains both the
contributions from the (bi-) variational parameters and the response contributions from all the non-variational parameters through their
associated Lagrange multipliers—with the exception of the commonZ Lagrange multiplier terms associated with the underlying reference
CCSD/PTT amplitudes shared by all the methods. TheseD̄µ ≡ ∂F inh/∂h̄µ (along with the associated three-body contributions ofTable 9)
determine the analytical gradient by the chain-ruleZ Lagrange multiplier equations inTable 8and by their subsequent chain-rule conversion to
the GHF effective density matrixD in Table 15/Table 16. Note that upper and lower indices onD̄µ are exchanged relative to the differentiating
h̄µ, andF inh is the STEOM functional (Table 4) without the CCSD/PTẐ term. Theqn

m andqe
f intermediates are defined inTables 11 and 12,

respectively.

D̄µ EE-STEOM-CCSD/PT DIP-STEOM-CCSD/PT DEA-STEOM-CCSD/PT

D̄i
a 0 0 0

D̄
ij
ab 0 0 0

D̄a
i 2dk

′
m s̃ma

k′i + qn
ms̃

ma
ni − 2Mk

ms̃
ma
ki

+ 2aec′ s̃
c′a
ei − qe

f s̃
f a
ei + 2Me

c s̃
ca
ei

− 2Mak
cm

((
2smc

ik

)singlet
only − smc

ki

)
+ 2Mek

ci

((
2sacek

)singlet
only − scaek

)
2dk′

m s̃ma
k′i + qn

ms̃
ma
ni

− 2Mk
ms̃

ma
ki + 2Mkl

ims
ma
lk

2aec′ s̃
c′a
ei − qe

f s̃
f a
ei

+ 2Me
c s̃

ca
ei − 2Mae

cd s
dc
ei
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Table 14. (Continued)

D̄µ EE-STEOM-CCSD/PT DIP-STEOM-CCSD/PT DEA-STEOM-CCSD/PT

D̄ab
ij

1
2

(
1+ Pab

ij

)
(2− Pij )

·


−d̃kl

mct
ac
kl s

mb
ij − ãekcd t

cd
ik s

ab
ej

− 2Mek
cms̃

ca
ei s

mb
kj + 2Mek

cms
ca
ei s

mb
jk

− 2Mek
cm

(
(2smc

ik )
singlet
only − smc

ki

)
sabej

− 2Mek
cm

(
(2sacek )

singlet
only − scaek

)
smb
ij


+ 1

2

(
1+ Pab

ij

)(
(2)singlet

only − Pij

)
· (2Mek

cms
mc
ij sabek + 2Mek

cms
bc
ei s

ma
jk

)

1
2

(
1+ Pab

ij

)
(2− Pij )

·
−d̃kl

mct
ac
kl s

mb
ij

+ 2Mkl
mns

ma
ki

(
snblj − snbjl

)
− 2Mkl

mns
na
lk smb

ij


+Mkl

mns
ma
ik snbjl +Mkl

mns
nb
ik s

ma
jl

1
2

(
1+ Pab

ij

)
(2− Pij )

·


−ãekcd t

cd
ik s

ab
ej

+ 2Mef
cd s

ca
ei

(
sdbfj − sbdfj

)
− 2Mef

cd s
dc
f i s

ab
ej


+M

ef
cd s

ac
ei s

bd
fj +M

ef
cd s

bd
ei s

ac
fj

D̄
j
i

(
2dj

′
mδjj ′ + qn

mδjn
)
δim

− (
2dj

′
mδjj ′ + qn

mδjn
)
smi′ δii′

− d
kj
mcs̃

mc
ki − d

jk
mcs̃

mc
ik − a

ej
dcs̃

dc
ei − 2Mj

i

(
2dj

′
mδjj ′ + qn

mδjn
)
δim

− (
2dj

′
mδjj ′ + qn

mδjn
)
smi′ δii′

− d
kj
mcs̃

mc
ki − d

jk
mcs̃

mc
ik − 2Mj

i

−a
ej
dcs̃

dc
ei

D̄b
a

(
2aea′δaa′ − qe

f δaf
)
δbe

+ (
2aea′δaa′ − qe

f δaf
)
sb

′
e δbb′

+ aekca s̃
cb
ek + aekacs̃

bc
ek + dlk

mas̃
mb
lk + 2Mb

a

dlk
mas̃

mb
lk

(
2aea′δaa′ − qe

f δaf
)
δbe

+ (
2aea′δaa′ − qe

f δaf
)
sb

′
e δbb′

+ aekca s̃
cb
ek + aekacs̃

bc
ek + 2Mb

a
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Table 14. (Continued)

D̄µ EE-STEOM-CCSD/PT DIP-STEOM-CCSD/PT DEA-STEOM-CCSD/PT

D̄ak
ji −(2dk′mδkk′ + qn

mδkn − 2Mk
m

)
s̃ma
ij − 2Mek

ci s̃
ca
ej

+ 2Mak
cm

((
2smc

ji

)singlet
only − smc

ij

)
− 2Mek

cj

((
2sacei

)singlet
only − scaei

)
−(2dk′mδkk′ + qn

mδkn − 2Mk
m

)
s̃ma
ij

− 2Mkl
jms

ma
li − 2Mlk

jms
ma
il

+ 2Mkl
ims̃

ma
lj

0

D̄bc
ia

(
2aea′δaa′ − qe

f δaf + 2Me
a

)
s̃cbei − 2Mck

ams̃
mb
ki

+ 2Mek
ai

((
2sbcek

)singlet
only − scbek

)
− 2Mbk

am

((
2smc

ik

)singlet
only − smc

ki

)
0

(
2aea′δaa′ − qe

f δaf + 2Me
a

)
s̃cbei

− 2Mbe
ads

dc
ei − 2Meb

ads
cd
ei

+ 2Mce
ad s̃

db
ei

D̄kl
ij

1
2

(
1+ P kl

ij

)(
dkl
mcs̃

mc
ij

) 1
2

(
1+ P kl

ij

)(
dkl
mcs̃

mc
ij

)+Mkl
ij 0

D̄cd
ab

1
2

(
1+ P cd

ab

)(
aekabs̃

cd
ek

)
0 1

2

(
1+ P cd

ab

)(
aekabs̃

cd
ek

)+Mcd
ab

D̄
bj
ai −d

kj
mas̃

mb
ki − d

jk
mas̃

mb
ik

− a
ej
cas̃

cb
ei − a

ej
acs̃

bc
ei − 2Mbj

ai

−d
kj
mas̃

mb
ki − d

jk
mas̃

mb
ik −a

ej
cas̃

cb
ei − a

ej
acs̃

bc
ei

D̄
jb
ai d̃

kj
mas̃

mb
ki + ã

ej
ca s̃

cb
ei + (

4Mbj
ai

)singlet
only d̃

kj
mas̃

mb
ki ã

ej
ca s̃

cb
ei

D̄
kj
ai d̃

jk
maδim − d̃

jk
mas

m
i′ δii′ d̃

jk
maδim − d̃

jk
mas

m
i′ δii′ 0

D̄ic
ab ãeibaδce + ãeibas

c′
e δcc′ 0 ãeibaδce + ãeibas

c′
e δcc′

D̄0 1 1 1
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Table 15. The conversion of the intermediate density matrix elements D̄ to the GHF effec-
tive density matrix elements D for CCSD-based methods. See Sections3.2, 3.3, and 5.7.
These expressions are based solely on the definition of theH̄ amplitudes and are thus
identical for all (ST)EOM-CCSD methods. The much-simplified expressions that remain
for the PT-based methods are presented separately asTable 16. The effective density
matrix D contains the all wavefunction response, but in a perturbation-independent for-
mulation, and determines the analytical gradient according to the GHF relation∂E/∂χ =∑

µ Dµ(∂hµ/∂χ), expression(101). In theseDµ ≡ ∂F/∂hµ, thehµ refer to the MO-
basedh0, f p

q , andV
pq
rs amplitudes of the Hamiltonian normal-ordered with respect to

the reference determinant. The contributions to the analytical gradient from the reference
determinant and the MO coefficient response are contained in the standard∂hµ/∂χ treat-
ment, in which the GHF relation is converted to the AO basis for efficient evaluation (see
Section5.7.1). Below,cabij ≡ tabij + tai t

b
j .

Dµ =∑
ν D̄ν

∂h̄ν

∂hµ
+ ∂

∂hµ
〈Φ0|Ẑ ˆ̄H |Φ0〉

Di
a = D̄i

a + 2zia

D
ij
ab = z̃

ij
ab

Da
i = D̄a

i + (
D̄k

c + 2zkc
)(

2tacik − tcaik
)+ D̄kl

ci t
ac
lk − D̄ka

dc t
cd
ik

+ (
D̄k

i − 2z̃klcd t
cd
il − (

D̄k
c + 2zkc

)
tci
)
tak − (

D̄a
c + 2z̃klcd t

ad
kl

)
tci + 2tai

Dab
ij = 1

2

(
1+ Pab

ij

)
(2− Pij )

·



zklcd t
da
jk t

cb
il − (−zklcd t

db
jl t

c
i − 2zklcd t

cb
il t

d
j

)
tak + zklcdc

cd
ij c

ab
kl

+ (
2z̃klcd t

ac
ik

)
tbdj l − (

2z̃klcd t
ac
ik − zklcd t

ca
ik

)
cdbjl

+ (
D̄k

i − 2z̃klcd t
cd
il − (

D̄k
c + 2zkc

)
tci

)
tbajk

− (
D̄a

c + 2z̃klcd t
ad
kl + (

D̄k
c + 2zkc

)
tak

)
tcbij

+
(
D̄a

i + (
D̄k

c + 2zkc
)(

2tacik − tcaik

)+ D̄kl
ci t

ac
lk − D̄ka

dc t
cd
ik

+ (
D̄k

i − 2z̃klcd t
cd
il − (

D̄k
c + 2zkc

)
tci

)
tak − (

D̄a
c + 2z̃klcd t

ad
kl

)
tci

)
tbj

+ (
D̄kb

cj + D̄kl
cj t

b
l − D̄kb

cd t
d
j

)
tacik + cabij



+ 1
2

(
1+ Pab

ij

)
D̄ab

ij + D̄kl
ij c

ab
kl + D̄ab

cd c
cd
ij + (

D̄bk
ji − D̄kl

cj c
cb
il + D̄kb

cd c
cd
ij

)
tak

− D̄kl
cj t

c
i t

ab
kl + D̄kb

cd t
c
i t

da
jk − (

D̄kl
cj t

b
l − D̄kb

cd t
d
j

)
tcaik

− D̄kb
cj c

ca
ik − D̄ak

cj c
cb
ik − D̄ba

jc t
c
i



D
j
i = D̄

j
i − 2z̃jkcd t

cd
ik − (

D̄
j
c + 2zjc

)
tci

Db
a = D̄b

a + 2z̃klact
bc
kl + (

D̄k
a + 2zka

)
tbk
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Table 15. (Continued)

Dµ =∑
ν D̄ν

∂h̄ν

∂hµ
+ ∂

∂hµ
〈Φ0|Ẑ ˆ̄H |Φ0〉

Dak
ji = D̄ak

ji − D̄lk
ci c

ca
jl − D̄kl

cj c
ca
il + D̄ka

cd c
cd
ij − D̄ak

ci t
c
j − D̄ka

cj t
c
i + 2

(
D̄kl

ij + z̃klcdc
cd
ij

)
tal

+ (2− Pij )

((
D̄k

i − 2z̃klcd t
cd
il − (

D̄k
c + 2zkc

)
tci

)
taj − (

D̄k
c + 2zkc

)
tcaij

+ D̄lk
ci t

ac
j l + (−2z̃klcd t

ad
jl + 2zklcd t

da
jl

)
tci + (

2zklcd t
ca
il

)
tdj

)

Dbc
ia = D̄bc

ia − D̄kc
dac

db
ik − D̄kb

adc
dc
ik + D̄kl

aic
bc
lk + D̄ck

ai t
b
k + D̄kb

ai t
c
k − 2

(
D̄cb

ad + z̃kladc
bc
lk

)
tdi

+ (2− Pbc)

((
D̄c

a + 2z̃klad t
cd
kl + (

D̄k
a + 2zka

)
tck

)
tbi + (

D̄k
a + 2zka

)
tbcik

+ D̄kc
dat

bd
ik − (−2z̃klad t

bd
il + 2zklad t

db
il

)
tck − (

2zklad t
dc
ik

)
tbl

)

Dkl
ij = D̄kl

ij + z̃klcdc
cd
ij + 1

2

(
1+ P kl

ij

)(−D̄kl
cj t

c
i

)
Dcd

ab = D̄cd
ab + z̃klabc

cd
kl + 1

2

(
1+ P cd

ab

)(
D̄kd

ab t
c
k

)
D

bj
ai = D̄

bj
ai + D̄

kj
ai t

b
k − D̄

jb
ca t

c
i − 2z̃jkca ccbik − ((

D̄
j
a + 2zja

)
tbi + 2z̃jkac tbcik

)
D

jb
ai = D̄

jb
ai + D̄

jk
ai t

b
k − D̄

jb
ac t

c
i − 2z̃jkacccbik + 2

((
D̄

j
a + 2zja

)
tbi + 2z̃jkac tbcik

)
D

kj
ai = D̄

kj
ai − 2z̃jkca tci

Dic
ab = D̄ic

ab + 2z̃ikabt
c
k

D0 = D̄0 = 1
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Table 16. The conversion of the intermediate density matrix elements D̄ to the GHF effec-
tive density matrix elements D for PT-based methods. See Sections3.2, 3.3, and 5.7. These
expressions are based solely on the definition of theH̄ amplitudes and are thus identical
for all (ST)EOM-PT methods. The simplification of the PT-basedH̄ expressions leads to
the following eliminations from the CCSD-basedD̄-to-D expressions ofTable 15(see Sec-
tion 5.7): all one-bodyT1 andZ1 terms are not present, allZ2 terms in the two-bodyD
except inDij

ab are not present, and all̄Di
a = 0. The perturbation-independent effective den-

sity matrixD contains all the wavefunction response and determines the analytical gradient
according to the GHF relation,∂E/∂χ =∑

µ Dµ(∂hµ/∂χ), expression(101).

Dµ =∑
ν D̄ν

∂h̄ν

∂hµ
+ ∂

∂hµ

〈
Φ0
∣∣Ẑ2

([
Ĥ (0), T̂

(1)
2

]+ V̂
)∣∣Φ0

〉
Di

a = D̄i
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D
ij
ab = z̃

ij
ab

Da
i = D̄a

i + D̄kl
ci t

ac
lk − D̄ka

dc t
cd
ik

Dab
ij = 1

2

(
1+ Pab

ij

)
(2− Pij )

(
D̄k

i t
ba
jk − D̄a

c t
cb
ij + D̄kb

cj t
ac
ik + tabij

)
+ 1

2

(
1+ Pab

ij

)(
D̄ab

ij + D̄kl
ij t

ab
kl + D̄ab

cd t
cd
ij − D̄kb

cj t
ca
ik − D̄ak

cj t
cb
ik

)
D

j
i = D̄

j
i − 2z̃jkcd t

cd
ik

Db
a = D̄b

a + 2z̃klact
bc
kl

Dak
ji = D̄ak

ji − D̄lk
ci t

ca
j l − D̄kl

cj t
ca
il + D̄ka

cd t
cd
ij + (2− Pij )

(
D̄lk

ci t
ac
j l

)
Dbc

ia = D̄bc
ia − D̄kc

dat
db
ik − D̄kb

ad t
dc
ik + D̄kl

ai t
bc
lk + (2− Pbc)

(
D̄kc

dat
bd
ik

)
Dkl

ij = D̄kl
ij ; Dcd

ab = D̄cd
ab ; D

bj
ai = D̄

bj
ai ; D

jb
ai = D̄

jb
ai ;

D
kj
ai = D̄

kj
ai ; Dic

ab = D̄ic
ab; D0 = D̄0 = 1
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6. SUMMARY

For characterizing the manifold of singly excited states in closed-shell species and many
classes of open-shell systems, the highly accurate and computationally efficient EE-, DIP-,
and DEA-STEOM-CCSD/PT methods are well suited; in this work, we derived for these
methods the explicit algebraic spatial-orbital equations for the analytical first derivatives
of their electronic energies. The analytical gradient expressions were formulated through
Lagrange’s method of undetermined multipliers, establishing a systematic derivation pro-
cedure in which an energy functional for each method is differentiated individually with
respect to each of its parameters. Rather than algebraic or diagrammatic expansion of cum-
bersomeabstract derivative expressions, differentiations were performed directly here on
thealgebraic energy expressions themselves, using our newly developedSMART package
of automated symbolic algebra routines. The Lagrange multiplier formulation andSMART
manipulation toolkit provide a uniform framework in which to derive the detailed algebraic
gradient equations in a standardized, direct, and automated manner.

As a stepping stone towards implementing analytical STEOM-CCSD/PT gradients, the
explicit algebraic expressions for closed-shell-reference EE-, IP-, and EA-EOM-CCSD/PT
analytical gradients were also derived. The derivative equations for these dozen consid-
ered methods were all expressed compactly here in anH̄ chain-rule formulation, isolating
the unique post-CCSD/PT information of each electronic method in an intermediate den-
sity matrix D̄. The existing EOM-CCSD/PT gradient code in our local ACES II program
suite was revised to the present chain-rule/intermediate-density formulation, and the addi-
tional Lagrange multiplier equations needed to construct the STEOM-CCSD/PTD̄ were
then implemented. Although the computational cost of a STEOM-CCSD/PT analytical first
derivative is no better than that of EOM-CCSD/PT, the main advantages of the STEOM
methods reside in the types of multi-reference states that can be treated accurately and in
the efficiency with which a large number of states can be calculated. This efficiency also
makes practical a state-tracking algorithm based on the overlap with the set of nearby states
in the next step of an optimization.

In the Lagrange multiplier procedure for deriving the analytical gradient expressions, an
energy functional is first constructed from the defining equations of the electronic struc-
ture method; in addition to the energy expression for an individual electronic state, all the
supplementary constraint equations that determine the non-variational energy parameters
are incorporated systematically, with each set of supplementary equations multiplied by
(so-far) undetermined Lagrange multipliers. The equations that determine the Lagrange
multipliers are then obtained by defining the functional to be stationary with respect to the
associated non-variational energy parameters. With the solution of these Lagrange mul-
tiplier equations, the energy functional becomes fully variational with respect to all of
its parameters, and the generalized Hellmann–Feynman theorem applies. The first deriv-
ative of the energy can then be written as the trace of the perturbation derivative of the
Hamiltonian with an effective, relaxed, density matrixD. The effective density matrix is
calculated onlyonce for the state and applies toall perturbations and degrees of freedom.
The response of the non-variational energy parameters is included, not by expensive cal-
culation of their perturbation derivatives, but by solution of theperturbation-independent
equations for their associated Lagrange multipliers.

The computational cost of a STEOM-CCSD/PT analytical gradient is thereby made not
to scale deleteriously with the number of degrees of freedom, and the cost is comparable to
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that of the single-point energy calculation. Chain-rule differentiations through the common
transformed Hamiltonian̄H amplitudes exploit the parts of the gradient that are the same
for all CCSD/PT-based methods, and the unified modular structure allows reuse of many
sections of implemented computer code. In particular, (nearly) all of the (ST)EOM-variant
dependence is isolated in the intermediate density matrixD̄, and the remainder of the gra-
dient calculation then proceeds essentially identically to that of a ground-state CC/MBPT
gradient.

The detailed algebraic equations for the Lagrange multipliers and for the effective and
intermediate density matrices were derived from the input algebraic energy functionals
through a straight symbolic algebraic treatment usingSMART. TheSMART package was
developed in theMathematica programming language, and key features and examples were
considered here. More discussion of its central canonical-ordering function and its function
for extracting external-index permutational symmetry can be found in reference[166]. The
availability of such an automated manipulation program greatly facilitates the derivation
process, eliminating the need to treat the detailed algebraic derivative expressions or the
associated diagrams (and even theabstract derivative expressions themselves) tediously by
hand. The generalSMART toolkit can be applied to manipulate a variety of tensor algebraic
expressions directly. Besides the gradient work described here, the package was also em-
ployed in exploring the cumulant expansion of the Contracted Schrödinger Equation[167]
and in other unpublished work.

With an efficient implementation of the analytical first derivative, the STEOM-CCSD/PT
methods should begin to find wider application in the characterization of excited-state sur-
faces and the prediction of electronic spectra for a variety of difficult systems. The first
extended example of analytical STEOM gradients has already been presented[15] in the
application of DIP-STEOM-CCSD to the photoelectron spectrum (the cation states) of
the somewhat notorious symmetry-breaking NO3 radical. The analytical gradient for the
DEA-STEOM-CCSD method has also recently been applied in the difficult (NO)2 dimer
system[17].
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Abstract
The generalized Sturmian method is applied to autoionizing states of atoms and ions. If the Goscinskian basis sets
allow for a sufficient amount of angular correlation, the calculated energies of doubly-excited (autoionizing) states
are found to agree well with the few available experimental energies. A large-Z approximation is discussed, and
simple formulas are derived which are valid not only for autoionizing states, but for all states of an isoelectronic
atomic series. Diagonalization of a small block of the interelectron repulsion matrix yields roots that can be used
for a wide range ofZ values.
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1. THE GENERALIZED STURMIAN METHOD FOR SOLVING
MANY-PARTICLE SCHRÖDINGER EQUATIONS

If atomic units are used, the non-relativistic many-particle Schrödinger equation can be
written in the form

(1)

[
−1

2

N∑
j=1

1

mj

∇2
j + V (x)− Eκ

]
Ψκ(x) = 0.

In equation(1), x is the 3N -dimensional vector

(2)x ≡ {x1, x2, . . . , xN },
wherexj = {xj , yj , zj } is the 3-dimensional Cartesian coordinate vector of thej th par-
ticle. The termV (x) is a potential representing interparticle interactions and externally
applied fields. It is usual to solve the many-particle Schrödinger equation by representing
the solutionΨκ(x) as a superposition of basis functions:

(3)Ψκ(x) =
∑
ν

Φν(x)Bν,κ .

ADVANCES IN QUANTUM CHEMISTRY, VOLUME 49 © 2005 Elsevier Inc.
ISSN: 0065-3276 DOI: 10.1016/S0065-3276(05)49002-4 All rights reserved
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In the generalized Sturmian method, the basis functionsΦν(x) are chosen to be solutions
of an approximate Schrödinger equation of the form

(4)

[
−1

2

N∑
j=1

1

mj

∇2
j + βνV0(x)− Eκ

]
Φν(x) = 0,

whereβνV0(x) is a weighted zeroth-order potential. The constant weighting factorsβν are
especially chosen in such a way that all of the functionsΦν are isoenergetic, all correspond-
ing to the energyEκ , which is the energy of the stateΨκ that they are used to represent.
The advantage of such an isoenergetic basis set is that in the asymptotic limit where bothV

andV0 become small, all of the basis functions obey the same Schrödinger equation asΨκ ,
because whenV ≈ 0 andV0 ≈ 0, equations(1) and (4)become

(5)

[
−1

2

N∑
j=1

1

mj

∇2
j − Eκ

]
Φν(x) ≈ 0

and

(6)

[
−1

2

N∑
j=1

1

mj

∇2
j − Eκ

]
Ψκ(x) ≈ 0.

Thus all the basis functionsΦν have the correct asymptotic behaviour and all have turning
points at positions such that they can contribute usefully to the synthesis ofΨκ . By contrast,
the functions in conventional basis sets usually correspond to a variety of energies, and
many have inappropriate turning points.

2. THE HISTORY OF GENERALIZED STURMIANS

One of the first quantum mechanical problems to be solved exactly was the non-relativistic
Schrödinger equation of a hydrogenlike atom. It occurred to early workers in the field that
hydrogenlike orbitals might be used as building blocks to construct solutions for more com-
plicated problems. However, it quickly became apparent that sets of hydrogenlike orbitals
were unsuitable for this purpose because they lack completeness unless continuum states
are included, and inclusion of the continuum makes calculations much more difficult.

The way out of this difficulty was discovered by Shull and Löwdin[1], who introduced
basis functions which were formally identical to hydrogenlike orbitals but withZ/n re-
placed by a constantk, the constant being the same for all the functions in the basis set.
These authors were able to show basis sets of this type are complete without the inclusion
of the continuum, and that they obey potential-weighted orthonormality relations. Basis
sets of the Shull–Löwdin type were namedSturmians by Rotenberg[2,3], who wished to
emphasize their connection with Sturm–Liouville functional theory.

The momentum-space properties of Sturmians and generalized Sturmians have been ex-
tensively studied by Shibuya, Wulfman, Judd, Aquilanti, Koga and others[6–19], building
on the early work of V. Fock[4,5]. These authors were able to derive many extremely el-
egant and useful relationships between Sturmian basis sets and hyperspherical harmonics.
Weniger[20] has also pointed out relationships of Sturmians to Sobolev basis sets.
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In 1968, Osvaldo Goscinski of Uppsala University completed an important study gen-
eralizing the concept of Sturmian basis sets[21]. He considered solutions of a general
Schrödinger equation of the form shown in equation(4), with a weighted potentialβνV0(x),
the weighting factorsβν being chosen in such a way as to make the set of solutions isoen-
ergetic. Goscinski called this theconjugate eigenvalue problem, i.e. instead of a set of
energies, the conjugate eigenvalues in equation(4) are the set of weighting factorsβν .
With N = 1,V0 = −Z/r, Ek = −k2/2, andβν = nk/Z, the solutions to equation(4) are
the widely-used Coulomb Sturmian functions of Shull and Löwdin. However, the concept
discussed by Goscinski is much more general. He was able to show that whenβν �= βν′ ,
Φν′ andΦν obey a potential-weighted orthonormality relation. For the familiar one-particle
Coulomb Sturmians, this orthonormality relation has the form

(7)
∫

dx Φ∗
ν′(x)V0(x)Φν(x) = δν′,ν

2Eκ

βν

.

It is convenient to normalize generalized Sturmian basis sets in such a way that(7) holds
in all cases.

Generalized Sturmians can be applied to a wide variety of problems in atomic and mole-
cular quantum theory[22–43].

3. ATOMIC CALCULATIONS

Atomic calculations using generalized Sturmians are particularly simple because if the
zeroth-order potential in equation(4) is chosen to be the nuclear attraction potential

(8)V0(x) = −
N∑

j=1

Z

rj
,

then an exact solution is given by the Slater determinant[21]

(9)Φν(x) = |χn,l,m,msχn′,l′,m′,m′
s
χn′′,l′′,m′′,m′′

s
. . . |.

In (9), χn,l,m,ms is a hydrogenlike spin-orbital with an effective charge

(10)Qν = βνZ =
( −2Eκ

1
n2 + 1

n′ 2 + · · ·
)1/2

.

The effective chargeQν is used for all the spin-orbitals in the configurationΦν(x), and
each configuration has its own effective charge. To see that(9)will then be an exact solution
to (4), we note that the one-electron hydrogenlike spin-orbitals obey

(11)

[
−1

2
∇2
j + Q2

ν

2n2
− Qν

rj

]
χn,l,m,ms (xj ) = 0.

Thus applying the kinetic energy operator toΦν gives[
−1

2

N∑
j=1

∇2
j

]
Φν(x) =

[
−Q2

ν

2

(
1

n2
+ 1

n′ 2
+ · · ·

)
+ Qν

r1
+ Qν

r2
+ · · ·

]
Φν(x)

(12)= [
Eκ − βνV0(x)

]
Φν(x)

and thus we see that(4) is satisfied.
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It is convenient to introduce the notation

(13)pκ ≡ √−2Eκ

and

(14)Rν ≡
√

1

n2
+ 1

n′ 2
+ · · · .

With these definitions, equation(10)can be written in the form

(15)Qν = βνZ = pκ

Rν

while from(13)we have

(16)Eκ = −p2
κ

2
.

For atomic calculations in the non-relativistic limit, in the absence of external fields,
neglecting spin-orbit coupling and neglecting motion of the nucleus, the potential in equa-
tion (1) is given by

(17)V (x) = V0(x)+ V ′(x) = −
N∑

j=1

Z

rj
+

N∑
i>i

N∑
i=1

1

rij
.

We now introduce the definitions

(18)T 0
ν′,ν ≡ − 1

pκ

∫
dx Φ∗

ν′(x)V0(x)Φν(x)

and

(19)T ′
ν′,ν ≡ − 1

pκ

∫
dx Φ∗

ν′(x)V
′(x)Φν(x).

From the potential-weighted orthonormality relations(7) it follows that

(20)T 0
ν′,ν = δν′νZRν .

Thus we see that the nuclear attraction matrixT 0
ν′,ν is independent ofpκ and hence also in-

dependent of the energyEκ . Similarly it can be shown[34] that the interelectron repulsion
matrix T ′

ν′,ν , defined by(19), is also independent ofpκ andEκ . Two remarks need to be
made concerning equations(7), (9) and (20): Firstly, the configurations defined by(9) are
already properly normalized[34]. No special normalization needs to be made. Secondly,
in atomic calculations(7) holds even whenν′ �= ν does not implyβν′ = βν .

The evaluation of the interelectron repulsion matrixT ′
ν′,ν is made somewhat more dif-

ficult by the fact that each configuration has its own effective chargeQν . For this reason,
radial orthonormality cannot be assumed between the hydrogenlike spin-orbitalsχn,l,m,ms

belonging to different configurations, and generalized Slater–Condon rules must be used,
as has been discussed by us in previous papers[37–39].

We are now in a position to derive the generalized Sturmian secular equations. Substi-
tuting (3) into (1), we have

(21)
∑
ν

[
−1

2

N∑
j=1

∇2
j + V (x)− Eκ

]
Φν(x)Bν,κ = 0.
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We next make use of the fact that all of the Goscinskian configurationsΦν in our basis set
obey equation(4). Thus(21)can be rewritten in the form

(22)
∑
ν

[
V (x)− βνV0(x)

]
Φν(x)Bν,κ = 0.

(Notice that the kinetic energy term has now disappeared!) The next step is to multiply(22)
from the left by a conjugate configuration from our basis set and to integrate over all space
and spin coordinates:

(23)
∑
ν

∫
dx Φ∗

ν′(x)
[
V (x)− βνV0(x)

]
Φν(x)Bν,κ = 0.

If we now make use of equations(16)–(20)and divide bypκ , we obtain the set of general-
ized Sturmian secular equations

(24)
∑
ν

[δν′,νZRν + T ′
ν′,ν − pκδν′,ν]Bν,κ = 0.

The secular equations shown in(24) differ greatly from the conventional set of equations
that would be used to diagonalize the Hamiltonian of a system, and they have several
remarkable features:

1. The kinetic energy term has vanished.
2. The matrix representing the nuclear attraction potential is diagonal.
3. The eigenvalues are not energies but values of the scaling parameterpκ , which is pro-

portional to the square root of the binding energy.
4. The basis set is not completely determined before the secular equations have been

solved. Only the form of the basis set is known, but not the scaling parameter. By solv-
ing (24), one obtains simultaneously a spectrum of energies, an optimal basis set for
each energy, and the wave functions of all the states.

The parameterpκ , defined by equation(13), plays the role of a scaling parameter for the
basis set because the effective nuclear chargesQν = pκ/Rν are proportional topκ . Every-
where thatrj appears in radial parts of the spin-orbitalsχn,l,m,ms , the radius is multiplied
by pκ . For example, the Slater exponents that appear in the spin-orbitals have the form
exp[−pκrj /(nRν)]. The orbitals corresponding to small values ofpκ are diffuse, while
those corresponding to large values are localized in the vicinity of the nucleus. Since small
values ofpκ are associated with small values of the binding energy|Eκ |, the highly excited
states of the atom are represented with the help of a diffuse basis set, while the ground state
and less highly excited states are represented using more localized basis sets. Qualitatively,
we can see that this is what we want. It turns out that quantitatively the scaling parameters
that result from the solution of the generalized Sturmian secular equations(24) are almost
exactly the ones needed to produce optimal basis sets, i.e. the scaling factors are, to a very
close approximation, the ones that would be found by variational optimization of the ba-
sis. In the generalized Sturmian method, the time-consuming optimization of a basis set
for each state is performed automatically for all states when the secular equations(24) are
solved. This feature of the method makes it very suitable for the rapid calculation of large
numbers of excited states of few-electron atoms.
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4. SYMMETRY-ADAPTED BASIS FUNCTIONS FOR
THE 2-ELECTRON ISOELECTRONIC SERIES

In studies of singly-excited states of the 2-electron isoelectronic series, we introduced an-
gular correlation in the hope of improving the accuracy of our results. The accuracy of the
ground state and of the lower singly-excited states was slightly improved by the inclusion
of angular correlation[42]. However, looking closely at our results, we realized that basis
sets allowing for large amounts of angular correlation dramatically improved the accuracy
of the doubly-excited (autoionizing) states. Comparing our results with the few available
experimental energies for autoionizing states[44–47], we found very good agreement, pro-
vided that our basis sets allowed for angular correlation up tolmax = 4 or lmax = 5. Our
calculated energies for some3S autoionizing states of the 2-electron isoelectronic series
are shown inTables 1–4andFigs. 1–3.

In order to include angular correlation efficiently, we made use of symmetry-adapted
basis functions of the Russell–Saunders type, i.e. eigenfunctions of the total orbital angular
momentum operatorL2 and itsz-componentLz, and of the total spin operatorS2 and its
z-componentSz. These symmetry-adapted basis functionsηj were constructed as sums of
primitive configurations of the type shown in equation(9), the coefficients in the sum being
products of two Clebsch–Gordan coefficients, one for orbital angular momentum and the
other for spin:

(25)ηj (x) =
∑
ν

Φν(x)Cν,j ,

where

(26)Cν,j ≡
(

l l′ L

m m′ M

)( 1
2

1
2 S

ms m′
s MS

)
and whereν stands for the set of indices

(27)ν ≡ {n, l,m,ms; n′, l′,m′,m′
s}

while

(28)j ≡ {n, l; n′, l′;L,M; S,MS}.
For the 2-electron case, the primitive configurations have the form

(29)Φν(x) ≡ |χn,l,m,msχn′,l′,m′,m′
s
|.

Because of the unitarity of the Clebsch–Gordan coefficients we have

(30)C†C = I.

If we use a tilde to denote matrices based on the symmetry-adapted functionsηj , we have
for the transformed nuclear attraction matrix:

(31)T̃ 0 = C†T 0C.

Making use of(20)and(30), we obtain

(32)T̃ 0
j ′,j = δj ′,jZRj .
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Table 1. Doubly-excited (autoionizing)3S states of the 2-electron isoelectronic series with
n = 2 andn′ = 3,4,5. See alsoFig. 1

2s3s3S 2p3p3S 2s4s3S 2p4p3S 2s5s3S 2p5p3S

C4+ −6.1198 −5.9299 −5.3750 −5.2906 −5.0469 −5.0028
expt. −6.1221 −5.9299

N5+ −8.4020 −8.1756 −7.3629 −7.2614 −6.9017 −6.8484
expt. −8.4058 −8.1768

O6+ −11.0452 −10.7824 −9.6633 −9.5447 −9.0464 −8.9839
expt. −11.0545 −10.7869

F7+ −14.0496 −13.7504 −12.2762 −12.1405 −11.4812 −11.4095
expt. −14.0616 −13.7556

Ne8+ −17.4151 −17.0795 −15.2017 −15.0488 −14.2059 −14.1251
expt. −17.4350 −17.0905

Na9+ −21.1417 −20.7697 −18.4396 −18.2696 −17.2207 −17.1307
expt. −21.1749 −20.7888

Mg10+ −25.2295 −24.8210 −21.9900 −21.8030 −20.5255 −20.4264
expt. −25.2767 −24.8504

Al11+ −29.6783 −29.2334 −25.8529 −25.6488 −24.1203 −24.0121
expt. −29.7450 −29.2761

Si12+ −34.4883 −34.0069 −30.0284 −29.8072 −28.0050 −27.8877
expt. −34.5809 −34.0654

P13+ −39.6593 −39.1416 −34.5163 −34.2780 −32.1798 −32.0534
expt. −39.7833 −39.2138

S14+ −45.1915 −44.6373 −39.3167 −39.0614 −36.6446 −36.5091
expt. −45.3567 −44.7298

Cl15+ −51.0848 −50.4942 −44.4296 −44.1573 −41.3994 −41.2548
expt. −51.2969 −50.6131

Ar16+ −57.3392 −56.7122 −49.8551 −49.5656 −46.4442 −46.2905
expt. −46.3829 −45.6295

K17+ −63.9547 −63.2913 −55.5930 −55.2865 −51.7790 −51.6162
expt. −64.2961 −63.4726

Ca18+ −70.9313 −70.2315 −61.6434 −61.3199 −57.4038 −57.2320
expt. −71.3560 −70.4479

Sc19+ −78.2690 −77.5329 −68.0064 −67.6657 −63.3186 −63.1377
expt. −78.7497 −77.7470

Ti20+ −85.9678 −85.1953 −74.6818 −74.3241 −69.5234 −69.3334
expt. −85.4971
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Fig. 1. Eκ/Z
2 in Hartrees as a function ofZ for the first series of doubly-excited3S

states of the 2-electron isoelectronic series (Table 1). For this series,n = 2, while
n′ = 3,4,5,6, . . . . In the large-Z limit, Eκ/Z

2 approaches theZ-independent value,
−R2

ν/2.

Thus the nuclear attraction matrix is still diagonal in the symmetry-adapted representation.
The symmetry-adapted interelectron repulsion matrix

(33)T̃ ′ = C†T ′C

is block-diagonal, the blocks being labeled by particular values of the quantum numbers
L, M, S, andMS . The secular equation for diagonalizing one of the blocks

(34)
∑

j⊂L,M,S,MS

[δj ′,jZRj + T̃ ′
j ′,j − pκδj ′,j ]B̃j,κ = 0

has a lower dimension than the unsymmetrized secular equation(24), and thus the di-
agonalization can be quickly performed for many values ofZ. Furthermore, by using
symmetry-adapted basis functions one can identify the states

(35)Ψκ(x) =
∑
j

ηj (x)B̃j,κ

more easily, since values ofL, M, S, andMS characterize each of the particular blocks
being diagonalized.

As mentioned above,Tables 1–4andFigs. 1–3show doubly-excited (autoionizing)3S
states of the 2-electron isoelectronic series, calculated using a symmetry-adapted basis set
which allowed for angular correlation up tolmax = 5. There were 145 functionsηj in
this basis. Having constructed the transformed interelectron repulsion matrixT̃ ′

j ′,j , and the
transformed nuclear attraction matrixRj δj ′,j , we were able to use the same matrices to
obtain all of the states shown in these tables and figures (as well as the singly excited3S
states, which are not shown) by solving equation(34) for various values ofZ.
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Table 2. Autoionizing3S states of heliumlike atoms withn = 3 andn′ = 4, 5. SeeFig. 2

3s4s3S 3p4p3S 3d4d3S 3s5s3S 3p5p3S 3d5d3S

C4+ −2.9372 −2.8729 −2.7660 −2.5788 −2.5402 −2.4867
N5+ −4.0338 −3.9576 −3.8293 −3.5368 −3.4908 −3.4260
O6+ −5.3040 −5.2159 −5.0662 −4.6459 −4.5924 −4.5164
F7+ −6.7477 −6.6478 −6.4768 −5.9061 −5.8452 −5.7579
Ne8+ −8.3651 −8.2534 −8.0609 −7.3175 −7.2491 −7.1505
Na9+ −10.1561 −10.0325 −9.8187 −8.8799 −8.8041 −8.6942
Mg10+ −12.1207 −11.9852 −11.7501 −10.5934 −10.5101 −10.3890
Al11+ −14.2590 −14.1116 −13.8551 −12.4581 −12.3673 −12.2349
Si12+ −16.5708 −16.4116 −16.1337 −14.4739 −14.3757 −14.2319
P13+ −19.0562 −18.8851 −18.5860 −16.6408 −16.5351 −16.3801
S14+ −21.7153 −21.5323 −21.2118 −18.9588 −18.8456 −18.6793
Cl15+ −24.5480 −24.3531 −24.0113 −21.4279 −21.3073 −21.1297
Ar16+ −27.5542 −27.3475 −26.9844 −24.0481 −23.9200 −23.7312
K17+ −30.7341 −30.5155 −30.1310 −26.8194 −26.6839 −26.4838
Ca18+ −34.0876 −33.8572 −33.4513 −29.7419 −29.5989 −29.3875
Sc19+ −37.6147 −37.3724 −36.9452 −32.8154 −32.6650 −32.4423
Ti20+ −41.3154 −41.0612 −40.6128 −36.0401 −35.8822 −35.6482
V21+ −45.1898 −44.9237 −44.4539 −39.4159 −39.2505 −39.0053
Cr22+ −49.2377 −48.9598 −48.4686 −42.9428 −42.7699 −42.5134
Mn23+ −53.4593 −53.1695 −52.6570 −46.6208 −46.4404 −46.1727
Fe24+ −57.8544 −57.5527 −57.0189 −50.4499 −50.2621 −49.9831
Co25+ −62.4232 −62.1096 −61.5545 −54.4301 −54.2348 −53.9446
Ni26+ −67.1656 −66.8402 −66.2637 −58.5614 −58.3587 −58.0572
Cu27+ −72.0816 −71.7443 −71.1465 −62.8439 −62.6337 −62.3209
Zn28+ −77.1712 −76.8220 −76.2029 −67.2774 −67.0598 −66.7357

Fig. 2. Eκ/Z
2 as a function ofZ for the second series of doubly-excited3S states of

heliumlike atoms and ions (Table 2). For this series,n = 3, whilen′ = 4,5,6,7, . . . .
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Table 3. The third series of heliumlike autoionizing states. Heren = 4, whilen′ = 5,6.
These states correspond to the lowest curves inFig. 3

4s5s3S 4p5p3S 4d5d3S 4f5f 3S 4s6s3S 4p6p3S

C4+ −1.7339 −1.7058 −1.6637 −1.5960 −1.5350 −1.5153
N5+ −2.3813 −2.3482 −2.2980 −2.2163 −2.1064 −2.0830
O6+ −3.1312 −3.0930 −3.0349 −2.9391 −2.7682 −2.7410
F7+ −3.9836 −3.9404 −3.8743 −3.7644 −3.5202 −3.4893
Ne8+ −4.9386 −4.8902 −4.8161 −4.6922 −4.3625 −4.3279
Na9+ −5.9960 −5.9426 −5.8605 −5.7226 −5.2950 −5.2568
Mg10+ −7.1559 −7.0974 −7.0073 −6.8554 −6.3179 −6.2759
Al11+ −8.4183 −8.3548 −8.2566 −8.0907 −7.4310 −7.3853
Si12+ −9.7832 −9.7146 −9.6085 −9.4286 −8.6344 −8.5850
P13+ −11.2507 −11.1770 −11.0628 −10.8689 −9.9281 −9.8750
S14+ −12.8206 −12.7418 −12.6197 −12.4118 −11.3120 −11.2552
Cl15+ −14.4930 −14.4092 −14.2790 −14.0571 −12.7863 −12.7258
Ar16+ −16.2679 −16.1790 −16.0408 −15.8050 −14.3508 −14.2866
K17+ −18.1453 −18.0513 −17.9051 −17.6554 −16.0056 −15.9377
Ca18+ −20.1252 −20.0262 −19.8720 −19.6082 −17.7506 −17.6790
Sc19+ −22.2077 −22.1035 −21.9413 −21.6636 −19.5860 −19.5107
Ti20+ −24.3926 −24.2834 −24.1131 −23.8214 −21.5116 −21.4326
V21+ −26.6800 −26.5657 −26.3875 −26.0818 −23.5275 −23.4448
Cr22+ −29.0699 −28.9506 −28.7643 −28.4447 −25.6337 −25.5472
Mn23+ −31.5623 −31.4379 −31.2436 −30.9100 −27.8301 −27.7400
Fe24+ −34.1573 −34.0278 −33.8254 −33.4779 −30.1169 −30.0230
Co25+ −36.8547 −36.7201 −36.5098 −36.1483 −32.4939 −32.3963
Ni26+ −39.6546 −39.5149 −39.2966 −38.9211 −34.9612 −34.8599
Cu27+ −42.5570 −42.4123 −42.1859 −41.7965 −37.5187 −37.4137
Zn28+ −45.5619 −45.4121 −45.1777 −44.7744 −40.1666 −40.0579

Fig. 3. This figure is similar toFigs. 1 and 2, but it shows the third series of autoionizing
3S states (Table 3). For this seriesn = 4, whilen′ = 5,6,7,8, . . . .
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Table 4. The fourth series of heliumlike3S autoionizing states

5s6s3S 5p6p3S 5d6d3S 5f6f 3S 5g6g3S 5s7s3S

C4+ −1.1467 −1.1322 −1.1116 −1.0806 −1.0341 −1.0252
N5+ −1.5749 −1.5577 −1.5334 −1.4967 −1.4401 −1.4073
O6+ −2.0708 −2.0511 −2.0230 −1.9806 −1.9138 −1.8498
F7+ −2.6345 −2.6122 −2.5803 −2.5322 −2.4554 −2.3527
Ne8+ −3.2660 −3.2411 −3.2055 −3.1517 −3.0648 −2.9160
Na9+ −3.9653 −3.9378 −3.8984 −3.8389 −3.7420 −3.5397
Mg10+ −4.7323 −4.7022 −4.6591 −4.5939 −4.4870 −4.2238
Al11+ −5.5672 −5.5344 −5.4875 −5.4166 −5.2998 −4.9684
Si12+ −6.4698 −6.4344 −6.3838 −6.3071 −6.1804 −5.7733
P13+ −7.4402 −7.4022 −7.3478 −7.2655 −7.1288 −6.6387
S14+ −8.4783 −8.4378 −8.3796 −8.2916 −8.1450 −7.5644
Cl15+ −9.5842 −9.5411 −9.4792 −9.3854 −9.2289 −8.5506
Ar16+ −10.7580 −10.7122 −10.6465 −10.5471 −10.3807 −9.5972
K17+ −11.9995 −11.9511 −11.8817 −11.7765 −11.6002 −10.7042
Ca18+ −13.3087 −13.2578 −13.1846 −13.0737 −12.8875 −11.8715
Sc19+ −14.6858 −14.6323 −14.5553 −14.4387 −14.2426 −13.0993
Ti20+ −16.1306 −16.0745 −15.9937 −15.8715 −15.6654 −14.3876
V21+ −17.6432 −17.5845 −17.5000 −17.3720 −17.1561 −15.7362
Cr22+ −19.2236 −19.1623 −19.0740 −18.9403 −18.7145 −17.1452
Mn23+ −20.8717 −20.8078 −20.7158 −20.5764 −20.3407 −18.6146
Fe24+ −22.5877 −22.5212 −22.4254 −22.2803 −22.0347 −20.1445
Co25+ −24.3714 −24.3023 −24.2027 −24.0519 −23.7965 −21.7347
Ni26+ −26.2229 −26.1512 −26.0479 −25.8914 −25.6260 −23.3854
Cu27+ −28.1421 −28.0678 −27.9608 −27.7986 −27.5233 −25.0965
Zn28+ −30.1292 −30.0523 −29.9415 −29.7735 −29.4884 −26.8679

5. THE LARGE- Z APPROXIMATION

It is interesting to ask what happens to the solutions of(24) and(34) when the nuclear
chargeZ becomes very large: AsZ becomes large, interelectron repulsion becomes pro-
gressively less important in relation to nuclear attraction. In the extreme high-Z limit
interelectron repulsion can be entirely neglected,(24) is already diagonal, and the ener-
gies are given by

(36)Eκ → −1

2
(ZRν)

2 = − Z2

2n2
− Z2

2n′ 2
− Z2

2n′′ 2
− · · · ,

i.e. they are the energies ofN entirely independent electrons in the attractive potential of
the nucleus. If all of then’s are unequal, the degeneracy in the extreme high-Z limit is
2n2 × 2n′ 2 × 2n′′ 2 × · · ·, since this is the number of configurations corresponding to the
same value ofRν . If two or more of then’s are equal, the degeneracy will be less than
this, since some states are forbidden by the Pauli principle. As one moves back from the
extreme high-Z limit towards lower values ofZ, the degeneracy is partially removed by
interelectron repulsion. IfZ is very large but finite, interelectron repulsion hybridizes the
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degenerate set of states corresponding to a particular value ofRν . One can find the coeffi-
cients for this hybridization by diagonalizing the block of the interelectron repulsion matrix
T ′
ν′,ν corresponding to this particular degenerate value of the nuclear attraction matrix, i.e.

by solving

(37)
∑

ν⊂n,n′,...
[T ′

ν′,ν − λκδν′,ν]Bν,κ = 0

since the eigenvectors of a matrix are unaffected by the addition to it of any multiple of the
unit matrix. The eigenvalues all are shifted by a constant amount. Thus for large but finite
values ofZ we have from(37), (24)and (16),

(38)Eκ ≈ −1

2
(ZRν + λκ)

2,

whereλκ is a root of equation(37). The large-Z approximation consists in the limitation
of the basis set to the set of configurations corresponding to a particular value ofRν . The
root λκ is an exact root of(37) with this limited basis set, and, with the same limitation,
ZRν + λκ is an exact root of(24). Because of the minus sign in the definition ofT ′

ν′,ν , its
rootsλκ are always negative. Thus, as we would expect, the effect of interelectron repulsion
is to decrease the binding energy. To make this point more apparent, we can write

(39)Eκ ≈ −1

2

(
ZRν − |λκ |

)2
.

One can also find the large-Z limit by diagonalizing blocks of the symmetry-transformed
interelectron repulsion matrix̃T ′

j ′,j , using a basis consisting only of those symmetry-
adapted functionsηj which correspond to a particular value ofRj . These blocks will of
course be much smaller than the ones appearing in equation(37). The advantage in using
equation(37) is that one obtains simultaneously all of the roots of anRν-block, regardless
of their symmetry. Such a calculation is extremely rapid because anRν-block of T ′

ν′,ν is
very sparse.

The remarks in this section hold not only for autoionizing states but for any state what-
ever of an isoelectronic atomic series in the high-Z domain.

6. RANGE OF VALIDITY OF THE LARGE- Z APPROXIMATION

In Table 5, the |λκ | values corresponding to3S terms are the ones which are needed to
construct approximate curves representingEκ/Z

2 as a function ofZ for comparison with
the curves shown inFig. 1. For example, the approximate curve corresponding to the lowest
curve inFig. 1 is given by

(40)Eκ ≈ −1

2

(
Z

√
1

22
+ 1

32
− 0.108252

)2

while the second lowest approximate curve is given by

(41)Eκ ≈ −1

2

(
Z

√
1

22
+ 1

32
− 0.168814

)2
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Table 5. Eigenvalues of the 2-electron interelectron repulsion ma-
trix T ′

ν′,ν for S = 1,MS = 1, n = 2 andn′ = 3,4,5

n′ = 3 term n′ = 4 term n′ = 5 term
|λκ | |λκ | |λκ |
0.108252 3S 0.077484 3S 0.056075 3S
0.134734 3P 0.087582 3P 0.065019 3P
0.135408 3D 0.090845 3D 0.061128 3P
0.138421 3P 0.093401 3P 0.063370 3D
0.155155 3F 0.099235 3F 0.067758 3F
0.160439 3P 0.099991 3P 0.067934 3P
0.165613 3D 0.104253 3D 0.070494 3D
0.168814 3S 0.106271 3D 0.071269 3D
0.173917 3D 0.107976 3S 0.072413 3F
0.186893 3P 0.108188 3F 0.072857 3S

0.111210 3G 0.073295 3G
0.111264 3F 0.073588 3G
0.113313 3P 0.073920 3F
0.114381 3D 0.074306 3G

0.074578 3H
0.074963 3F
0.075173 3P
0.075545 3D

and the third lowest by

(42)Eκ ≈ −1

2

(
Z

√
1

22
+ 1

42
− 0.077484

)2

and so on. These curves are shown by solid lines inFig. 4, while the dots represent points
calculated with the full basis set. FromFig. 4 it can be seen that the lowest curve is ap-
proximately valid even for very low values ofZ, while the higher curves begin to lose
accuracy whenZ is between 10 and 20, although they retain rough validity for lowerZ

values. This behaviour can be understood by remembering that for the higher curves, the
Rν values of neighbouring blocks become closer together, and therefore interelectron re-
pulsion is better able to introduce hybridization between neighbouringRν-blocks. Such
inter-block hybridization is neglected in the large-Z approximation, which limits the basis
set to a particularRν-block.

We said in the previous section that all of the remarks contained in the section hold for
any state whatever of an atomic isoelectronic series in the large-Z domain. To illustrate
this point, we have constructed the roots of the carbonlike 6-electron block with

(43)Rν =
√

2

12
+ 4

22
= √

3,
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Fig. 4. The large-Z approximation forEκ/Z
2 as a function ofZ (smooth curves) is com-

pared in this figure with values calculated using the full basis set (dots). The curves in the
figure, starting from the bottom, correspond to 2s3s3S states, equation(40), 2p3p3S states,
equation(41), and so on. See alsoTable 1andFig. 1.

Table 6. Eigenvalues ofT ′
ν′,ν for the carbonlikeRν = √

3 block

|λκ | term degen. configuration

1.88151 3P 9 0.994467(1s)2(2s)2(2p)2+0.105047(1s)2(2p)4

1.89369 1D 5 0.994467(1s)2(2s)2(2p)2−0.105047(1s)2(2p)4

1.90681 1S 1 0.979686(1s)2(2s)2(2p)2+0.200537(1s)2(2p)4

1.91623 5S 5 (1s)2(2s)(2p)3

1.95141 3D 15 (1s)2(2s)(2p)3

1.96359 3P 9 (1s)2(2s)(2p)3

1.98389 3S 3 (1s)2(2s)(2p)3

1.98524 1D 5 (1s)2(2s)(2p)3

1.99742 1P 3 (1s)2(2s)(2p)3

2.04342 3P 9 0.105047(1s)2(2s)2(2p)2−0.994467(1s)2(2p)4

2.05560 1D 5 0.105047(1s)2(2s)2(2p)2+0.994467(1s)2(2p)4

2.07900 1S 1 0.200537(1s)2(2s)2(2p)2−0.979686(1s)2(2p)4

i.e. the block with 2 electrons in then = 1 shell and 4 electrons in then = 2 shell.Table 6
shows the roots of the interelectron repulsion matrixT ′

ν′,ν for this block together with the
terms, degeneracies and electron configurations to which they correspond.

Table 7shows a comparison between the energiesEκ generated from

(44)Eκ ≈ −1

2

(
Z

√
2

12
+ 4

22
− |λκ |

)2

using the|λκ | values inTable 6and experimental energies taken from reference[44]. As
can be seen from the table, the number of accurate significant figures improves with in-
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Table 7. The approximate validity of the large-Z approximation is illustrated here for the
carbonlike 6-electron isoelectronic series. The roots of the 112222 block,Table 6, were
substituted into equation(44) to generate the calculated energies in Hartrees. The experi-
mental energies were taken from the NIST tables[44]

3P 1D 1S 5S 3D 3P

C −36.217 −36.113 −36.002 −35.922 −35.624 −35.522
expt. −37.856 −37.809 −37.757 −37.702 −37.564 −37.513

N+ −52.458 −52.333 −52.199 −52.103 −51.744 −51.621
expt. −54.078 −54.008 −53.929 −53.865 −53.658 −53.580

O2+ −71.699 −71.553 −71.396 −71.284 −70.864 −70.720
expt. −73.317 −73.225 −73.121 −73.043 −72.771 −72.669

F3+ −93.940 −93.773 −93.594 −93.465 −92.985 −92.819
expt. −95.576 −95.461 −95.332 −95.238 −94.902 −94.778

Ne4+ −119.181 −118.993 −118.791 −118.646 −118.105 −117.917
expt. −120.852 −120.714 −120.561 −120.449 −120.051 −119.903

Na5+ −147.422 −147.213 −146.988 −146.827 −146.225 −146.016
expt. −149.151 −148.989 −148.812 −148.680 −148.221 −148.051

Mg6+ −178.664 −178.433 −178.186 −178.008 −177.345 −177.115
expt. −180.469 −180.283 −180.081 −179.931 −179.408 −179.217

Al7+ −212.905 −212.653 −212.383 −212.189 −211.465 −211.214
expt. −214.823 −214.610 −214.384 −214.213 −213.628 −213.414

Si8+ −250.146 −249.873 −249.580 −249.370 −248.585 −248.313
expt. −252.209 −251.968 −251.718 −251.522 −250.878 −250.642

P9+ −290.387 −290.094 −289.778 −289.551 −288.705 −288.412
expt. −292.636 −292.364 −292.089 −291.871 −291.163 −290.905

S10+ −333.628 −333.314 −332.975 −332.732 −331.825 −331.511
expt. −336.105 −335.799 −335.499 −335.257 −334.487 −334.205

Cl11+ −379.869 −379.534 −379.172 −378.913 −377.945 −377.610
expt. −382.631 −382.287 −381.962 −381.692 −380.862 −380.556

Ar12+ −429.110 −428.754 −428.370 −428.094 −427.065 −426.709
expt. −421.019 −420.631 −420.280 −419.093 −418.762

K13+ −481.351 −480.974 −480.567 −480.275 −479.185 −478.808
expt. −484.878 −484.441 −484.063 −483.736 −482.788 −482.429

Ca14+ −536.593 −536.194 −535.764 −535.456 −534.305 −533.907
expt. −540.654 −540.159 −539.753 −539.397 −538.391 −538.003

Sc15+ −594.834 −594.414 −593.961 −593.637 −592.425 −592.006
expt. −599.318 −598.756 −598.322 −597.945 −596.874 −596.454



118 J. Avery and J. Avery

creasingZ, but even at low values ofZ the approximation of equation(44) has some
qualitative validity. For example, the ground states of C, N+, O2+, etc. are predicted to be
3P states, as is confirmed by experiment, and the order of the higher states shown inTable 7
is correct. We hope to discuss the large-Z approximation in more detail in a future paper.

The programs used in this article will be made available on the following website:
http://www.ccs.ki.ku.dk/~john/.
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Abstract
This chapter is a discussion on the electronic density functions formal structure and mathematical properties.
A primary objective of this study is focused on the easy description of the quantum object concept, in connection
with the quantum similarity measures framework. Several mathematical tools are discussed concerning the de-
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1. INTRODUCTION

Early studies related toelectronic density function (eDF) structure by Löwdin[1] and
McWeeny[2–4], as well as the later contributions of several authors found in the litera-
ture within the following time period[5–8], and culminating in theholographic density
theorem of Mezey[9], form the inspirational background of the present work.

Numerous papers issued from this laboratory recently have been devoted to the devel-
opment of a specific framework able to be applied to the DF studies. Also included are
many related theoretical branches and mathematical practical aspects, in an effort to con-
struct the basis of a well-defined reference foundation ofquantum similarity (QS)[10–22].
Central to such a mathematical evolution is the presence of DF’s theoretical structure and
computational algorithms, which has dominated as a leitmotiv many of the internal aspects
of the published work. The obvious reason can be found in the fact that probability DF’s
are the basic material on whichQS measures (QSM) are essentially built. The importance
of DF within any quantum mechanical theoretical structure is, undoubtedly, a consequence
of the crucial role DF plays in its basic composition[23,24], and this leading presence has
been consequently transmitted into the general QS framework.

Within all these mentioned developments and characteristics, many aspects and prop-
erties of the DF are dispersed between varied, already published, material by this lab-
oratory [25–28]. The present chapter aims to gather together all this information, while
treating the most interesting aspects of DF general construction, structure and properties
in more depth. Such an aim corresponds, finally, to the need of having a really well-
established background, where the notion ofquantum object (QO) [29–33]obtains a solid
reference and can be unambiguously defined. Once the QO nature has been established,
the definition of QSM becomes a straightforward task. At the same time, the various pos-
sible DF forms and their main characteristics will permit us to follow the path, where at
the end can be found how to describe the approximate DF, essentially within the so-called
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atomic shell approximation (ASA). The ASA DF can be helpful in simplifying some calcu-
lations, related to the superposition problem associated with the realm ofmolecular QSM
(MQSM) [34] and for other purposes.

This prospect will be perhaps incomplete without mentioning the large amount of math-
ematical techniques, definitions and procedures related to the DF structure, which have
been aggregated into the general framework, while QS theory has been developed. For in-
stance: Tagged sets, convex conditions, generating rules, extended Hilbert spaces, vector
semispaces, diagonal representations, inward matrix products, discrete molecular represen-
tations, quantum object sets and ensembles, quantum similarity matrices, quantum similar-
ity indices, stochastic transformations, fundamentalquantum QSAR (QQSAR) equations
[35,36]and so on, are at this moment inseparable elements of the theory revolving around
the DF conceptual background axis.

Owing to these previous considerations, the present chapter will be organized in the
following way:

(A) Basic definitions will be given in order to provide the reader with a specific working
language.

(B) The general properties and the generating rules for DF will be discussed.
(C) The inward matrix product will be introduced in order to discuss the intrinsic features

of the DF structure and find the way to generally construct them.
(D) The DF discrete form generation and properties will be given and commented upon.
(E) Several examples of approximate DF forms as well as the possible method to construct

them will be provided.
(F) Extended Hilbert spaces will be introduced as a manner to obtain a new extended DF

family.
(G) Some problems related with the density and shape functions as elements of vector

semispaces are finally discussed.

2. INITIAL DEFINITIONS

Numerous introductory definitions will be used to structure the main features of the DF
theoretical background. They will try to put in a sound logical basis all the initial knowl-
edge, which can be attached to the DF formalism. In addition, several applications could
be obtained with a few fundamental items and the theory can be connected in this fashion
to the general definition of QSM.

In order to achieve this preliminary objective, first the algorithm serving to establish the
basis of the quantum mechanical background will be described.

ALGORITHM 1 (Classical Quantum Mechanics). For a given microscopic system:

(1) Construct the associated Hamilton operator:H.
(2) Compute the state energy-wave function pairs,{E;�} by solving Schrödinger equa-

tion: H� = E�.
(3) Evaluate the state DF’s,ρ = |�|2.

The third point of the previous algorithm can be studied and further developed using the
following set of definitions.
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2.1. Definitions related to the construction of DF

DEFINITION 1 (Vector Semispace). A Vector Semispace (VSS) over thepositive definite
(PD) real fieldR+, is a Vector Space (VS) with the vector addition part provided by a
structure of Abeliansemigroup.

By an additive semigroup[37] an additive group without the presence of reciprocal
elements is understood. Thus, all VSS elements can be seen as directed towards the re-
gion of the positive axis associated withall involved coordinates. It will also be accepted
that null elements can be chosen to be included in the scalar field as well as in the VSS
structure.Strict VSS (SVSS) can be the name of all those VSS, which lack null elements.
A VSS can be symbolized by means of the VS usual symbol, followed by the PD real
field identification:R+ between parenthesis, for instance:V (R+). Examples of VSS or
SVSS in theoretical chemistry are easy to furnish, because many aspects of chemical pa-
rameters are associated with an ordered PD set of scalars. An obvious molecular SVSS
subset is constituted by the ordered set of theinteratomic distances, D = {dij }, associ-
ated with the possible conformations of a given molecular structure made ofN atoms.
Indeed, the upper triangle of the distance matrix for a given conformation, ordered as an
N(N−1)/2-dimensional vector, e.g.,(d12, d13, d23, . . . , dN−1N), corresponds to an SVSS
element. Another example, belonging to a∞-dimensional space, is constituted by a set of
DF possessing an equal number of variables. Any DF, defined according the third step of
Algorithm 1, is a PD function for all variable values. PD linear combinations of DF are
still PD. This property will appear several times within this chapter.

The construction of DF, can be organized by means of simple rules, which can be easily
extended to finite-dimensional VSS.

DEFINITION 2 (Continuous generating rule). A generating rule can be easily written,
summarizing the third step of the quantum mechanicalAlgorithm 1:

(1)R(Ψ → ρ) = {∀Ψ ∈ H(C) → ∃ρ = Ψ ∗Ψ = |Ψ |2 ∈ H
(
R+)}.

In equation(1) are given explicitly the wave function Hilbert VS[6,38], H(C), and the
DF VSS,H(R+).

The next definition becomes a trivial useful symbol, which will be frequently employed
in this chapter.

DEFINITION 3 (Element sum of an (m × n) matrix A). For an(m × n) matrix A = {aij }
designated by the symbol〈A〉 it is meant:

〈A〉 =
m∑
i=1

n∑
j=1

aij .

The same summation device, as given inDefinition 3, is also aFortran 95 compiler
intrinsic feature[39]. Moreover, this symbol acts as a linear functional over matrix spaces.
It can be considered to apply also over the elements of a set where an additive operation is
defined, so one can apply it over a given setS= {si}, then:

〈S〉 = 〈{si}〉 =∑
i

si .
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The sum symbol can even be extended and employed over function spaces, where the
symbol can be exchanged by an integral. That is, it can be written:〈

ρ(r )
〉 = ∫

ρ(r ) dr .

The matrix elements summation symbol acting on arbitrary vectors or matrices, has been
defined and employed some years ago[40] to ease the mathematical notation, as well as
in order to define a mathematical symbol set, able to have an immediate translation into a
high level programming language like Fortran 95; see, for example,[39].1

The summation symbol can also be associated with a linear operator, transforming vector
semispace elements into scalars.

Also, nested summation symbols (NSS)[40] can be substituted by the sum symbol, like:

〈Z〉 =
∑

(i)z(i),

whereby:i = (i1, i2, . . . , in) is symbolized by a set ofn indices, which vary according to
the NSS:∑

(i) =
∑
i1

∑
i2

. . .
∑
in

,

and thus:∑
(i)z(i) ≡

∑
i1

∑
i2

. . .
∑
in

zi1i2...in .

From here, a particularN -dimensional form of the∞-dimensional generating rule given in
Definition 2is readily constructed, allowing the connection of finite-dimensional VS with
the infinite-dimensional ones with respect to the DF construction.

GivenW = {wi} ⊂ R+ as representing any PD real numerical set, it can be supposedly
generated using a complex coefficient set:X = {xi} ⊂ C. This can be stated in this way, as
the set of coefficientsW can be obtained as the modules of the elements ofX: wi = |xi |2,
∀i. Supposing we define a normalized column vector made with the elements ofX: x =
{xi}, then the norm〈x|x〉 = x+x = 1 also corresponds to the last normalization condition
in equation(4) below, related to a functional VSS.

For this purpose, the followingdiscrete generating rule can be described, after collecting
the elements of the setW into a column vectorw:

DEFINITION 4 (Discrete generating rule).

R(x → w) =
{
∀x ∈ VN(C) → ∃w = {

wi = x∗i xi = |xi |2
} ∈ VN

(
R+)

(2)∧ x+x =
∑

i
x∗i xi =

∑
i
|xi |2 = 1 → 〈w〉 =

∑
i
wi = 1

}
.

It is time now to describe a typical first order DF form as a first step model to study other
DF structures and extensions.

1 In Fortran 90 and 95 compilers, an intrinsic function is present, which can be employed to sum up all the
elements of a matrix. Such a compiler facility is called within the code by the function symbol written as:
SUM([Argument]), with [Argument] being any previously defined as integer, real or complexarray name.
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DEFINITION 5 (First order MO electronic DF). The first-order eDF form, as expressed
within MO theory, can be defined by means of the linear combination:

(3)ρ(r ) =
∑
i

wi

∣∣ϕi(r )
∣∣2.

Where the coefficient setW = {wi} ⊂ R+ corresponds to the real PD occupation indices
of the MO set,{ϕi(r )}. This MO eDF, for example, within the LCAO approach, can also be
written in a general way, as a double sum of products of function pairs, coupled with a set of
the so-called charge and bond order matrix coefficients; see, for instance,[41,43]. However,
a simple matrix diagonalization, followed by a unitary MO basis set transformation, can
revert any DF to the formal expression in equation(3), [6,44–46]. Using an AO basis set
χ = {χµ(r )} to construct the MO within the so-called LCAO MO technique, we get:

ϕi(r ) =
∑
µ

cµiχµ(r ),

then one can write:

ρ(r) =
∑
µ

∑
ν

Dµνχµ(r )χ∗
ν (r ) =

∑
µ

∑
ν

(∑
i

wicµic
∗
νi

)
χµ(r )χ∗

ν (r )

=
∑
i

wi

(∑
µ

cµiχµ(r )
)(∑

ν

cνiχν(r )
)∗

=
∑
i

wi

∣∣ϕi(r )
∣∣2.

Moreover, an MO unit norm convention could be also adopted:

(4)∀i,
∫

|ϕi |2 dr = 1 ⇒
∫

ρ(r) dr =
∑
i

wi

∫
|ϕi |2 dr =

∑
i

wi = 1,

and these results present the PD occupation coefficient setW = {wi} as a discrete prob-
ability distribution. When this kind of properties holds for a known set of functions, then
they can be used to construct new functions possessing the same properties. This will be
discussed below and later on in more detail in Sections2.3.2 and 5.1.

From these considerations, the concept of convexity and the definition of convex set, as
will be studied below, become necessary elements of the theory.

DEFINITION 6 (Convex conditions). By the termconvex conditions over anN -dimensional
vectorw it is formally understood:

(5)KN(w) ≡
{

w ∈ VN

(
R+) ∧ 〈w〉 =

∑
i

wi = 1

}
.

The set of the vector elements,w: W = {wi}, can be used instead in the convex conditions
symbol, that is:

(6)KN

({wi}
) ≡ {

∀i: wi ∈ R+ ∧ 〈W〉 =
∑
i

wi = 1

}
.
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Equations(5) and (6)can be considered the discrete counterparts of somecontinuous con-
vex conditions, defining a convex DF:

K∞(ρ) ≡
{
ρ ∈ H

(
R+) ∧ 〈ρ〉 =

∫
ρ(r) dr = 1

}
.

Convex sets (see, for example,[47,48]) play a leading role in optimization problems.
They have been recently introduced to deal with some chemical problems[15a] related to
shape analysis.

Elementary Jacobi rotations (EJR)[49] can be applied over a generating vector to obtain
optimal coefficients, while preserving convex conditions[51], see also Section5.2.

Convexity can be used for the construction of a new DF from a set of well-defined DFs.
Suppose a set of convex DF associated with an arbitrary but homogeneous set of variables
R is known, that is:P = {ρI (R)} ∧ ∀I : K∞(ρI ). Suppose a convex set of coefficients
W = {wI } is known, thusK (W) holds, and then the function

ρ(R) =
∑
I

wIρI (R)

is such thatK∞(ρ) holds. This is an obvious consequence of the VSS linearity.

2.2. Definitions leading to quantum similarity measures

While the previous definitions are associated with the idea of DF and the related sets shar-
ing its main properties, the set of definitions provided in this section have been used up to
now in order to construct a pathway to the definition of QSM. They start with the concepts
of Tagged Set and Tagged Ensembles.

DEFINITION 7 (Tagged sets). Let us suppose that a given set, theObject Set: S, and another
set, made of some chosen mathematical elements, which will be hereafter called tags, form
a Tag Set: T . A Tagged Set: Z , can be constructed by means of the ordered product:Z =
S × T , that is:

Z = {∀z ∈ Z | ∃σ ∈ S ∧ ∃τ ∈ T → z = (σ, τ )
}
.

For example, a given molecular set takena priori as an object set can be easily trans-
formed into a tagged set, just considering as appropriate tagsN -dimensional vectors with
their elements associated with an ordered set of properties, attached in turn to any chosen
molecule of the object set. The tags can be freely selected with respect to their information
content. For instance, they can be made of physicochemical properties such as: boiling and
melting points, molecular weight, density, solubility in several solvents, etc. However, the
adopted vector tags must behomogeneous in the sense that they must contain thesame
kind of information, ordered in thesame way, for every member of the tagged set. Also,
the construction ofBoolean tagged sets has been studied in previous papers[51–55]. En-
compassingfuzzy sets as a particular case[59], the Boolean tagged sets constitute a very
general example of how tagged sets can be built up. Boolean tagged sets are constructed
using bit strings in the Tag Set part, thus they can be considered as a reduction of the in-
formation, gathered about the Object Set part, of a great class of Tagged Sets into a binary
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tag form. This kind of transformation can be easily accomplished within molecular Tagged
Sets, as described above.

Sets made of Tagged Sets are also worthy of being described and studied. The following
definition uses the freedom of choice on the nature of the Object Set to allow the formation
of larger structures.

DEFINITION 7′ (Tagged Ensemble). A Tagged Ensemble is a Tagged Set whose Object
Set elements are Tagged Sets.

For example,quantitative structure-properties relationships (QSPR) studies could be
described as the way where a connection has to be found between tagged objects belonging
to a known tagged set and new tags, formed for instance by property values ordered as
vectors, defining a Tagged Ensemble. This superstructure may be also considered a way
to augment the information associated with a given object set. In order to describe another
example, suppose a set of molecular structures, attached to a property vector. As each
molecular structure can be associated in turn with a set of nuclear configurations, then
to each molecule there can be associated a set of conformations connected, in turn, by
means of the Born–Oppenheimer approximation, with a set of energy-DF pairs. Each set
of conformers as objects with the pairs of energy-DF acting as tags can be easily considered
as forming a tagged set. The former molecular property vector acts as a new tag attachable
to each molecular conformer tagged set, the whole structure being a tagged ensemble.

DEFINITION 8 (Quantum Object). A Quantum Object can be defined as an element of a
particular Tagged Set structure: Quantum Systems in well-defined states are taken as the
Object Set part and the corresponding quantum DF, associated with the state of the object
set elements constituting the Tag Set part.

A collection of Quantum Objects can be consequently called aQuantum Object Set
(QOS), which becomes a particular kind of tagged set. For example, a set of molecules
in well-defined nuclear conformations acting as objects can be transformed into quantum
objects by constructing a tag set made by their first order ground state DF, computed for a
fixed nuclear conformation. A set of ground state conformers of a given molecular structure
or a set of excited states can be considered a QOS, provided that each conformer or each
excited state respectively has a known homogeneous DF as a tag.Homogeneity in QOS
definition and structure has to correspond to the necessary condition consisting in that all
the DF tags, intervening in the QOS construction, shall be of the same order, being, thus,
functions with the same amount of variables.

These previous definitions lead to the possibility of easily describing in a completely
general way a QSM structure.

DEFINITION 9 (General QSM). A General QSM,γ (�), can be considered a PD multiple
scalar product defined by a contractedν-direct product of a QOS,T :

γ (�) :
ν⊗

K=1

T → R+.
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This allows us to mixν DF: {ρI (r ), I = 1, ν} of the QOST with Ω PD operators,
collected into a set,� = {ΩK(r ), K = 1,Ω}, belonging to the same VSS, for example:

(7)γ (�) =
∫ [ Ω∏

K=1

ΩK(r )

][
ν∏

I=1

ρI (r )

]
dr ,

where the coordinate vector,r , shall be taken here as a general position vector.
Equation(7) can be interpreted as a quite free system to define generalized expectation

values. A general picture of QSM was already given in references[51,60–62]. Section4.1
will describe particular practical QSM forms and Section6.1below will study in detail the
connection between QSM and expectation values.

2.3. Definitions related to the algebra of diagonal vector spaces and their
applications

Diagonal vector spaces (DVS) are not only related to the construction of general DF but
also with theinward matrix product (IMP), which will be discussed next in Section3.1.
For this reason DVS will be studied first. Another motivation to proceed in this way is
historical, because DVS were used first[54] in connection with the study of DF, before the
introduction of IMP for the same purpose.

Compared with Dirac’s bra-ket formalism, DVS, except for the possibility to have their
elements conjugated, lack the dual space distinction that bra-ket or row-column vectors
have. A possible way to overcome this situation is to construct bra-ket diagonal matrices
with the aid of a set of auxiliary matrices adopting the appropriate dimension. The follow-
ing definition will be hereafter useful.

DEFINITION 10 (Unity matrices). A unity matrix,1, is an(n×m) matrix whose elements
are entirely made of the scalar multiplicative unit element:[1]ij = 1, ∀i, j . Unity row or
columnn-dimensional vectors may be also expressed by the symbols〈1| and|1〉, respec-
tively.

Then, multiplying a given diagonal matrix by a unity matrix on the right or the left,
respectively, can generate a bra-ket structure in diagonal spaces. To see this, it is only
necessary to observe, for example, that if the diagonal matrixD = Diag(di) is defined,
then the matrix product1D generates the matrix{di |1〉}, while the product in the alternative
order isD1 ≡ {di〈1|}.

A tensorial product of two diagonal matrices can be obtained using the unity matrix of
the appropriate dimension:D ⊗ D = D1D = {didj }.

The product of diagonal matrices can be a good vehicle to construct DF with the ap-
propriate properties as discussed in the previous section. In the following section, the
technique of constructing DF within the structure of diagonal vector spaces will be out-
lined as a first step to construct general DF structures based on IMP, which will be given
later on.

2.3.1. The structure of the generating N -dimensional VS

The discrete generating rule as described inDefinition 4 is a shorthand notation for some
non-linear transformation involving the generating VS,VN(C), and the Final VSS con-
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taining the coefficient vectors,UN(R+). The lack of a simple natural operation, producing
the desired results, implicitly stated within the generating rule in the discrete case, can be
circumvented using the following scheme.

Assume such an isomorphic pair ofN -dimensional VS, which will be namedGN(C)

andFN(R+). Both can be good substitutes for the originalVN(C) andUN(R+) VS de-
scribed above, respectively. A sound isomorphism of column or row VS is constituted by
DVS, whose elements possess the structure of diagonal matrices. Let us consider that the
isomorphicGN(C) andFN(R+) VS are made of diagonal matrices. The choice has not
been arbitrary, because matrix multiplication is closed in DVS, that is: matrix products of
diagonal matrices yield diagonal matrices as a result. Moreover, diagonal matrix products
are commutative. Considering only the diagonal part of the matrix elements, and discard-
ing the off-diagonal elements, the DVS possess the same dimension as their isomorphic
column–row vector counterparts. Then, it is easy to see that using this simple isomorphic
device, both the continuous and discrete generating rules, as shown inDefinitions 2 and 4,
acquire the same formal structure. Indeed, the discrete rule in equation(2) will be rewritten
within any DVS framework, as:

RN(D → ∆) ≡ {∃D ∈ GN(C) ∧ 〈D+D
〉 =∑

i

|di |2 = 1 ⇒

(8)∆ = D+D = Diag
(|di |2) ∧ 〈∆〉 = 1 → KN(∆)

}
.

The summation symbol, which is used in this case as inDefinition 3 over the diagonal
matrixD:

〈D〉 =
∑
i

di ,

can be made equivalent to the trace of the corresponding diagonal matrix. The convex
condition, as set inDefinition 6, has to be slightly modified to take into account the new
DVS element structure:

(9)KN(∆) =
{
∆ = Diag(πi) ∈ FN

(
R+) ∧ 〈∆〉 =

∑
i

πi = 1

}
.

Thus, working with DVS instead of conventional VS and VSS, the coefficients in discrete
DF description possess the same structural properties as the DF themselves. The generating
DVS elements,D ∈ GN(C), act in the same manner as the QO wave functions. And
the resultant coefficient diagonal matrix,∆ ∈ FN(R+), satisfying the convex conditions
KN(∆), can be written as a squared module of the former diagonal matrix. This can be done
using a discrete form of the generating rule,RN(D → ∆), similar to the wave function-DF
generating rule:

R∞(Ψ → ρ) ≡ RN(D → ∆)

= {∀D ∈ GN(C) →
∃∆ = D+D = DD+ = |D|2 = Diag

(|di |2) ∈ FN

(
R+)}.

TheGN(C) DVS may be considered normed spaces, with one of the possible norms defined
as the trace of the squared matrix module, which acts in this way as a sort of Euclidean
norm. As a consequence, the DVSS:FN(R+) elements are constructed in such a way that
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their trace is always normalizable, and thus an easily made unit. That is, if:〈|D|2〉 ∈ R+,
then:∆ = |D|2, can be straightforwardly transformed into∆N as to fulfil: 〈∆N 〉 = 1.

A Diagonal Tagged Set,DN , can be derived in the usual way by using a given Object
Set part,S, and a DVSS convex subset,K , as the Tag Set part, that is:

DN = S × {
K ⊂ FN

(
R+)}.

The question, now, maynot need to be: why do theN -dimensional DVS fulfil in a
natural way the same conditions as the∞-dimensional function VS? It could be much
better stated as: which kind of consequences will produce this DVS characteristic feature
in the development of a discrete quantum chemical framework? The next section will try
to illustrate some of the possible features of this DVS structure.

2.3.2. Expression of the DF and other problems

It can be shown that the best discrete representation of the DF, when formally expressed as
in equation(3), is described as a diagonal matrix instead of a vector as is customary. Then,
the scalar-like expression of this DF type must be redefined in terms of the operations
presented in the discussion of the preceding section.

In order to obtain a coherent image of all the possible redefinitions, which can be found
as a consequence of the adoption of the DVS representation, it will be worthwhile to make
some preliminary considerations, as follows:

The DF generating rule formal structure is better represented from the point of view of
diagonal matrices instead of column–row vectors.

Thus, both the generating and coefficient vectors are transformed into elements of some
DVS. The DF form presented inDefinition 5, besides the coefficient vector, are associ-
ated with a PD function set, which is in turn connected to the squared module of another
function set, further belonging to another structure, which can be named as a Generating
Functional VS. This situation can be managed in the same way as in the preceding discus-
sion on DVS.

Suppose now that a function basis set is known:Φ = {ϕi}. Nothing opposes the situation
in which the setΦ can always, without loss of generality, be arranged into a diagonal matrix
structure, and considered constructed asΦ = Diag(ϕ1, ϕ2, . . . , ϕN) ∈ F (C).

Then, it is obvious that when the following diagonal matrix product is made:

P = Φ∗Φ = Diag
(|ϕ1|2, |ϕ2|2, . . . , |ϕN |2

) ∈ P
(
R+),

it will always produce a new diagonal matrix, whose elements belong to a special Func-
tional VSS made of PD functions, that is: made of function squared modules. Thus, taking
into account the definition of the diagonal product of the initial basis set, one can consider
that the result above produces an entirely new PD basis set:P = {|ϕi |2}.

Also, having defined the generating and coefficient VS, one can construct the following
hybrid diagonal matrix:

∀D = Diag(di) ∈ G(C) ∧ ∀Φ = Diag(ϕi) ∈ F (C) ⇒
(10)Ψ = DΦ = Diag(diϕi) ∈ P(C) ⊆ G(C)× F (C).

Once we have constructed this kind of mixed structures, then the DF can be simply built
up by computing traces of squared modules of the diagonal structures,Ψ , as defined in



Mathematical Elements of Quantum Electronic Density Functions 133

equation(10)above. That is:

(11)ρ = 〈Ψ ∗Ψ 〉 =
∑
i

|diϕi |2 =
∑
i

|di |2|ϕi |2 =
∑
i

Ωiρi .

The formalism appears now clear on how we should construct the necessary generating
elements and the road is open to obtain, in a very natural way, the DF structure. The most
interesting aspect of the whole procedure, perhaps, will consist in finding out how closely
the deducible formal rules, based on discrete DVS, are equivalent to the formalism based
on continuous Quantum Mechanics.

In fact, it only remains to express the formal problem, on how an expectation value
〈Ω〉 of some observable, associated with an operatorΩ, can be computed within the DVS
formalism. A possible way could be written using the diagonal matrix algebra properties
as:

〈Ω〉 =
∫

Ωρ dV =
∫

Ω〈Ψ ∗Ψ 〉 dV =
∑
i

|di |2
∫

Ω|ϕi |2 dV

(12)=
∑
i

Ωi

∫
Ωρi dV ≡

∑
i

Ωi

∫
ϕ∗
i Ωϕi dV =

∫
〈Ψ ∗ΩΨ 〉 dV.

The last linear combination of integrals is suited to differential operators, and can be natu-
rally obtained when considering the operatorΩ as a scalar matrix:ΩI . In Section6 below,
the structure of equalities like(12)will be studied in more detail and extended.

3. INWARD MATRIX PRODUCT: DEFINITIONS, PROPERTIES AND
EXAMPLES

Fortran 95 contains as a built in feature[39] the Hadamard, Schur or, perhaps a better ter-
minology, theinward matrix product (IMP). Such a matrix product is defined between two
matrix structures, belonging to the same matrix space. As IMP has been previously used in
several papers, related with quantum chemical applications[56,63,69], it will be presented
here as a first step to describe its connection with DF structure and generalization. IMP is
related to the DVS product structure, and as such can be seen as some sort of generaliza-
tion of the diagonal matrices product to the general matrix VS. Curiously enough, IMP is
scarcely referenced in the current literature, mainly in footnotes in a few books[57].

IMP can be widely used in quantum mechanics for various purposes. In this section,
some pages are devoted to this, just to show the simplicity of the concepts that can be built
up around it and the interesting problems where IMP can be employed.

3.1. Inward matrix product 2

IMP can be defined in a simpler way than the classical matrix product, as the associated
structure mimics the matrix addition. The next definition tries to provide a general form of
this matrix operation.

2 From now on either the term matrix or hypermatrix will be used in reference to IMP. Such product can
be applied either to matrices or hypermatrices, without changing anything but the structure of the involved
mathematical objects.
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DEFINITION 11 (Inward matrix product (IMP)). Consider any arbitrary hypermatrix space
over a field:M(×n)(R). Let A,B ∈ M(×n). An IMP involving the hypermatrix pair is a
closed operation, resulting in a new hypermatrixP ∈ M(×n), and symbolized by:P =
A ∗ B, whose elements are defined by the algorithm:

∀(i): p(i) = a(i)b(i).

Above, the elements of the involved hypermatrices are identified by means of an index
vector(i) ≡ (i1; i2; . . . ; ip). Thus, one can consider that the hypermatrix space dimension
is given by(×n) ≡ (n1 × n2 × · · · × np). The notation follows a previous one, employed
when dealing with NSS structures[40].

3.1.1. IMP general features

Having presented the simple definition of IMP, some of the most interesting properties and
applications will be provided. IMP acts over hypermatrix spaces almost as if hypermatri-
ces were treated as a product of scalars; this attractive feature can be employed in quantum
chemistry computational problems (see, for example,[56,63,68,69]) as well as in the de-
velopment of new theoretical structures, which can present the peculiarity of being easily
transferable to a high level programming language like Fortran 95.

3.1.1.1. IMP properties. The following properties can be attached to the IMP, defined
over the elements of an arbitrary hypermatrix spaceM(×n), provided that it is defined over
a field, which is the usual case. IMP, when defined over vectors defined in turn over a field,
is distributive with respect to the matrix sum, as well as associative, and commutative[56].

The interest in defining such a matrix product stems from the possibility to attach to it
the most usual features of a multiplication composition rule. The following properties can
be attached to the IMP:

Let A,B,C, . . . ,∈ M(×n). IMP defined over them are:

(1) Distributive with respect matrix sum:

A ∗ (B + C) = A ∗ B + A ∗ C.

(2) Associative:

A ∗ B ∗ C = A ∗ (B ∗ C) = (A ∗ B) ∗ C.

(3) Commutative:

A ∗ B = B ∗ A.

From the inspection of these properties, it is easy to see that IMP acts over matrix spaces
in the same way as the matrix product in DVS.

3.1.1.2. IMP unit element and inverse. Also, an Inward Unit Element exists, which can
be called theunity matrix,1 ∈ M(×n), as given inDefinition 10, such that:

1 ∗ A = A ∗ 1 = A.

Using the real multiplication unit it can be defined as:

1 = {
1(i) = 1, ∀(i)}.
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The existence of an IMP Inverse is subject to the following important limitations imposed
by the following definition:

DEFINITION 12 (Inwardly invertible matrices). If A = {a(i)}∧∀(i): a(i) �= 0; thenA can
be calledinwardly invertible or regular. A new matrix defines the IMP inverse of a matrix
A: A[−1] = {a[−1](i)}, with elements, which are computed as follows:∀(i): a[−1](i) =
(a(i))−1. This definition produces the sequence of equalities:A ∗ A[−1] = A[−1] ∗ A = 1.

These IMP properties are sufficient to define a commutative algebra over any matrix
vector space. One can refer to this kind of algebra asHadamard or Schur algebra.

3.1.1.3. IMP powers and functions. IMP powers of a given hypermatrixA are readily
defined asA[p] = {a(i, j)p}. The square bracket enveloping the exponent is used here to
distinguish an IMP power from the one defined involving classical products. For example,
wheneverZ = A ∗A, then the matrix,A, can be also considered as the IMP square root of
Z : A = Z[1/2] → ∀i, j : a(i, j) = √

z(i, j).
IMP functions of a given hypermatrix are also easy to define:φ[Z] = {φ(z(i, j))}. As

noted in a previous paper[56], and put in evidence, when remembering the discussion on
DVS performed in Section2.3 above; IMP algebra is tightly related to diagonal matrix
computational algorithms and the above definitions are the consequence of another shared
isomorphic characteristic between DVS and VS associated with an IMP.

3.2. IMP applications

Having described the main features of the IMP and in order that the reader can grasp the
interest of such a simple computational structure, two application examples will now be
presented and, afterwards, a mathematical development involving the sign part of matrices
discussed. This last development connects IMP with tagged set structures.

3.2.1. IMP and Taylor series expansions of multivariate functions

A Taylor series of a multivariate function,f (x), in the neighborhood of a pointx0 could
be expressed in a simple form using the IMP of two tensors, as:

f (x) =
∞∑
p=0

〈
∂p
[
f (x0)

] ∗ ⊗p[x − x0]
〉
.

Where the symbol∂p[f (x0)] collects all thepth order partial derivatives of the function
evaluated atx = x0; and⊗p[x−x0] collects the elements of thepth order tensorial product
of the vector difference argument. It must be noted that the following conventions must be
supposed to hold:∂0[f (x0)] = f (x0) and⊗0[x − x0] = 1.

This IMP application constitutes a very good example of the vast possibilities presented
by the IMP.
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3.2.2. Scalar product of two hypermatrices

The IMP involving two hypermatrices can be trivially related to scalar products. If such a
scalar product is defined, using a NSS[40], as:

〈A|B〉 =
∑

(i)a(i)b(i),

then, we also employ the auxiliary definition〈A〉 =∑
(i)a(i), as provided inDefinition 3,

to symbolize the sum of all elements of a given hypermatrix. Then, the following equality
might be immediately written:

〈A|B〉 = 〈A ∗ B〉.
As an application example of this definition, a special property of quadratic forms can

be studied. A quadratic form involving the hypermatrixA and the hypervectorx may be
written accordingly:

q(x) = xT Ax =
∑

(i)
∑

(j)a(i, j)x(i)x(j).

It is well known that ifA is positive definite, then∀x �= 0 → q(x) > 0. The quadratic form
above can be also written constructing a tensorial product of the variable vector employing
the algorithm:T = x ⊗ x = {t (i, j) = x(i)x(j)}. Then, the following IMP construction of
the quadratic form will also be possible:

(13)q(x) = 〈A ∗ T〉 =
∑

(i)
∑

(j)a(i, j)t (i, j).

The above expression can be analyzed by means of an interesting structure, which can
be associated with any matrix: thematrix signature. Some details will be given below.

3.2.3. Sign separation in hypermatrix spaces and IMP

In the following description, hypermatrix spaces are used in order to provide the reader
with a general situation; of course, when substituting the term hypermatrix by matrix every-
thing continues to hold in the same way, except dimensions. Considering this, suppose any
hypermatrix space defined over the real field:M (×n)(R). A separation between the numeric
absolute values of the hypermatrix elements and their signs can be made using two sets:
a hypercube made of Boolean strings as elements,H (×n)(B), with B = {0,1} acting as the
sign symbols{−1,+1}, respectively, and a VSS,M(×n)(R+). The signs are collected in an
array with the same shape as the elements of the parent hypermatrix space, constituting the
elements of the hypercubeH (×n), of cardinality 2(×n). Finally, the part made by the posi-
tive numeric hypermatrix elements will be associated with the VSS structureM(×n)(R+).
Thus, employing the above commented partition, any real hypermatrix can be written by
means of some IMP like:

∀A ∈ M(×n)(R): A = As∗ +A,

whereAs∈ H (×n)(B) ∧ +A ∈ M(×n)
(
R+).

Then, in this case, the IMP involving two hypermatrices can be defined, for example, as:

∀A,B ∈ M(×n)(R): A ∗ B = (As∗ +A) ∗ (Bs∗ +B) = (As∗ Bs) ∗ (+A ∗ +B).
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3.2.4. Sign separation in hypermatrix spaces and Boolean tagged sets:
Hypermatrix signature

This last trivial relationship is not the unique IMP-based manipulation one can perform on
hypermatrix spaces. For instance, the same discussed relationship may be used to transform
hypermatrix spaces into Boolean tagged sets. In the present section, this possibility will
now be discussed.

In order to demonstrate that any hypermatrix space can be transformed into a Boolean
tagged set, first assume the following partition of the real field,R, into two sets:R =
R+ ∪ R− ∧ R+ ∩ R− = {0}. An isomorphic Boolean tagged set,S, to the real line,R, can
be defined in the following way:

∀r ∈ S: r = (σ ; ρ) ∧ σ ∈ B = {0,1}; ρ ∈ R+ → S= B × R+.

Thus, the Boolean tag,σ , acts as the sign of the strictly positive real object,ρ. Then, the
Boolean tagged set,S, can be decomposed into a pair of disjoint sets, in a similar way but
not exactly equivalent as before:

S= S+ ∪ S− ∧ S+ ∩ S− = ∅.3
This second relationship is due to the fact that provided it is assumed in this Boolean
tagged set context that 0∈ R+ holds, two kinds of neutral elements can be defined:
(0; 0) ∈ S− ∧ (1; 0) ∈ S+. Moreover, both Boolean tagged sets,S+ andS−, are isomor-
phic. RememberingDefinition 7, it is a straightforward matter to construct now Boolean
tagged sets from hypermatrix objects, whose elements are defined overR.

To exemplify this last statement, suppose as before any hypermatrix vector space:
M(×n)(R). A Boolean tagged set can be made usingT = H (×n)(B)×M(×n)(R+), where
the Boolean tags are chosen, in the same way as in Section3.2.3above, as elements of
some hypercubeH (×n), of cardinality 2(×n), arranged in the same shape as in the associ-
ated hypermatrix space.

Therefore, any Boolean tagged set hypermatrix element could be connected to the struc-
ture:

∀A ∈ T : A = (As; +A), where:As∈ H (×n)(B) ∧ +A ∈ M(×n)
(
R+).

The Boolean tags, in this case, represent the collection of the hypermatrix signs arranged
in the same order, shape and dimension as they appear in the parent hypermatrix. One can
refer to the tag part of this kind of Boolean tagged set as theattached hypermatrix object
signature, or simply by the hypermatrix signature. When necessary, a specific hyperma-
trix signature can be symbolized byAs = Sign(A). Any signature attached to a given
hypermatrix space, due to the usual properties of Boolean algebras[58], can have a dual
or antisymmetric one, that is:∀As ∈ H (×n) → ∃(0 · As) ∈ H (×n), where all the signs
of the initial signature become changed. For example, to the unity signature there corre-
sponds the null signature:1 → 0 = (0·1). In a logical context, one can use the expression:
∀As→ ∃¬As.

3 The setSpossesses a natural product definition:(σa; ρa) ◦ (σb; ρb) = (σa ◦ σb; ρa ◦ ρb), which has attached
the same properties as inR. However, addition does not have so clear and immediate attributes, due to the sign
separation from the number body. A special algorithm shall be prepared for classical sum definition, involving
the notion of order inR+.
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In case a unity signature has to be associated with a given hypermatrix,A say, or
Sign(A) = 1, this is equivalent to considering all the hypermatrix elements positive:
∀i, j : a(i, j) ∈ R+. SeeDefinition 10for more details on the unity hypermatrix.

With respect to the previous discussion on hypermatrix signatures, the following defini-
tion will be interesting.

DEFINITION 13 (Strictly positive matrices). Any matrixA = {aij } with elements belong-
ing to R+, that is∀i, j : aij ∈ R+, can be calledstrictly positive and noted asA∗ > 0 and
consequently Sign(A) = 1.

Signatures are sufficient to classify the entire hypermatrix set in 2(×n) isomorphic
classes. In addition, any hypermatrix class obtained in this way can be made isomorphic
to the VSS:M(×n)(R+), that is to the class of the strictly positive matrices. Alternatively,
owing to the possible translation of Boolean strings into integers, the Boolean signature
tags, conveniently transformed, might also be used to order a given hypermatrix subset.
With all this in mind, then it is easy to define a relevant product within the hypermatrix
Boolean tag set. Using the IMP definition on both the Boolean tags and objects, in such a
way that:

∀A,B ∈ T : A ∗ B = (As∗ Bs; +A ∗ +B) ∈ T .

The same can be done with respect to the addition. Adopting a Boolean algebra structure
on the Boolean tag elements[51,58], then the whole construct results in such a hypermatrix
Boolean tagged set possessing a structure of Hadamard Algebra, see Section3.1.1.2.

Consequently, it can be concluded that IMP, associated with the Boolean tagged sets of
hypermatrix spaces, provides not only a trivial connection to fuzzy set theory[51,53,59],
but opens the way to exotic hypermatrix manipulation possibilities. An additional feature,
as commented before, consists in that all operations, discussed here or later imagined, could
be directly connected to the usual electronic computational structure and programmed at
once in a compact way.

3.2.5. Quadratic form signature and strictly positive matrices

Taking into account the matrix signature just defined, and returning to the quadratic form
described in equation(13)whenever

Sign(A) = Sign(T) → Sign(A ∗ T) = 1

holds, then, in this particular circumstance it is always assured that:q(x) > 0 holds. It can
be concluded in quadratic form evaluation, when a variable hypervector,x, is chosen such
that the following signature relationship holds:

Sign(x)⊗ Sign(x) = Sign(A),

that this will provide a positive value of the quadratic form.
When a unity signature is present in the hypermatrixA∗ > 0, the quadratic form pos-

itive values,q(x) > 0, will be always assured, when signature1 is chosen in the variable
hypervector, that is:x∗ > 0. This corresponds that within VSS, quadratic forms are PD.
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3.3. Normed vector semispaces: Minkowski norm

After this previous discussion intended to make evident the basic nature of vector semi-
spaces, it is time to start a discussion on the natural semispace metric features.

3.3.1. Minkowski norm

A natural norm can be easily adopted in semispaces, and it seems that the most immedi-
ate rule at hand for such a task becomes aMinkowski norm. Indeed, as vector semispace
elements are positive definite, a sum of their components within matrix semispaces, or the
integral of the function, when dealing with infinite-dimensional probability density semi-
spaces, will produce a positive real number in any case.

As an example of such a Minkowski norm definition, let us choose a matrix semispace
of dimension(m × n), M(m×n)(R+), supposing in addition that the basic construction
algorithm holds:

∀A ∈ M(m×n)

(
R+)→ A = {aij } ∧ ∀i, j : aij ∈ R+.

3.3.2. Matrix summation symbols on matrices

Then, a Minkowski norm in such a semispace can be simply symbolized by〈A〉 and com-
puted by means of the algorithm associated withDefinition 3:

〈A〉 =
∑
i

∑
j

aij ∈ R+.

Also, as commented before in Section2.1, as another example of a Minkowski norm, it is
worthwhile to consider the domain of Hilbert semispaces,H(R+), where quantum density
functions,ρ(r ), can be considered as their elements, that is:ρ(r ) ∈ H(R+). There, in
the present context, the Minkowski norm is immediately defined as the integral over the
appropriate domain of a given function:

〈
ρ(r )

〉 = ∫
D

ρ(r ) dr ∈ R+.

The real positive definite result is a consequence of the real positive definite nature
over the domainD, associated by construction to quantum density functions in particular.
The same definition can be applied to any set of continuous statistical probability density
functions.

3.4. Shell structure in vector semispaces

Vector semispaces possess a characteristic structure, which can be easily exploited in ma-
nipulations and property seeking among its member elements. This section is devoted to
find out the most relevant outcomes.
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3.4.1. α-shells

An interesting albeit immediate application of Minkowski norms can be employed to clas-
sify vector semispaces in terms of shells. Anα-shell, S(α), is defined as a closed subset of
a vector semispace, whose elements possess the same Minkowski normα, that is:

S(α) ⊂ V
(
R+)→ ∀x ∈ S(α): 〈x〉 = α.

From all the possible shells theunit shell, S(1), is the most representative of these ele-
ments belonging to a vector semispace, as it is straightforward to demonstrate that from
the elements of the unit shell anyα-shell element can be constructed, or:

∀a ∈ S(α) → ∃x ∈ S(1): a = αx,

and conversely:

∀x ∈ S(1) → ∃a ∈ S(α): x = α−1a.

3.4.2. Homotheties and convex sets

Thus, anyα-shell belonging to a given vector semispace is nothing else but ahomothety of
the unit shell. Therefore, and because of the possible primordial role that semispaces can
take in order to construct vector spaces, as discussed above, it can be immediately deduced
that the unit shell, being the core to construct any other shell in semispaces, can also be
considered the ultimate core to generate any vector space.

Moreover, theα-shells in vector semispaces areconvex sets; see, for example,[96,97].
In order to see this property fulfilled for any arbitraryα-shell, it is worthwhile to define a
convex condition symbol over a set of appropriate scalars. By the symbol,K({wI }), asso-
ciated with a known set of scalars{wI }, according toDefinition 6, we can now understand
the pair of features:

K
({wI }

) = [
∀I : wI ∈ R+ ∧

∑
I

wI = 1

]
.

Thus, knowing an arbitrary set of vectors belonging to a givenα-shell:{xI } ∈ S(α) and a
convex condition symbol over a known scalar set,K({wI }), then the convex linear combi-
nation

z =
∑
I

wIxI

belongs to the sameα-shell as the generating vectors:

〈z〉 =
∑
I

wI 〈xI 〉 = α
∑
I

wI = α → z ∈ S(α).

3.4.3. Semispace partition and equivalence classes

This last property indicates that any vector semispace can be considered as the union of all
of its shells:

VN

(
R+) = ⋃

∀α∈R+
S(α).
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Still more interesting is the property by which semispace shells are disjoint sets, that is:

∀S(α), S(β) ⊂ VN

(
R+): S(α) ∩ S(β) = ∅.

This allows saying semispaces arepartitioned by theα-shell structure. In consequence, the
α-shells themselves can be consideredequivalence classes of the semispace[97].

3.4.4. Shell direct sums

A shell sum corresponds to another shell, with their elements possessing a Minkowski
norm, which is the sum of those associated with the involved shell norm values, that is:

S(α)+ S(β) = Σ → Σ ≡ S(α + β).

To prove this, we simply need to define the shell sum in the usual way:

Σ = {
s | s = a + b: a ∈ S(α) ∧ b ∈ S(β)

}
,

then the elements of the shell sum possess the property:

s ∈ Σ → s = a + b → 〈s〉 = 〈a + b〉 = 〈a〉 + 〈b〉 = α + β

⇒ Σ = S(α + β).

Moreover, the shells being disjoint sets as commented above, the shell sum can be written
as thedirect sum of two or more shells, that is:

S(α)⊕ S(β) = S(α + β).

3.5. Scalar products in vector semispaces

In the same fashion as Minkowski norms were adopted as a natural way to choose a norm
in semispaces, it seems that a natural way to definescalar products in vector semispaces
could exist as well.

3.5.1. Minkowski scalar products

Such a choice has to be coherently structured in a manner allowing us to match the previ-
ously chosen Minkowski norms. This prospect could be initiated by means of the following
symbol:

∀x, y ∈ V
(
R+): 〈xy〉 ∈ R+,

which will be attached to the following algorithm:

〈xy〉 =
∑
i

(xiyi)
1/2.

To stress the parent norm structure, the same symbol as in the Minkowski norm has been
assumed, however two or, as it will be studied later on, more vectors are written within the
symbol without separation signs added. This scalar product symbol has also been chosen
in this way in order to distinguish it from other possibilities already discussed[96,98]and,
of course, from the well-knownEuclidean scalar product.
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In this manner, it can immediately be seen that the property below holds, connecting the
scalar product, as defined in the algorithm above, with the previously described Minkowski
norm:

〈xx〉 =
∑
i

(
x2
i

)1/2 =
∑
i

xi = 〈x〉.

Such a coherency characteristic found in this simple manner, tells us it is already time that
such a scalar product can be named as theroot, for short, orMinkowski scalar product.

3.5.1.1. Inward matrix product structure and Minkowski scalar product of two vectors.
The definition provided above of the root scalar product can be also interpreted in terms of
an IMP, only one must take into account the definition of inward product:

x ∗ y = {xiyi},
which shall be associated with the inward square root form:

x[1/2] = {
x

1/2
i

}
.

It is obvious that one can then write the equality:

〈xy〉 = 〈
x[1/2] ∗ y[1/2]〉,

where the second bracket has to be taken as a matrix summation symbol.

3.5.2. Minkowski scalar product main properties

Due to the nature of vector semispaces, it is interesting to simplify the root scalar product,
taking into account the shell structure of the involved vectors:

x(α) ∈ S(α) ∧ y(β) ∈ S(β) → 〈
x(α)y(β)

〉 = (αβ)1/2〈x(1)y(1)〉,
where superscripts have been used to stress the association of each vector to a given shell.
Thus, this result implies that any root scalar product within a vector semispace can be
related to the root scalar product of the unit shell associated homothetic vectors, appropri-
ately scaled by the geometric mean of the Minkowski norms of both vectors.

This kind of root scalar product produces a symmetric metric with positive definite ele-
ments on it, as the following property:

〈xy〉 = 〈yx〉 ∧ 〈xy〉 ∈ R+

holds for any couple of vectors, according to the root scalar product above defined. How-
ever, there is no assurance that, in any case, the metric is positive definite, adopting for the
metric matrix the usual sense for this property, associated withEuclidean vector spaces.
In order to discuss this issue, even if it has to be from a simple point of view, the main
arguments shall be postponed until some other properties of root scalar product have been
studied.

The rest of the main properties of root scalar products have to be observed now, as it is
not so obvious whether they are fulfilled in the same way as scalar products in Euclidean
spaces. For example, multiplication by a scalar of one of the involved vectors in the root
scalar product appears to possess similar properties as the usual Euclidean scalar product:

λ ∈ R+:
〈
(λx)y

〉 = λ1/2〈xy〉.
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The next property to be handled is related to root scalar product and addition. The ade-
quate handling of this part is most interesting in order to make root products as similar as
possible to the Euclidean counterpart.

3.5.3. Distributive law and root scalar products involving linear combinations

A distributive law with respect to vector addition has to be sought through the definition of
inward matrix product subjacent structure of root scalar products. The algorithm definition
of root scalar product must be adapted to vector sum, and the straightforward way to define
the interaction of sum and product is:〈

(x + y)z
〉 =∑

i

(
x

1/2
i + y

1/2
i

)
z

1/2
i = 〈xz〉 + 〈yz〉.

At the same time, in order to obtain a coherent reduction to the Minkowski norm, the
product of two vector sums has to be structured in the form of aHadamard product, that
is, just dropping the cross terms while keeping the diagonal ones:〈

(x + y)(t + u)
〉 = 〈xt〉 + 〈yu〉.

With these definitions the Minkowski norm of a sum is preserved as can be easily deduced:〈
(x + y)(x + y)

〉 = 〈xx〉 + 〈yy〉 = 〈x〉 + 〈y〉 = 〈x + y〉,
and the product of two linear combinations,restricted to possess an equal number of terms,
can be handled in the following way, using again the Hadamard diagonal formalism:

x =
P∑
i

αiai ∧ y =
P∑
i

βibi :

〈xy〉 =
P∑
i

(αiβi)
1/2〈aibi〉 =

P∑
i

[
(αiβi)

1/2
∑
k

(akibki)
1/2
]
.

A final remark should be given, before we proceed with the study of the possibilities of
root scalar products in semispaces. One must insist that Hadamard products were originally
defined within infinite sums pairs of elements[99]. When described, as in the present case,
within sums possessing a finite number of terms, then the sum upper limit shall be the same
in both factors. Otherwise the product is not feasible.

3.6. Angles subtended by two vectors

Root scalar products and Minkowski norms can be joined together in order to construct, as
in the classical Euclidean way, the cosine of the angle subtended by two semispace vectors.
To grasp such a goal, we only need the following practical definition, based on Minkowski
norms and root scalar products as defined beforehand:

∀x, y ∈ V
(
R+) ∧ x ∈ S(α), y ∈ S(β):

cos(φ) = 〈xy〉
(〈x〉〈y〉)1/2

= (αβ)−1/2〈xy〉 = 〈
x(1)y(1)

〉
.
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Such a classical definition demonstrates again the coherent result that, under the present
semispace description, the angle subtended by a pair of semispace vectors, even if they
belong to different shells, can be established within the unit shell by the root scalar product
of the unit shell vectors. In order to stress the different nature of the cosine defined here
from the usual Euclidean algorithm, the present cosine computation will be named theroot
or Minkowski cosine.

3.7. Minkowski metric properties

Minkowski products possess a set of interesting properties, which will be discussed in the
following sections.

3.7.1. Minkowski product fundamental property involving unit shell vectors

There is still a point to be demonstrated, which can be postulated in the following way:

∀x, y ∈ S(1) → 〈xy〉 � 1.

A straightforward demonstration of the previous inequality can be put in the following
terms. Given two arbitrary vectors of the unit shell,x, y ∈ S(1), then one can suppose that
both unit shell elements are constructed by means of the rules4 x = {u2

I } andy = {v2
I },

just to fulfil: 〈x〉 = 〈y〉 = 1. Using generating symbols we can simply writeR(u → x)
∧ R(v → y), and the unit shell association of both generated vectors can be symbolized
by the convex conditions:K(x) ∧K(y).

The sets{uI } and{vI } can always be found, the vector components in semispaces being
real positive definite scalars. This also becomes the same as considering that the generating
vectors,u = {uI } andv = {vI }, are normalized in the Euclidean space sense:

uT u = vT v = 1.

This can be always stated because, for example:

uT u =
∑
I

u2
I =

∑
I

xI = 〈x〉 = 1,

can be directly written and an equivalent relationship holds relating the components of the
other chosen vectorsy andv.

From here, recalling the well-knownSchwartz inequality in Euclidean spaces[100]:(
uT v

)2 �
(
uT u

)(
vT v

)
,

which, in this particular case where the involved vectors are normalized, permits us to
finally write:

uT v � 1.

4 Such a procedure has been formally described[96,101,102]with the use of agenerating symbol: R(u → x)
= {x = u ∗ u}, where the inward matrix product is explicitly written. This kind of symbolic form can be easily
extended in order to connect Hilbert spaces and semispaces, one just has to remember the construction of density
functions with squared modules of wave functions.
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As a consequence, the scalar product used here can be written as:

〈xy〉 =
∑
I

(xI yI )
1/2 =

∑
I

uI vI = uT v � 1.

Thus, the root scalar product obtained with a pair of arbitrary vectors of the unit shell
is always less or equal to one, and consequently behaves as a cosine, inducing the same
behaviour into the previously defined root cosine.

3.7.2. A property of the elements of the unit shell vectors

It is interesting to know a general form of this cosine definition based on root scalar
products, when one of the vectors involved in the root scalar product is the unity vec-
tor, 1 = {1I = 1}, already described. Such a vector in anyN -dimensional semispace, in
order that it is forced to belong to the unit shell, has to be written with a normalization
factorN−1. Then, choosing any unit shell semispace vector, defined for instance as:

z = {θI } ∈ S(1) → 〈z〉 =
∑
I

θI = 1,

it produces the following root cosine, when confronted with the unity vector:

cos(φ) = 〈
z
(
N−11

)〉 = N−1/2
∑
I

θ
1/2
I .

According to the previous discussion this particular root cosine expression, as obtained
above, has to be less than or equal to one. From here, one can deduce that the unit shell
vector components in anyN -dimensional semispace will fulfil in any case the relationship:∑

I

θ
1/2
I � N1/2.

The unity vector used twice within this argument will allow the equality to hold.

3.7.3. Positive definite structure of Minkowski metric matrices involving two unit
shell vectors

The property〈xy〉 � 1, associated with unit shell vectors and demonstrated above, can be
used to build up a particular proof of the positive definiteness of metric matrices involving
two vectors ofS(1). Assume two linearly independent unit shell vectors:x, y ∈ S(1). The
root metric matrix associated with both vectors can be written as:(

1 〈xy〉
〈xy〉 1

)
=
(

1 p

p 1

)
.

The characteristic polynomial, and its roots, of such a metric matrix is simply:

Det

[
1− λ p

p 1− λ

]
= (1− λ)2 − p2 = 0 ⇒ λ = 1± p.

This proves that being the root scalar product:p < 1, because the vectors have been
chosen linearly independent, then, the two possible eigenvalues will bear the property:
λ > 0. Thus, the root metric matrix associated with a couple of linearly independent unit
shell vectors is positive definite.
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3.7.4. Linear independence of unit shell vectors

Here a remark must be proposed, concerning the unit shell elements and, by extension,
implying the elements of any shell. By construction, the vector pairs of a given shell are
linearly independent. This can be proved by using the fact that Minkowski norms of all
shell components are equal. Then, there is no scalarλ �= 1 for which two vectors, say
x, y ∈ S(1), fulfil x = λy. This is so, because〈x〉 = 〈λy〉 = λ〈y〉 → 1 = λ.

3.8. Positive definite nature of root metric matrices

In order to get a hint about the positive definiteness of root metric matrices of arbitrary di-
mension, one can also employ the argument consisting in the following reasoning. Suppose
a set ofM linearly independent vectors belonging to some vector space is known:

Z = {z1, z2, . . . , zM} ⊂ V (R),

such that their inward product generates another set:

X = {x1, x2, . . . , xM} → ∀I : xI = zI ∗ zI = z[2]I .

Euclidean normalization of the setZ is equivalent to Minkowski normalization of the setX,
as can be easily proved:

∀I : 1 = 〈zI |zI 〉 =
∑
P

z2
PI =

∑
P

xPI = 〈xI 〉 → xI ∈ S(1),

so, using this construction, the setX ⊆ S(1). As the setZ has been chosen linearly in-
dependent, then the Gram matrix of the setZ: G = {gIJ = 〈zI |zJ 〉}, is positive definite:
G > 0. However, the matrix constructed with the root scalar products of the parent setX,
can be manipulated in such a way that:

R = {
rIJ = 〈xIxJ 〉

}→ ∀I, J : rIJ = 〈xIxJ 〉 =
∑
P

(xPI xPJ )
1/2

=
∑
P

(
z2
PI z

2
PJ

)1/2 =
∑
P

zPI zPJ = 〈zI |zJ 〉 = gIJ

⇒ R = G ∧ R > 0.

Then, as a unit shell subsetX can always be supposed to be generated by a set like the
setZ, one arrives at the conclusion that a root metric matrix over a set of unit shell ele-
ments will be positive definite, or at least that, when the generating vectors are not linearly
independent, it will be non-negative definite.

3.9. Root distances in vector semispaces

From the previous definition of the root scalar product, it is almost compulsory that an
associatedroot or Minkowski distance definition be also proposed. This can be done again
by inspection of the classical Euclidean definition, while substituting the usual distance
elements by the appropriate Minkowski ones. After scaling by two, the following rule can
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be used, despite the need of using a difference in a strictly positive definite set:

d(x, y) = 1

2

(〈x〉 + 〈y〉)− 〈xy〉.
Now supposing thatx ∈ S(α)∧y ∈ S(β), the algorithm, which takes into account the shell
structure in semispaces, is easily deduced:

d(x, y) = 1

2
(α + β)− (αβ)1/2〈x(1)y(1)〉,

and, using the definition of the root cosine of the angle subtended by both vectors, the root
distance can be also written as:

d(x, y) = 1

2
(α + β)− (αβ)1/2 cos(φ).

This proves that, under the proposed definition, root distances in vector semispaces can
be computed over the unit shell with thearithmetic mean shell value as origin and the
geometrical mean shell value as scale factor.

3.9.1. Root distance properties

Also, the root distance symmetry obviously holds, that is:

d
(
x(α), y(β)

) = d
(
y(α), x(β)

)
.

The following property must also be noted now, when both vectors are equal:

d(x, x) = α
(
1− 〈

x(1)x(1)
〉) = α

(
1− 〈

x(1)
〉) = α0 = 0.

The interesting result must be also noted which appears when two homothetic vectors,
related to the same unit shell vector, are studied:

d
(
x(α), x(β)

) = 1

2
(α + β)− (αβ)1/2〈x(1)x(1)〉 = 1

2
(α + β)− (αβ)1/2.

This result may be taken as a constant, connecting anyα-shell with anotherβ-shell. One
can, then, speak of ashell root distance when referring to this quantity. As arithmetic means
are always greater than or equal to geometric means, then this statistical property assures
the positive definite nature of shell root distances.

The same root distance positive definiteness property holds as well in the general algo-
rithm involving any pair of vectors, as the root scalar product or the equivalent root cosine
within the unit shell are less than one. Then one can write, in general, that the positive
definiteness of root distances is fulfilled:

d
(
x(α), y(β)

) ∈ R+.

There is no proof by which thetriangle inequality [100] generally holds within the root dis-
tance description. We can easily find a counterexample, involving for instance the shell root
distances of three different collinear homothetic vectors, proving that the root distances in
this casedo not fulfil the triangle inequality. Thus, perhaps one can speak of anultrametric
definition in the present root distance case and in further generalizations, employing this
word to represent the distance axioms when void of the triangle inequality.
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3.10. Generalized root scalar products and distances

It is interesting to study, besides the highlights and limitations of both semispaces and
their natural root operations, if such algorithmic definitions can be associated with more
than a vector couple. Such an aim is unusual in Euclidean spaces, although some attempts
have been made recently[96,98] within other ideas, just to provide a prospect of open
computational horizons in the field of QS descriptors.

As has been previously described, various QS measures involving the density tags of
several quantum objects can be computed[98,101,102]. One of such possible definitions is
the so-calledtriple density QS measures, where three quantum object density functions are
involved in the measure computation. Such measures involving multiple quantum object
tags are not unique, due to possible alternative definitions of the density functions[1–3].
Because of this lack of uniqueness, several possible forms have been put forward (see,
for example,[96,98]) although the most straightforwardly defined triple density measure,
associated with the integral of a triple product of first order density functions, is the one
which has been employed several times[103,104].

3.10.1. Generalized root scalar products involving several vectors

Now, the structure of the root scalar product is such that it can be also naturally generalized
into a form involving an arbitrary number of vectors. In order to obtain a general algorithm
for a root scalar product, assume a set of vectors of some semispace,X = {xI }(I =
1, P ) ⊂ V (R+), defined in such a way as allowing each of them to belong to an arbitrary
shell, that is:∀I : xI ∈ S(αI ) ⊂ V (R+). A root scalar product of order P can be defined
over the setX by means of the algorithm:

〈x1x2 . . . xP 〉 =
∑
I

(xI1xI2 . . . xIP )
1/P =

∑
I

(
P∏

J=1

xIJ

)1/P

.

Taking into account the above definition, the already discussed root scalar product corre-
sponds to a second order algorithm. In any case and up to any order, the root scalar product
reverts to the Minkowski norm when the involved vectors are the same. Also, it is trivial to
see that the root scalar product bears permutational symmetry, and thus is independent of
the order of the factors.

Besides, the following property is also trivially demonstrated:

〈x1x2 . . . xP 〉 = (α1α2 . . . αP )
1/P

∑
I

(
x
(1)
I1 x

(1)
I2 . . . x

(1)
IP

)1/P
= (α1α2 . . . αP )

1/P 〈x(1)1 x(1)2 . . . x(1)P

〉
,

which shows that the root scalar product can be referred to the homothetic unit shell vec-
tors, while scaled by the geometric mean of their shell values.

3.10.2. Generalized root distances involving several vectors

It is straightforward to construct a generalized root distance. Owing to the previous dis-
cussion and the second order formalism discussed above, we can write theroot distance of
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order P as:

d(x1x2 . . . xP ) = 1

P

(
P∑
I

αI

)
− (α1α2 . . . αP )

1/P 〈x(1)1 x(1)2 . . . x(1)P

〉
.

Thus, we produce a computational structure with the same properties as the second order
root distance previously discussed.

3.10.3. Proving the fundamental property of generalized scalar products involving unit
shell elements

Moreover, if the following conjecture can be admitted to hold for any number of semispace
unit shell vectors:〈

x(1)1 x(1)2 . . . x(1)P

〉
� 1,

then, not only will this ensure the positive definiteness associated with the root distances
of any order, but it also will permit us to define a kind of generalized root cosines of the
pseudo-angle subtended byP semispace vectors. To illustrate this affirmation one could
write, mimicking the second order result:

cos(ΦP ) =
〈
x(1)1 x(1)2 . . . x(1)P

〉
.

In order to demonstrate the above stated conjecture, consisting in the root scalar product
of an arbitrary number of unit shell vectors being less than or equal to one, assume a set
of unit shell vectors with the superscript dropped to simplify notation:X = {xI } ⊂ S(1).
Then, the following equalities will be associated with the elements of the setX: ∀xI ∈ X:
〈xI 〉 = 1. Keeping this in mind, one can recall the definition of the root product involving
the elements ofX, supposedly associated with a cardinalityP :

〈x1x2 . . . xP 〉 =
∑
j

(xj1xj2 . . . xjP )
1/P <

∑
j

[
1

P
(xj1 + xj2 + · · · + xjP )

]

= 1

P

[∑
I

∑
j

xjI

]
= 1

P

∑
I

〈xI 〉 = 1

P
P = 1.

Then, in this way the less than sign part of the conjecture is simply proved. We just needed
the already employed argument, consisting the well-known property of making geometric
means less than arithmetic means, and this property, holding for each term in the sum,
produces the global result. Such a property involving the arithmetic–geometric means has
an exception when all the terms are the same. In this situation equality will hold between
both means, even if this is not the most interesting case. It is obvious that under this cir-
cumstance the property:

∀x ∈ S(1): 〈xx . . . x〉 =
∑
j

(xj xj . . . xj )
1/P =

∑
j

(
xPj
)1/P =

∑
j

xj = 〈x〉 = 1

will be found. Then, it has been proved that in any situation the root scalar product, involv-
ing an arbitrary number of unit shell vectors, will always be less than or equal to one.
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3.11. Inward matrix structure of generalized root scalar products

It has been proved that the cornerstone of semispace metric can be associated with the root
scalar product of an arbitrary number of vectors, belonging to arbitrary shells, which can
always be associated with the product of the homothetic unit shell parent vectors. This is
so because it has been proved that, when all vectors in the root scalar product are the same,
then the Minkowski norm is recuperated as a result. So, the scalar product is involved in
the same manner in order to describe root cosines of the subtended pseudo-angle and root
distances as well. Keeping these considerations in mind, then it is straightforward to write
in the same way as it was set for the second order root scalar product:

X = {xI }(I = 1, P ) ⊂ V
(
R+)→

〈x1x2 . . . xP 〉 =
∑
I

(xI1xI2 . . . xIP )
1/P ≡ 〈[x1 ∗ x2 ∗ · · · ∗ xP ][1/P ]〉.

Here the last expression present within the matrix elements sum corresponds to the inward
matrix power of the inward matrix product involving the vectors of the setX, and is defined
accordingly as:

[x1 ∗ x2 ∗ · · · ∗ xP ][1/P ] = {
(xI1xI2 . . . xIP )

1/P }.
4. DISCRETE DF FORMS AND RELATED QUESTIONS

The following section sets the mathematical structure to show that any discrete DF has to be
accepted as the usual, practical, computational tool, related with the quantum mechanical
use of the DF as a source of QO information. Discrete DF’s appear when practical numeri-
cal uses of the quantum theory are sought. In this case, finite-dimensional subspaces of the
functional infinite-dimensional space have to be used to construct practical DF structures,
and then discrete DF forms can be defined and evaluated. Section2.3.2gives a previous
simplified account of this occurrence. A possible way to obtain such discrete DF forms can
be based on the definition of QSM within the elements of a QO set. The development given
below will provide details of this question.

4.1. Quantum similarity measures involving two QO

The first precise definition of QSM was proposed several years ago[10]. Actually, any
QSM can be made by an application of the direct product of two, or more, QO tags, be-
longing to some QOS, into the set of the positive definite real numbers,R+ [29].

To start developing the necessary basic concepts,Definition 9presents a general basis of
QSM. On the other hand, in the simplest way and from a practical point of view, a QSM is
defined involving only two QO,{ΩA;ΩB}, and then using their tags in terms of quantum
mechanical DF: {ρA; ρB}. Finally, a way is structured to connect the involved DF by means
of a chosen positive definite operator,Ω, through the volume integral:

(14)zAB(Ω) =
∫∫

ρA(r1)Ω(r1; r2)ρB(r2) dr1 dr2.
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Equation(14) has been used as the computational starting point to practically implement
QSM calculations. Several QSM variant forms have been defined. For instance, substituting
the positive definite operator,Ω, in equation(14), by the Dirac’s delta function,δ(r1− r2),
anoverlap-like QSM is obtained:

(15)zAB =
∫

ρA(r )ρB(r ) dr .

Similarly, when a Coulomb operator is employed in equation(14),Ω(r1; r2) = |r1−r2|−1,
a Coulomb-like QSM appears to be connected with the integral form:

(16)zAB

(
r−1) = ∫∫

ρA(r1)|r1 − r2|−1ρB(r2) dr1 dr2.

A QSM zAA, involving only a unique QO tag, is usually called aQuantum Self-Similarity
Measure (QSSM) and can be written as:

(17)zAA(Ω) =
∫∫

ρA(r1)Ω(r1; r2)ρA(r2) dr1 dr2.

Other operators can be employed instead of the previously described ones, even another
QO DF tag can be used for this purpose, producingtriple density QSM’s [60].

In any case and whatever choice is made, QSM defined in these particular ways can
be interpreted as generalized volumes and they can be easily connected with quantum me-
chanical expectation values[23,24], see Section6 below. Other alternative QSM definitions
are possible, and throughout its historical development, quantum similarity has become an
extremely flexible and general theoretical tool[29–33,35,36,61,98].

4.2. Similarity matrices and discrete QOS

Similarity matrices (SM) are obtained when a QOS is studied and some kind of QSM is
computed among the involved QO. After construction of an SM, then the corresponding
elements can be used as a new set of tags to describe in a discrete environment the QOS
anew. A simple definition gives the basic ideas, which can be used for this purpose.

DEFINITION 14 (Similarity matrix). Given a well-designed QOS, constructed according
to Definition 8, the collection of QSM involving all the QO pairs can be ordered in the
form of a symmetric matrix:Z = {zij }. Such an ordered array is called aSimilarity matrix
(SM).

Any SM can be partitioned in terms of its columns (or rows),5 that is:

(18)Z = (z1, z2, . . . , zN) = {zI },
where every column corresponds to a precise QO, belonging to the studied QOS[52,53,63].

Thus, ifΩA is a given QO andρA is associated with its DF tag, then the corresponding
column of the SM,zA, is in correspondence to theΩA QO DF tag, and can be consequently

5 The usual convention consists into performing a column matrix partition. However, later on, a row transfor-
mation will be also used. Whenever appears important to describe which one of the two possible vector forms is
adopted, then bra-ket formalism will be used to note the difference between row and column vectors.
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considered as a discrete QO representation. This situation may be written symbolically as:
ΩA ↔ ρA ↔ zA; or, in a better way as:(ΩA; ρA) ↔ (ΩA; zA), taking into account the
QO structure, made by the ordered pairs like (quantum system; DF). In this manner, the
QSM collection of any chosenI th QO with respect to all the elements of the QOS, defines
a discrete set ofN -dimensional tags:{zI }, N being the cardinality of the QOS, which can
substitute the former DF tags.

DEFINITION 15 (Discrete QOS). A discrete QOS (DQOS), of the same cardinality as an
original QOS, can be constructed in this way: the Tagged Set objects are the same quantum
systems of the QOS as before, but the columns or rows of the SM, substitute the former
DF Tag Set elements.

From this last definition, the next one is easy to formulate:

DEFINITION 16 (QO point cloud). The set of DQOS discrete tags naturally define a poly-
hedron inN -dimensional space. The DQOS Tag Set, for obvious reasons, can be called a
QO point cloud [29–33].

This ends the simple conceptual framework where discrete QOS can be made. In the
next sections several developments will be presented. One of the most appealing is the
description of stochastic matrix structures, which can be made from plain SM, just by
using an elementary transformation.

4.3. Stochastic transformations of QSM

The computation of SM over a QOS providing a new DQOS structure, as discussed above,
produces a set ofN -dimensional tags, which can be associated with the original infinite-
dimensional DF tags in several modes.

Despite the strict positive definiteness of the SM column (or row) set elements,{zI },
which appear as a consequence of the QSM definition presented in equation(14), the con-
nection between theN -dimensional tags and the DF is not immediately evident. However,
it can be deduced after taking into account the nature of the involved DF tags[4,5], which
can be considered in turn either as PD functions or projection operators. The present sec-
tion will present an SM transformation, producing a new collection ofN -dimensional tags,
which are provided with such a structure that they can be considered to form a discrete
probability distribution. This possibility shall be expected as a plausible outcome of QSM
theory, due to the quantum mechanical origin of all the QO tags employed so far.

N -dimensional quantum SM columns (or rows),{zI }, or, simply, their elements, are
made, by construction, of strictly positive definite real, in computational practice rational,
numbers. This characteristic property can be summarized again, saying that the set of the
SM columns or rows, the molecular point cloud, belongs to a VSS:{zI } ⊂ VN(R+), that
is: the SM is a strictly positive matrix:Z∗ > 0.

It must be noted, for example, that the QO point cloud, defined by the DQOS tag set
elements and commented on a few lines ago in the previous section as inDefinition 16,
provides a characteristic set of points: the QO point cloud. They belong to someN -dimen-
sional VSS, because due to the nature of the QSM definition strictly positive numbers
constitute all their components.
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The VSS structure in general and, in particular, the construction of SM precludes that,
in any case, the sum of every SM row (or column) elements is a positive real number,
for example:〈zI 〉 = ∑

J zIJ ∈ R+. These sums can be used as row (or column) scale
factors in order to trivially obtain a new row (or column) set belonging to the same VSS,
i.e. sI = 〈zI 〉−1zI , but possessing the imposed form of a discrete probability distribution.
That is, the following equalities can be easily written:

〈sI 〉 =
〈〈zI 〉−1zI

〉 = 〈zI 〉−1〈zI 〉 = 1.

So the following definition is easily made:

DEFINITION 17 (Stochastic similarity matrix). The set of theN SM based rows (or
columns):S = {sI = 〈zI 〉−1zI }, ordered forming a square(N × N) matrix S, produce
a non-symmetricstochastic similarity matrix [63] as a result.

A trivial, compact way to produce therow stochastic matrix is to first construct the di-
agonal matrix,D, whose elements are made by the sums of row (or column) SM elements:

(19)D = Diag
(〈z1〉, 〈z2〉, . . . , 〈zN 〉

)
,

and then produce the matrix product:S= D−1Z. In the same manner, acolumn stochastic
matrix can be defined straightforwardly by computing the transpose of the previous def-
inition: ST = ZD−1, where one must take into account the symmetrical structure of the
original SM.

The row{〈sI |} or column{|sI 〉} stochastic sets, being associable to a collection of dis-
crete probability distributions, may be even better connected to the DF tag set:{ρI } of the
original QOS, than simply the rows or columns of the attached SM.

DEFINITION 18 (Discrete stochastic QOS). When combined with the microscopic sys-
tems belonging to the object set:{ΩI }, of the original QOS, the row:{〈sI |} or column:
{|sI 〉} stochastic vectors can be used in either of both forms as forming a tag set to create
an attached tagged set, which can be called aDiscrete stochastic QOS (DSQOS).

For instance, taking into account the same considerations as those used before, see Sec-
tion 4.2, when previously discussing the nature of the SM rows, the connection between
the original QOS elements with the stochastic matrix rows:(ΩI ; ρI ) ↔ (ΩI ; 〈sI |), ∀I ,
defines the elements of a DSQOS.

Such newly formed tagged sets, in the same fashion as the formerly constructed QOS,
possess tag parts which can supposedly bear a probability distribution, contrary to the
DQOS defined through the columns or rows of the associated plain SM.

4.4. Matrix representation of density functions

In this section, first order density matrices are viewed as Hermitian operators and thus
their matrix representation is sought. Then, once the molecular density function matrix
representation (DMR) is computed, for every molecular structure in a well defined state,
such a matrix can be seen as a discrete representation of the corresponding state density
function. Such a representation may be used afterwards to compare quantum objects. In a
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molecular collection a set of DMR acts as quantum object tags, so in this way molecules
and DMR attain the structure of a tagged set. Comparison of the DMR tags can lead to
quantum object similarity measures, where if the objects are molecules the superposition
could be avoided. This possibility demands the definition of some sort of metric between
the elements of matrix spaces of different dimension.

4.4.1. Diagonal elements of the density matrix

Suppose the diagonal elements of the first order density matrix are defined within the
LCAO MO theory as:

(20)ρ(r ) =
∑
α

∑
β

Dαβ |α〉〈β| =
∑
α

∑
β

Dαβχα(r )χ∗
β(r ),

where{|α〉} = {χα(r )} is the set of monoelectronic basis set functions.

4.4.1.1. Matrix representation. As the first order density function(20) can be viewed at
the same time as an operator, its matrix representation could be written as:

(21)P =
{
Pµν =

∫
χ∗
µ(r )ρ(r )χν(r ) dr

}
.

A simple form of equation(21) can be immediately deduced because the density operator
matrix elements can be expressed, after using definition(20) in equation(21):

(22)Pµν =
∫

χ∗
µ(r )ρ(r )χν(r ) dr =

∑
α

∑
β

Dαβ

∫
χ∗
µ(r )χα(r )χ∗

β (r )χν(r ) dr .

However, the fourfold overlap integral:

(23)
∫

χ∗
µ(r )χα(r )χ∗

β(r )χν(r ) dr = (µαβν)

becomes nothing else than the well-known overlap self-similarity basic building blocks.
In this manner, the matrix elements of equation(21), can be written:

(24)Pµν =
∑
α

∑
β

Dαβ(µαβν).

4.4.1.2. Mulliken approximation. The Mulliken approach can be used in the defini-
tion (24) to obtain the elements of equation(24) in simpler integral forms, that is:

(µαβν) = 1

4
SµαSβν

[
(ααββ)+ (αανν)+ (µµββ)+ (µµνν)

]
,

where the integrals(ααββ) and so on, are nothing else but the overlap integrals of the basis
functions squared modules:

(ααββ) =
∫ ∣∣χα(r )

∣∣2∣∣χβ(r )
∣∣2 dr .
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4.4.1.3. ASA approximation. This last result suggests that, instead of the Mulliken ap-
proach, one can also substitute the AO basis set by an Atomic Shell Approximation (ASA)
expression[50], see Sections5.1 and 5.2below for more details. In this case, the first order
density function becomes:

ρ(r ) ≈
∑
A

QAρA(r − rA),

where{QA} are atomic density condensed charges and{ρA(r − rA)} atomic density func-
tions centered at the points{rA}, which can be associated with linear combinations of fitted
s-type functions as usually used in ASA theory. The DMR can be reduced in this case to a
vector with the dimension equal to the number of atoms in a given molecule, using:

p = {pI }
and defining the vector elements as:

pI =
∫

ρ(r )ρI (r − r I ) dr

(25)=
∑
A

QA

∫
ρA(r − rA)ρI (r − r I ) dr =

∑
A

QA〈ρAρI 〉.

So, under the ASA theory the integrals required are to be computed overs-type orbitals
only:

〈ρAρI 〉 =
∑
a∈A

wA
a

∑
i∈I

wI
i

∫ ∣∣sAa (r − rA)
∣∣2∣∣sIi (r − r I )

∣∣2 dr .

This can be written in terms of a matrix containing the overlap integrals:

SAI =
{
SAI
ai =

∫ ∣∣sAa (r − rA)
∣∣2∣∣sIi (r − r I )

∣∣2 dr
}

and, furthermore:

〈ρAρI 〉 =
〈
wA
∣∣SAI

∣∣wI
〉
.

The set of vectorsp, defined in this way, are elements of a vector semispace as their
elements will always be positive definite real numbers.

4.4.1.4. Atomic DMR. The ASA idea can be combined withab initio density matrices,
simply taking into account that the density function can be rewritten as a sum of atomic
contributions:

(26)ρ(r) =
∑
A

ρA(r ) → ρA(r ) =
∑
α∈A

∑
β

Dαβχα(r )χ∗
β(r );

then, it is straightforward to construct a vectorp like in equation(25), using the atomic
density definitions as constructed in equation(26) as basis functions for the DMR. Subse-
quently, we obtain for each component:

(27)pI =
∫

ρ(r )ρI (r ) dr =
∑
A

∫
ρA(r )ρI (r ) dr =

∑
A

〈ρAρI 〉



156 R. Carbó-Dorca

so each element is reduced to an easily defined sum of terms:

〈ρAρI 〉 =
∑
α∈A

∑
β

Dαβ

∑
κ∈I

∑
λ

Dκλ

∫
χα(r )χ∗

β(r )χκ(r )χ∗
λ (r ) dr

=
∑
α∈A

∑
β

Dαβ

∑
κ∈I

∑
λ

Dκλ(βαλκ)

using the fourfold overlap integral definition as previously described in equation(23).
An alternative possibility is to construct a matrix representation, like:

pIJ = 〈ρIρJ 〉,
but this choice will not possess the mathematical background which can be attached to the
vector definition(27). However it can obviously be considered the metric of the atomic
density set:{ρI }, within a given molecule.

4.4.2. Off-diagonal elements of the first order density matrix

Alternatively, one can employ the corresponding off-diagonal element of the density matrix
in expression(21), then:

P =
{
Pµν =

∫∫
χ∗
µ(r1)ρ(r1; r2)χν(r2) dr1 dr2

}
in this context one will have:

Pµν =
∫∫

χ∗
µ(r1)ρ(r1; r2)χν(r2) dr1 dr2

=
∑
α

∑
β

Dαβ

∫∫
χ∗
µ(r1)χα(r1)χ

∗
β(r2)χν(r2) dr1 dr2

=
∑
α

∑
β

Dαβ

∫
χ∗
µ(r1)χα(r1) dr1

∫
χ∗
β(r2)χν(r2) dr2

=
∑
α

∑
β

DαβSµαSβν = [SDS]µν.

So, the DMR becomes the symmetric product:

P = SDS.

In this case the DMR can be written as a new charge and bond order matrix. Defining a
new set of vectors:

(28)fi = Sci ,

then

P =
∑
i

Ωi fi f
+
i .

This construction has the disadvantage of being constituted by sums of tensorial column
vector products. They are Hermitian but positive semi-definite.
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The matrix whose columns are the transformed vectors(28):

F = (f1; f2; . . . ; fn)

has the following property:

F = SC→ F+F = C+S2C ∧ FF+ = SCC+S,

but as the original MO coefficient matrix is orthogonal with respect to the AO metric:

C+SC= I → S−1 = CC+,

one arrives at the conclusion that:

FF+ = S

and at the same time that:

CF+FC+ = I ∧ C+FF+C = I .

Also, it can be said that:

C+F = C+SC= I ∧ F+C = C+SC= I ,

FC+ = SCC+ = I ∧ CF+ = CC+S= I .

So one can write easily that:

C+ = F−1 ∧ C = (
F+)−1 ↔ (

C+)−1 = F ∧ C−1 = F+.

Thus, the transformed columns of matrixC constituting the columns of matrixF can be
considered the system MO eigenvectors in a dual reciprocal space.

4.4.3. The practical use of the DMR

Given an arbitrary number of molecular structures: How can the associated DMR be used
in order to compare them, in the way the continuous function counterparts are employed
in molecular similarity? Such a question appears to be an obvious proposal of paramount
importance. In any case, vector or matrix representations of different molecular structures
will be of different dimension. The situation is well studied when dealing with vectors
belonging to the same space, but it is not so obviously defined when two objects of dif-
ferent dimension have to be compared. Thus, the problem inside the initial question has
to be reformulated as: How can two DMR matrices of different dimension be compared?
Then, it is easy to pose the required question in a general, mathematical way as: How can
one compare elements of two or more matrix spaces of different dimension? Formally the
question can be stated with:

(29)∀x ∈ VM ∧ ∀y ∈ VN → ∃(x : y) ∈ R+?

where the symbol(x : y) is employed in equation(29) to denote any kind of comparison
involving the vectorsx andy. Suppose thatM > N , then it is perhaps possible to define a
linear operatorP, such that:

P :VM → VN.
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Admitting that the lower dimension vector space will contain the images of the vectors of
the higher-dimensional space upon application of the linear operator:

P(x) = x(N) ∈ VN,

then, it is always possible to compare two elements belonging to the same space, and one
can envisage next the choice of the algorithm leading to the comparison:(

P(x) : y) = (x(N) : y).
The problem now stated is how the linear operatorP could be defined. An immediate
possibility to solve it consists of the construction of an overlap matrix relating the ASA
s-type functions of both molecules, say:

SAB = {
SAB
a,α;b,β

}
referring to moleculeA with atomic centersa and functionsα centered in atoma. Where
there areM atoms in moleculeA andN atoms in moleculeB, then the overlap matrix:
SAB , will certainly transform vectors from one space into another. When knowing two
DMR vectors{pA; pB}, associated with a pair of moleculesA andB, respectively, one can
write:

(30)(pA : pB) = pT
ASABpB.

However, the structure of this comparison type will depend on the relative positions of
the atoms of both molecules, because the matrixSAB elements depend on the relative
molecular positions. This fact is the point which one is trying to avoid; otherwise the com-
parison(30) will possess the same intermolecular relative position dependence as in the
superposition optimization encountered in the evaluation of quantum similarity measures.

Now the crucial question can be formulated as: Can we define at all a possible matrix
structure, which provides an equivalent result as the matrixSAB , without depending on
atomic positions? If such a projector or linear transformation can be described, the problem
will be solved.

4.4.3.1. Redundant solutions. A simple solution could consist of substituting the overlap
matrix by some standard constant matrix, like the unity matrix:1 = {1ij = 1}, however,
the construction of a few examples shows how the resultant comparisons can become quite
redundant.

Another highly redundant solution may be associated with a tensorial product of the vec-
tors to be compared. An hybrid scalar product can be composed by the tensorial products:

(31)TAB = pA ⊗ pB ∧ TBA = pB ⊗ pA,

followed by a complete summation of the resultant matrix elements:

τAB = 〈TAB〉 = 〈pA ⊗ pB〉 ∧ τBA = 〈TBA〉 = 〈pB ⊗ pA〉.
The couple of scalars could be employed afterwards as generalized scalar products, but one
must note that, for instance:

(32)τAB = 〈pA ⊗ pB〉 =
∑
i

∑
j

pA,ipB,j =
(∑

i

pA,i

)(∑
j

pB,j

)
= 〈pA〉〈pB〉,
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then, it is obvious that the following equality will hold:

τAB = τBA.

Although the crossed products of the matrices(31) may lead to better comparison struc-
tures, it is also easy to show that:

RAA = TABTBA = 〈pB ∗ pB〉(pA ⊗ pA) ∧
RBB = TBATAB = 〈pA ∗ pA〉(pB ⊗ pB)

so the resultant matrices are still more simple than the preceding ones. Furthermore:

〈RAA〉 = 〈pB ∗ pB〉τAA ∧ 〈RBB〉 = 〈pA ∗ pA〉τBB.

The use of the preceding matrices and of the sums of their elements will lead to highly
redundant comparison measures. For instance, in case one tries to define a squared distance
as:

d2
AB = 〈

(pA − pB)⊗ (pA − pB)
〉 = τAA + τBB − 2τAB

however, taking into account the definition(32), one can also write:

d2
AB = 〈pA〉2 + 〈pB〉2 − 2〈pA〉〈pB〉 = 〈pA〉2 − 〈pB〉2 = τAA − τBB.

4.4.3.2. Averaged submatrices. A completely different approach solves the problem pro-
visionally, but further research should refine the procedure or lead to other more sophisti-
cated and accurate algorithms. As a starting point suppose two column vectors{pA; pB}
possessing dimensions:M > N , respectively. They can be reduced to the same dimension,
2 say, with the following algorithm:

(33)r (2)A =
(
rA,1
rA,2

)
= RM

2 (pA) = W

M−1∑
i=1

M∑
j=i+1

(
pA,i

pA,j

)
= W

M−1∑
i=1

(
(M − i)pA,i∑M

j=i+1 pA,j

)
with the averaging weightW defined as:

(34)W = 2
(
M(M − 1)

)−1
.

The same procedure can be used over the vectorpB , leading to a two-dimensional vector
r (2)B = RN

2 (pB). Now, for example, one can write the comparison in a cosine-like fashion:

(35)(pA : pB)
(2)
C = 〈

r (2)A ∗ r (2)B

〉(〈
r (2)A ∗ r (2)A

〉〈
r (2)B ∗ r (2)B

〉)−1/2

or alternatively in an Euclidean distance form:

(36)(pA : pB)
(2)
D = (〈

r (2)A ∗ r (2)A

〉+ 〈
r (2)B ∗ r (2)B

〉− 2
〈
r (2)A ∗ r (2)B

〉)−1/2
.

The average represented by equation(33) corresponds to a linear operator transforming
someM-dimensional vector space into a bi-dimensional one. It is easily found that if{p,q}
areM-dimensional column vectors and{α, β} two arbitrary scalars, then:

RM
2 (αp + βq) = αRM

2 (p)+ βRM
2 (q).

Similar definitions to the bi-dimensional ones in equations(33)–(36), can be easily gener-
alized to three or higher-dimensional transformations.
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To obtain such a general dimension reduction formalism, one has just to take the(
M
N

)
combinations ofM indices takenN by N without repetition, then construct anN -

dimensional sub-vector containing the corresponding index combination of the initial vec-
tor elements, summing up all the resulting sub-vectors, averaging finally the result with the
inverse number of combinations. Using a nested summation symbol, see Section2.1, one
can write:

(37)r (N) = RM
N (p) =

(
M

N

)−1∑
N

(i)F (i)


pi1

pi2

. . .

piN

 ,

where
∑

N(i) is a nested summation symbol[40] formed byN sums.F(i) is a filter leaving
overall the generated possible index vectors:i = (i1, i2, . . . , iN ), only those corresponding
to the needed combinations; that is, one can write:F(i) = δ(i1 < i2 < · · · < iN), where a
logical Kronecker’s delta6 [40] is employed within the filter definition. The reduced vectors
of typer (N), can be then compared with anyN -dimensional vector.

However, the resulting comparisons:

(38)(pA : pB)
(N)
C ∧ (pA : pB)

(N)
D

will possess a quite annoying drawback: As the involved vectors are dependent on the
ordering of the atoms in the respective molecules, then the measures(38) will not be in-
variant upon molecular atomic indices reordering. And this will not be overridden by the
dimension reduction; the non-invariance could even be enhanced by the use of a linear
operator(33).

A possibility to take into account is that the optimal match between both vectors will be
obtained when the following conditions are met:

(39)max
i

(pA : pB)
(N)
C ∧ min

i
(pA : pB)

(N)
D ,

where the vectori indicates any permutation of the dimension of both involved vectors.
From this point of view the search for the best matching appears as a discrete counterpart
of the molecular superposition problem encountered when computing quantum similarity
measures. The amount of work involved would not be as overwhelming as the molecular
superposition problem. Forcibly, in some cases, redundant solutions may be met, but then
it will be a matter of choice to accept one or another atomic ordering.

4.4.3.3. Optimization algorithm. Certainly, a brute force algorithm in order to choose
the proper atomic ordering should test all the possibleN ! index permutations, making it al-
most impossible to apply the algorithm to molecules with reduced vectors still possessing a
dimension larger than 10 to 12, depending on the available processor speed. A massive par-
allel computer allows us to arrive at higher dimensions, but in a good guess a computation
of no more than a dimension around 20 could be reached, unless a special computer is de-
signed to cope with this numerical explosion. Even so, the impractical growing rate of the
permutation number seems hopeless. However the problem can be stated, as equation(39)

6 A logical Kronecker deltaδ(L) is a generalization of the Kronecker symbolδij , whereL is a logical expres-
sion, then when:L = True → δ(L) = 1 ∧ L = False→ δ(L) = 0; one can consequently write:δij ≡ δ

(i = j).
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shows, as a mini-max one, thus this may make the development of game-like algorithms
to solve the discrete superposition problem easier. As the vector norms remain invariant
upon index permutation, the problem remains one of obtaining a maximal scalar product;
that is, the optimal problem can be limited to solve the optimal problem forn-dimensional
reduced vectors:

max
i

〈
RM
n (pA) ∗ RN

n (pB)
〉
,

in complete parallel with quantum similarity measure optimization. Of course, lower-
dimensional reduced vector problems will be easily handled with a total permutation su-
perposition. These results connect without doubt quantum similarity with discrete density
matrix representations, but also the optimal discrete reduced vector products connect the
theoretical discrete similarities with the procedures described several years ago by Avnir
and coworkers[42].

4.4.3.4. Simpler representation. In case the reader wants an easer framework, then the
one provided by the density function itself may be sufficient as a starting point for molecu-
lar description. Indeed, it has been described that easily constructed, appropriate projection
operators can project the density function into atomic or fragment parts, which in turn sum
up into the initial density. Taking the expression(20), and defining the atomic projector:7

PI =
∑
µ∈I

∑
ν

S−1
µν |µ〉〈ν|,

then it is easy to see that the partial density associated with the consideredI th atom can be
obtained as:

PI

(
ρ(r )

) =∑
α

∑
β

Dαβ

∑
µ∈I

∑
ν

S−1
µν |µ〉〈ν|α〉〈β|

=
∑
α

∑
β

Dαβ

∑
µ∈I

∑
ν

δµα|µ〉〈β| =
∑
µ∈I

∑
β

Dµβ |µ〉〈β| = ρI (r )

and in summing up the atomic projectors of a moleculeM the unit operator is found:∑
I∈M

PI = I ,

then it is obvious that:∑
I

ρI (r ) = ρ(r ).

Thus, one can construct a vector, which contains as elements atomic densities, so:

(40)|ρ〉 =


ρ1
ρ2
. . .

ρNA

 = {ρI } →
〈|ρ〉〉 = ρ.

7 Such a projector definition has been recently employed to set the quantum mechanical basis of atomic charges
and bond indices[110,111].
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Integrating the vector(40), we obtain a charge vector attached to condensed density into
atomic fragments:

Q =
∫
D

|ρ〉 dr =


∫
D
ρ1 dr∫

D
ρ2 dr
. . .∫

D
ρNA

dr

 =


Q1
Q2
. . .

QNA

 = {QI } → 〈Q〉 =
∑
I

QI = N,

N being the number of electrons in moleculeM, as the elements of the vectorQ are nothing
but Mulliken’s gross atomic populations. Thus pairs of atomic charge vectors, attached to
molecular pairs, can be employed for the same comparison purpose as before. Of course,
to the same extent atomic projectors can be added to define some molecular fragment, like:

PF =
∑

I∈F⊂M

PI .

The molecular vectorQ can be made of fragments instead of atoms, and compared with
other vectors constructed in a similar way.

In an approximate way, one can consider that:∀I ∈ M: QI = ZI and proceed accord-
ingly in a kind of non-polarized molecular atoms way.

5. APPROXIMATE, GENERALIZED AND AVERAGE DENSITY
FUNCTIONS

DF can possess various structures, mainly related to the form they bear with respect to an
appropriate DF basis set. In this section some analysis of such a property and related items
will be done in reference to eDF.

It is well known[1–7] how eDF can be variable reduced. Integrating the raw eDF defi-
nition over the entire system particle coordinates, exceptr of them, produces anrth order
eDF. The procedure may be schematized within the third step ofAlgorithm 1 or as de-
picted in the generating rule ofDefinition 2. This kind of coordinate or, which is the same,
random variable reduction, has been studied in many ways[1–7] and will not be repeated
here.

In the practical implementation of QSM, a simplified manner to construct the first-order
eDF form[8] has been proposed and is named the Atomic Shell Approximation (ASA)
eDF. A procedure has been recently described[50] with the necessary conditions to obtain
positive definite ASA eDF, and possessing appropriate probability distribution properties.

5.1. Convex conditions and ASA fitting

Definition 5in Section2.1succinctly presents the structural details of first order eDF, and
connects their form with the ASA eDF. The ASA eDF coefficients vector,w = {wi}, must
be optimized in order to obtain an approximate function that is completely adapted toab
initio eDF. In order that these last conditions hold, thew vector component values are
restricted to lie within the boundaries of some VSS:VN(R+), seeDefinition 1, and its
element sum,〈w〉, seeDefinition 3, shall be unity. As commented previously, this feature
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can be cast into a unique symbol, which can be referred to asconvex conditions: KN(w),
applying over theN -dimensional vectorw. Details can be found within the corresponding
Definition 6.

As commented inDefinition 5, the DF form shown in equation(3) can be used to build
up new DF elements, while preservingK∞(ρ) as set inDefinition 6. If w is taken as a
vector, assuming thatP = {ρi(r )} ⊂ H(R+) is used as a given set of homogeneous order
DF, and that convex conditionsKN(w) hold, then the linear combination:

(41)ρ(r) =
∑
i

wiρi(r ) ∈ H
(
R+)→ K∞(ρ)

can be used to produce a new DF with the same order and characteristic properties as the
ones associated with the elements of the setP. It can be said that convex conditions over
vector coefficients, affecting DF superpositions, are the way to allow the construction of
new DF of the same nature. Quite a considerable proportion of chemical computations, per-
formed over large molecular systems, are based on such a principle. A recent paper[50e]
and its sequel[50f] provide a complete up-to-date study of ASA eDF fitting and some
detailed analysis will be given below in Section5.2.

On the other hand, the DF themselves may in general be considered as elements of a
VSS or, alternatively, as members of a PD Operator Set, which can be collected in turn
into another isomorphic VSS, whose elements may be PD Operators.

The most important thing to be noted in the context of PD Operator VSS, as well as
in the isomorphic VSS companions, is theclosed nature of such VSS, when appropriate
PD coefficient sets are known. That is, PD linear combinations of PD Operators remain
PD Operators. Discrete matrix representations of such PD Operators are PD too, and PD
linear combinations of PD matrices will remain PD in the same way. Identical properties
can be described using convex conditions symbols, if{K∞(ρi); ∀i} andKn(w) hold, then
equation(41) is a convex function fulfillingK∞(ρ).

A connection between these considerations on PD operators and functions and Diagonal
Matrix VS can now be easily made as previously discussed in Section2.3.

5.2. ASA and CASA

Although a set of recent papers[50] gives the complete details of ASA fitting, recent algo-
rithm developments and new atomic fitting tables will be of help to the readers interested
in applications of the ASA DF[50f].

Essentially, the ASA fitting algorithm can be divided into three well-defined parts:

(a) generation of ASA exponents usingeven-tempered geometric sequences[64];
(b) coefficient optimization using anelementary Jacobi rotation (EJR) technique[49,50e,

50f];
(c) DF basis set exponent optimization using a Newton method[65].

In the present study only point (b) will be discussed, being the most relevant to DF analysis.
Several basis sets collections, already obtained in this way, can be downloaded from a www
site[66].
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Optimal sets of ASA coefficients and exponents are obtained by minimizing the func-
tion:

(42)ε(2) =
∫ ∣∣ρ(r )− ρASA(r )

∣∣ dr

which corresponds to the common definition of the quadratic error integral function be-
tweenab initio DF, ρ(r ), and ASA DF,ρASA(r ), eDF, subject to the convex conditions
K∞(ρASA) as described inDefinition 6.

On the other hand, equation(42)possesses the structure of an overlap QSSM, involving
the difference of the implied DF:∆(r) = ρ(r) − ρASA(r ); see equation(15) to grasp this
fact. Thus, although the usual practice shows the quadratic error integral with the simple
overlap QSSM structure, there is nothing to prevent us defining a general quadratic error
form, weighted by a chosen PD operatorΩ(r1; r2), as in a general formulation of a QSSM
associated with equation(17), that is:

ε(2)(Ω) =
∫∫

∆(r1)Ω(r1; r2)∆(r2) dr1 dr2.

Substituting the ASA DF defined in equation(41) into the integral(42)and using matrix
notation, the functionε(2) can now be written as:

(43)ε(2) = θ + wT Zw − 2aT w,

where:

θ =
∫∫

ρ(r1)Ω(r1; r2)ρ(r2) dr1 dr2

can be interpreted as anab initio QSSM over the original DF to be fitted. The elements of
the matrixZ = {Zij } as well as those of vectora = {ai} are given, respectively, by the
integrals:

Zij =
∫∫ ∣∣ϕi(r1)

∣∣2Ω(r1; r2)
∣∣ϕj(r2)

∣∣2 dr1 dr2

and

ai =
∫∫ ∣∣ϕi(r1)

∣∣2Ω(r1; r2)ρ(r2) dr1 dr2.

The first set of integrals can be interpreted as QSM involving the basis set functions, trans-
formed into DF, and the second set can be associated with a QSM between the basis set
functions transformed into DF and the exact DF.

The ASA functions not only can be applied to QS measures calculation—see refer-
ence[122] for a recent example on antimalarial QSAR—but appear to be interesting for
initial HF procedures in molecular structures with heavy elements[123], among other ap-
plications[124–126].

5.2.1. ASA coefficient optimization using elementary Jacobi rotations

The set of positive coefficients collected as a vector:w = {wi}, in equation(41) can be
defined as the square modules of some auxiliary vector components:x = {xi}, which could
be called thegenerating vector:

(44)wi = |xi |2, ∀i,
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that is:RN(x → w), and in this way the convex conditionKN(w) could be easily fulfilled.
Moreover, because the matrixZ is PD, a unitary matrixU can be found such as:

U+ZU = D,

whereD is a diagonal matrix with positive real elements, that is:D∗ > 0. The first step
in the procedure consists in diagonalizing the matrixZ, in order to obtain their eigenval-
ues and eigenvectors. Then, the initial coefficients{wi} can be made equal to the squares
of the most suitable normalized eigenvector of the matrixZ, acting as generating vector,
and consequently the required convex constraints are automatically fulfilled. Starting from
this generating vector, and applying orthogonal EJR, the constraints will hold along the
optimization process.

ASA coefficients are obtained by an optimization procedure, which minimizes the
quadratic error integral between the exact and the ASA DF’s. Substituting every ASA
coefficientwi by |xi |2, and only considering the case ofreal generating vector coefficients,
the quadratic error integral function can be rewritten as:

(45)ε(2) = θ +
∑
i,j∈a

x2
i x

2
j Zij − 2

∑
i∈a

x2
i ai ,

whereθ the exact self-similarity measure,{Zij } the QSM between the basis DF and{ai}
the QSM between the exact DF and the DF basis set, have been already defined.

EJR are easily constructed norm-conserving tools to obtain unitary or orthogonal trans-
formations usable over vectors or matrices. The origin of such transformation matrices can
be found in the paper of Jacobi[49], dating to the past century. Being orthogonal, EJR may
also be viewed as rotation matrices over real (or complex) valuedN -dimensional spaces.
Applied to a givenN -dimensional vector, an EJR, which will be written here asJpq(α),
will transform the vector componentsp andq only, keeping the rest of them invariant.
The EJR transformation on the generating vector chosen components is defined by the
equations:

xrp ← cxp − sxq,

(46)xrq ← sxp + cxq,

wherec and s are the cosine and sine of the EJR angleα, acting over the components:
{xp; xq} and transforming them into the new rotated values:{xrp; xrq}. The norm of the
transformed vector remains invariant with respect to the initial one, as orthogonal vector
transformations possess this property.

Over the generating vector coefficients in equation(45) it is easy to apply the EJR rep-
resented by equation(46), and then, the variation ofε(2) with respect to the active pair
of elements{xp; xq} may be easily expressed. To computeδε(2) it is necessary to evaluate
the second andfourth order variation of the transformed elements:{xrp; xrq}. Substituting
such variations into the corresponding equation and collecting terms, one finally arrives at
a quartic polynomial on the rotation sine:

(47)δε(2) = E04s
4 + E13cs

3 + E02s
2 + E11cs,

where the parameters{EIJ }, appearing in equation(47), are described as follows:

E04 = Θ
[(
x2
p − x2

q

)2 − 4x2
px

2
q

]
,
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E13 = 4Θ
(
x2
p − x2

q

)
xpxq,

E02 = 4Θx2
px

2
q − 2

(
x2
p − x2

q

)
G,

E11 = −4xpxqG,

using the following auxiliary terms:

Θ = Zpp + Zqq − 2Zpq

and

G =
∑
i �=p,q

x2
i (Zpi − Zqi)+ x2

pZpp − x2
qZqq −

(
x2
p − x2

q

)
Zpq − ap + aq.

The optimal sine can be chosen with the null gradient conditiondδε(2)

ds
= 0, taking into

account thats
c
= t and thatdc

ds
= −t , then:

(48)
dδε(2)

ds
= −c

(
T1t

2 − 2T2t − T3
) = 0

holds with the auxiliary definitions:

T1 = E13s
2 + E11,

T2 = 2E04s
2 + E02,

T3 = 3E13s
2 + E11.

The best Jacobi rotation angle is found by solving the quadratic polynomial equation in
the EJR tangent{t}, appearing in expression(48). The optimization is conducted through
an iterative procedure, until the global variation of Jacobi rotation angles or the quadratic
error integral function become negligible, see reference[50e] for more details. A simpli-
fied algorithm can also be used, the interested reader should consult reference[50f], for a
complete account.

5.2.2. Alternative approximate expression of density functions: Complete ASA (CASA)

Although losing the elegant simplicity of the ASA approach, there appears to be an alter-
native, very natural way to express the first order DF, using the samegenerating vector
concept as before, within the ASA approach, as discussed above.

Assume a spherical basis set made as is usual in ASA environment ofnS-type functions
{Si}. Then, the first order DF may be approximated by a function like:

(49)ρCASA
a (r ) =

∑
i,j∈a

xixjSi(r )Sj (r ),

where{xi} are the elements of the generating vectorx. This approach will be called from
now on theComplete Atomic Shell Approximation (CASA). The quadratic error function
can be written in a similar manner as using an ASA DF expression:

(50)ε(2) = zaa +
∑

i,j,k,l∈a
xixj xkxlzijkl − 2

∑
i,j∈a

xixjBij ,
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where the hypermatrix elements:{zijkl} are overlap-like similarity integrals involving four
differentS-type spherical basis functions:

zijkl =
∫

Si(r1)Sj (r1)Ω(r1; r2)Sk(r2)Sl(r2) dr1 dr2

while the matrixB = {Bij } corresponds to an integral between a pair ofS-type functions
and two AO’s:

Bij =
∑
µ,ν

Dµν

∫
Si(r1)Sj (r1)Ω(r1; r2)χ

∗
µ(r2)χν(r2) dr1 dr2.

EJR can be used in the same way as in the ASA approach in order to optimize the
new CASA quadratic error expression; although with adapted different variation terms for
the generating vector coefficients. Nevertheless, the structure of the CASA DF permits an
alternative proposal, which leads to an elegant matrix formalism, identical to the mono-
configurational SCF computational structure[41,67].

Here the new approximate expression of the density function leads to the normalization
condition, which must fulfill the CASA generating vector coefficients:

(51)
∫

ρCASA
a (r ) dr =

∑
i,j∈a

xixj

∫
Si(r )Sj (r ) dr =

∑
i,j∈a

xixjSij = 1.

That is, in matrix form:xT Sx = 1, whenever the matrix:S = {Sij } collects the metric
matrix elements of theS-type basis function set.

Thus, the problem is reduced to minimizing equation(50), submitted to the con-
straint(51). A Lagrange multiplier technique can produce a more elegant result here than
EJR. The Euler equations of the constrained optimization problem are written easily in
terms of a generalized secular equation[67]:

(52)Gx = γSx,

whereγ is half of the necessary Lagrange multiplier, while the matrix structure,G, depends
on the generating vector coefficients and the involved integrals already defined:

Gij = −Bij +
∑
k,l∈a

xkxlzijkl, ∀i, j.

The CASA generating vector coefficients computational procedure should be made iter-
ative, and during the process, the eigenvalueγ has to be chosen as the one with minimal
module. This has to be done in this way, because eigenvalues in equation(52)can be shown
to be the same as the scalar product between the CASA DF and the difference between this
approximate DF and the exact one.

5.2.3. Bader’s analysis of ASA DF

It is well known that ASA DF, as discussed before, provides a reliable and sufficiently
accurate formulation to be used for quantum similarity measures calculations and in order
to obtain iso-density surfaces for large molecular structures.
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5.2.3.1. ASA atomic and molecular density functions definition. ASA density functions
are constructed by means of simple rules, taking as basic building blocks 1s GTO functions.
That is, suppose that the following symbol:

(53)|α;A〉 = N(α)exp
(−α|r − A|2)

is used to denote such a GTO, centred at some point in space with coordinatesA, α being
a scaling parameter and finallyN(α) representing a normalization factor such that:

(54)〈A;α|α;A〉 = ∣∣N(α)
∣∣2 ∫

D

exp
(−2α|r − A|2) dr = 1.

An atomic ASA density can thus be built up by means of the convex linear combination:

(55)ρ(r ;A) =
N∑
I

ΩI

∣∣|αI ;A〉∣∣2 =
N∑
I

ΩI |αI ;A〉〈A;αI |,

by convex linear combination it is meant that the convexity property, represented by the
convexity symbol,

KN

({ΩI }
) = (

{ΩI }
∣∣ ∀I : ΩI ∈ R+ ∧

N∑
I=1

ΩI = 1

)
,

holds for the coefficient set{ΩI }.
A molecular ASA DF, as mentioned before, can be obtained by means of the convex

linear combination:

(56)ρM(r ) =
∑
A∈M

wAρ(r ;A)

with the convex propertyK({wA}) being considered active for the molecular coefficients.
In this way, the molecular ASA density function(56) is chosen as ashape function, that

is, will be normalized in the sense:∫
D

ρM(r ) dr = 1.

The alternative normalization to the number of electrons,Ne, can be obtained simply by
using in equation(56) the coefficient set:

ZA = NewA

instead of the convex set{wA}.

5.2.3.2. Gradient and Hessian of a molecular ASA density function.

(A) Gradient. The gradient of an ASA molecular density function can be written as:

∂

∂r

[
ρM(r )

] = ∑
A∈M

wA

∂

∂r

[
ρA(r ;A)

]
,
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so, in this way, one arrives finally at a convex linear combination of 1s GTO functions, as:

∂

∂r

[
ρ(r ;A)

] = N∑
I

ΩI

∂

∂r

[∣∣|αI ;A〉∣∣2] = 2
N∑
I

ΩI

∂

∂r

[|αI ;A〉].
Thus, because the 1s GTO gradient can be easily written as a vector with the form:

∂

∂r

[|α;A〉] = N(α)
∂

∂r

[
exp

(−α|r − A|2)] = −2α(r − A)|α;A〉.
Then, the gradient of the molecular ASA density function can be written:

(57)
∂

∂r

[
ρM(r )

] = −2
∑
A∈M

wA(r − A)

(∑
I∈A

ΩA
I αA

I

∣∣αA
I ;A

〉)
.

(B) Hessian. The Hessian of an ASA density function is easily constructed too, taking
into account that it can be formally written by means of the tensor product of a gradient
vector symbol:∂

∂r ⊗ ∂
∂r . So, the second partial derivatives matrix of a 1s GTO function can

be written using:

∂

∂r
⊗ ∂

∂r

[|α;A〉] = N(α)
∂

∂r
⊗ ∂

∂r

[
exp

(−α|r − A|2)]
= (−2α)

∂

∂r
⊗ [

(r − A)|α;A〉]
and one can finally write:

∂

∂r
⊗ ∂

∂r

[|α;A〉] = ∂

∂r
⊗ [

(r − A)|α;A〉]
= (−2α|α;A〉)(I3 − 2α

[
(r − A)⊗ (r − A)

])
,

whereI3 corresponds to the(3× 3) identity matrix.
Thus, the Hessian matrix of an ASA density function may be written in a similar way as

the gradient expression(57):

∂

∂r
⊗ ∂

∂r

[
ρM(r )

]
(58)= −2

∑
A∈M

wA

(∑
I∈A

ΩA
I αA

I

(
I − 2αA

I

[
(r − A)⊗ (r − A)

])∣∣αA
I ;A

〉)
.

(C) Further gradient and Hessian forms. Equations(57) and (58), can be easily trans-
formed using simple definitions. Suppose that a new set of functions can be defined using:

|r ;A|p〉 =
N∑
I

ΩI (−2αI )
p|αI ;A〉,

the gradient can be rewritten as:

(59)
∂

∂r

[
ρM(r )

] = ∑
A∈M

wA(r − A)|r ;A|1〉
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and, in this manner, the Hessian can be rewritten in a simplified form as well:

∂

∂r
⊗ ∂

∂r

[
ρM(r )

] = ∑
A∈M

wA

(|r ;A|1〉I3 + |r ;A|2〉[(r − A)⊗ (r − A)
])
.

5.2.3.3. Bader analysis on ASA density functions. Although there is now a wide discus-
sion about certain mathematical aspects in the literature[68], by knowing the gradient and
Hessian of density functions a so-called Bader analysis can be easily performed[8]. Ac-
cording to Bader, the null gradient density function surfaces are interesting elements to be
connected with chemical information about bonds and so on.

Null gradient ASA conditions are quite easy to obtain from equation(59), as one can
see that some gradient terms will be null just in the sites where the atomic ASA functions
have been centred. Moreover, equation(59), after equalizing it to zero, can be arranged in
such a way that the following expression can be written:

(60)r =
(∑
A∈M

wA|r ;A|1〉
)−1(∑

A∈M
wAA|r ;A|1〉

)
,

thus one can try to find out iteratively which values of the position vector, surrounding the
associated molecular structure, produce a null gradient result.

In any case, the situation may be obtained, where for a sufficiently far from the molecule
position vector, the exponentials could be considered small enough to become equal to a
similar number:ε. Then:

|r ;A|1〉 = −2ε
N∑
I

ΩIαI = −2ε〈Ω ∗ α〉A,

and, in this manner it can be written:

(61)r0 =
∑
A∈M

γAA,

where the coefficient set{γA} is immediately defined by means of:

γA =
(∑
A∈M

wA〈Ω ∗ α〉A
)−1(

wA〈Ω ∗ α〉A
)
.

However, as the sum of the coefficients{γA} is the unit, that is:∑
A

γA = 1

as well as being positive definite, the set is convex:K({γA}) holds. So, the value of the
electron position at this point,r0, given by equation(61), can be seen as an average of the
atomic centres with weights provided by the coefficients{γA}. This means that the values
of the null gradient condition are to be found inside the polyhedron defined by the atomic
centres.

This result provides a solution, contradicting the assumption that these points are far
away in space. It can be concluded that there are no such kind of null gradient surfaces far
away from the molecular centre of mass.
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5.3. Generalized density functions

In order to describe a general DF form, the definition and properties of IMP are needed, as
found in Section3 above.

These IMP features and definitions permit us to express DF’s in a compact and extremely
general form[68,69]. The previous discussion may be employed, first constructing a matrix
W as bearing a convex coefficient hypermatrix of arbitrary dimensions: Dim(W) = {δ},
that is the convex conditionK {δ}(W) holds. In general, this can be obtained by choosing a
complex matrixX with adequate dimension, Dim(X) = {δ}, such that the inward product
is: W = X∗ ∗ X.

Then, symbolically it is assured that the generating rule also holds, as follows:

R(X → W) = {∀Ω ∈ W → ∃χ ∈ X: Ω = χ∗χ = |χ |2 ∈ R+}.
This special choice can be also described by imposing convex conditions onW, that is:

K {δ}(W) = {∀Ω ∈ W → Ω ∈ R+ ∧ 〈W〉 = 1
}
.

In the previous definitions and in what follows next, hypermatrix elements are written
without subindices. This is permitted because in IMP definitions the involved hypermatrix
elements have to bear thesame subindex set.

Let us define now a hypermatrixP, possessing such a dimension that: Dim(P) =
Dim(W) = {δ}. Moreover, the chosen matrixP contains, as elements, normalized positive
definite multivariate functions of a position vectorR of arbitrary dimension. That is, it can
be formally written:

∫
P(R) dR = 1, 1 being the unity matrix, as appears inDefinition 10,

such that Dim(1) = {δ}. More specifically, one can compactly write the convenient struc-
ture of P, using the following construction rules, which can be summarized by a unique
hypermatrix convex condition:

K {δ}(P) =
{
∀p(R) ∈ P → ∀R: p(R) ∈ R+ ∧

∫
p(R) dR = 1

}
.

This convex structure can be accomplished by constructing an IMP likeP = �∗ ∗�, being
Dim(�) = {δ}, so that a generating rule may be issued in such terms that:

R(� → P) = {∀p ∈ P → ∃ϕ ∈ �: p = |ϕ|2}.
Keeping this in mind, a normalized density function of the position variables vectorR can
be also expressed as an IMP, like:

ρ(R) = 〈W ∗ P〉 ⇒
∫

ρ(R) dR = 1,

where the matrix elements sum has been used as previously commented inDefinition 3.

5.4. Average density functions

Several examples of average DF can be imagined from the DF properties described in
preceding sections. Some particular cases have been chosen in order to describe represen-
tative problems in the field of QSM evaluation for molecular sets, possessing some kind of
degrees of freedom not yet taken into account in the usual computations performed to date.
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A recent paper by Mezey[70] describes several aspects of the theoretical basis of the
DF distribution problem when numerous conformational coordinates are active, although
it must be said that the paper studies some formal aspects, which are not taken into account
here.

Two sections will present, first, the problems posed by conformational Boltzmann av-
erages within a discrete as well as in a continuous framework. Next, a DF chiral average
will be analyzed in order to take into account possible similarity comparisons in molecular
structures within the presence of R-S isomers. Finally, a general algorithm to perform any
kind of DF average will be presented.

5.4.1. Discrete conformational Boltzmann averages

One of the most obvious problems in quantum chemistry, when studying a molecular struc-
ture possessing a flexible atomic backbone, is how to use the conformational surface in
order to take into account, simultaneously and as much as possible, the information asso-
ciated with the presence of conformers. This is most necessary, for example, in QQSAR
studies based on molecular QSM, where by employing a unique conformation the associ-
ated molecular discrete description could deviate from the optimal values.

The problem posed when comparing two molecules with a chosen number of internal
degrees of freedom, besides presenting great difficulties, is a challenging one. Here, we
present a possible solution, which will be based on the theoretical description previously
given. Essentially, the discussion accompanying equation(41)and the generalized DF form
of the preceding paragraph can be taken into account to seek a solution to the problem.

From the point of view of the clamped nuclei approach, for everyKth conformer of a
given molecular structure,M, there can be associated a set of fixed atomic coordinates:
RM

K = {rMIK}, I = 1, N , whereN is the number of atoms in the moleculeM. For each
molecular state, every conformerK can be associated with a particular pair of energy and
DF: {EM

K ; ρM
K (r ;RM

K )}, as already discussed in Section2.2.
A unique DF, representative of the average molecular conformations, can be easily built

up, by means of the definition of the energy differences:{∆EM
K = EM

K − EM
0 }, being

EM
0 = minK(EM

K ). With the set of conformational energy differences a convex vector can
be built up, simply using a Boltzmann distribution, with a partition function immediately
defined with the conformational energy information as:

zM = {
zMK = exp

(−∆EM
K /kT

)} ∈ V ν

(
R+) ∧ θM = 〈zM 〉 →

(62)wM = θ−1
M zM ∧ K ν(wM).

The Boltzmann partition function vectorwM = {wM
K } can be used as a set of weights over

the conformation DF set in order to obtain a unique average DF:

(63)ρM(r ) =
ν∑

K=1

wM
K ρM

K

(
r ;RM

K

)
.

In this way a unique similarity measure, involving two molecular structures{A,B} say, but
possessing several conformers:{νA, νB} in number, can be obtained as:

(64)zAB(Ω) =
νA∑
K

νB∑
L

wA
KwB

L

〈
ρA
K

∣∣Ω∣∣ρB
L

〉
.
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Expression(64) amounts to the same as considering each conformer like a distinct mole-
cular species, because of the Born–Oppenheimer approximation. Gathering all QSM pairs
between conformers into a unique(νA × νB) SM: ZAB = {zAB

KL = 〈ρA
K |Ω|ρB

L 〉}, then the
conformationally averaged QSM(64)can be conveniently expressed in terms of a bilinear
functional. Using the Boltzmann weight vectors{wA;wB} for each conformer molecular
set, hence:

zAB(Ω) = wT
AZABwB.

5.4.2. Continuous conformational Boltzmann averages

Where the conformational surface can be associated with a continuous set of variables{t},
then instead of discrete energy-DF pairs, two functions of{t} can be associated with each
state, and symbolized by:{EM(t), ρM(r , t)}. From the energy set a convex partition func-
tion may be obtained, using:

E0
M(t) = min

t

{
EM(t)

} ∧∆EM(t) = EM(t)− E0
M(t)

thus, a partition function is easily constructed:

zM(t) = exp
(−∆EM(t)/kT

)
and then a continuous Boltzmann weight function can be defined as:

wM(t) = θ−1
M zM(t) ∧ θM =

∫
zM(t) dt → K∞(wM),

so, an average DF can be readily computed by means of the integral:

(65)ρM(r ) =
∫

wM(t)ρM(r , t) dt.

Equation(65)appears to be the continuous equivalent of expression(63).
Finally, the QSM between two continuous averaged DF can be also expressed in a com-

pact integral form:

zAB(Ω) =
∫∫

ρA(r1)Ω(r1, r2)ρB(r2) dr1 dr2

=
∫∫ (∫

wA(t1)ρA(r1, t1) dt1

)
Ω(r1, r2)

×
(∫

wB(t2)ρB(r2, t2) dt2

)
dr1 dr2

=
∫∫

wA(t1)wB(t2)
(∫∫

ρA(r1, t1)Ω(r1, r2)ρB(r2, t2) dr1 dr2

)
dt1 dt2

=
∫∫

wA(t1)wB(t2)ΘAB(t1, t2) dt1 dt2

which is the continuous equivalent part of equation(64).
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5.4.3. Chiral R-S averages

When R-S chiral structures are to be studied and included in similarity studies, a Boltzmann
average computation is not possible, for the simple reason that in the absence of a chiral
field the Schrödinger equation will yield the same energy value for both R-S enantiomeric
forms. However, this is not the same when similarity integrals are concerned, see[71] for
a recent application.

To understand the problem, let us suppose that the DF of the enantiomers are written as
the pair:{ρR; ρS}. The QSSM will yield the same values, that is:

zRR = zSS = α;
however, the cross-QSM between the enantiomers will be symmetric:

zRS = zSR = β,

but different from the common R-S QSSM. Both values will be related as:

α > β.

Therefore, the symmetric(2×2) similarity matrix involving the chiral DF will present two
definite positive eigenvalues in the form:

θ± = α ± β,

to which corresponds the following eigenvector pair:

(66)u± = 1√
2
(1;±1)T .

The corresponding orthogonal(2 × 2) matrix, which has the eigenvector couple, as de-
scribed above, as columns, can be considered as a possible transformation of the(2 × 2)
SM so as to make it diagonal. The maximal eigenvalue,θ+, corresponds to a maximal
QSSM of the R-S pair, which results in a value like:

zmax = zRR + zRS = zSS + zRS.

This is the same as is used for the chiral system, a corrected DF average expressed as an
arithmetic mean mixture of both enantiomers:

ρav = 1

2
(ρR + ρS).

Thus, the difficult case, from the point of view of classical QSAR treatment, associated
with the descriptors of molecular chiral structures, can be solved in this simple, but logical,
way. An SM element between two chiral systems of this sort is computed straightforwardly
as:

zavAB = 〈
ρav
A

∣∣Ω∣∣ρav
B

〉 = 1

4

(
zRR
AB + zRS

AB + zSRAB + zSSAB

)
.

The integrals involving R-R and S-S pairs will be equivalent, and the central terms involv-
ing the R-S and S-R DF may differ slightly due to the need to search for a superposition of
both structures to achieve a maximal QSM. However, due to the average even these slight
differences could be smoothed. Then, the averaged QSM will become equivalent to the one
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involving a unique chiral system, with the crossed term transformed into a possible arith-
metic average. Finally, the form which SM element values take when a chiral structure is
compared with some achiral one should be noted. Then, for example, it can be written:

zavAB = 〈
ρav
A

∣∣Ω∣∣ρB 〉 = 1

2

(
zRAB + zSAB

)
.

The most general case, where several chiral centers are present, generating an indefinite
amount of chiral pair structures, cannot be studied in this simple way but demands a deeper
analysis. The section below presents a possible solution of the average problem, which can
be widely used in all the discussed cases and in other situations involving the same QO but
diverse independent DF.

5.4.4. General average DF

The R-S case analyzed above is nothing more than a very particular case of a possible
general situation, which was studied several years ago[25] in another context and in a
quite schematic way, in reference to SCF Theory.

In order to see how an average DF can be obtained from QSM analysis, suppose that
for a given QO—A, say—there areN known sub-structural features, which can produce
a homogeneous set of DF:PA = {ρA

I (R); (I = 1, N)}, reflecting in turn the differences
between the isomers, conformers, states or whatever source of diversity can be taken into
account over the original QO A. In order to have a generic name for these difference char-
acteristics one can choose the description:QO distinct features (QODF). Thus, QODF split
a given QO into several QO’s and can be considered, according toDefinition 7′, as a source
to build of Tagged Ensembles.

As discussed above, an SM attached to the QO A can be built-up from a chosen PD
weight operator,Ω, and the DF setPA. At this stage one can easily see that the QO A
sub-structural QODF can be considered as a QOS itself, where the distinct QO A DF’s, act
as tags. Such a QOS can be named as a QOSgenerated by the QO A. The attached SM,
whose columns can be used to build an attached DQOS to QO A up, may be identified as:

ZAA = {
zAA
IJ = 〈

ρA
I

∣∣Ω∣∣ρA
J

〉}
.

The SMZAA, itself can be used in turn as a source of averaging coefficients in a straight-
forward manner. Suppose the eigensystem of the SMZAA has been computed and can be
expressed by the symbol:Eigensys[ZAA] = [{θAI ; cAI }; (I = 1, N)]. This means, then,
that the following secular equation is fulfilled:

∀I : ZAAcAI = θAI cAI .

In addition, the following relevant properties also hold:

(67)∀I :
(
cAI
)T ZAAcAI = θAI ∧ (cAI )T cAI = 1.

These eigensystem properties allow us to consider at least two possible forms of weighting
coefficient averages.

5.4.4.1. Frobenius average DF. Because any SM has the featureZAA∗ > 0, seeDef-
inition 13, of being strictly positive, then the Frobenius theorem[72] can be invoked to
confirm that if the spectrum ofZAA is ordered in such a way thatθA1 > θA2 > · · · > θAN ,
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then consequentlycA1 ∗ > 0. Thus, a convex transformation can be easily imagined, pro-
ducing a new vector:

wA = 〈
cA1
〉−1cA1 = {

wA
I = 〈

cA1
〉−1

cAI1

}→ KN(wA).

Afterwards, the convex vectorwA can be used to obtain an averaged DF, which can be
considered as a unique tag for the QO A, including contributions over all the tag setPA, as:

(68)ρA =
∑
I

wA
I ρ

A
I ,

with the important additional structure such thatK∞(ρA) holds. So an average QSSM can
be easily written for the QO A:

zavAA = 〈ρA|Ω|ρA〉 = wT
AZAAwA =

∑
I

∑
J

wA
I w

A
J z

AA
IJ

= 〈
cA1
〉−2(cA1 )T ZAAcA1 = 〈

cA1
〉−2

θA1 .

Invoking the same arguments and using the appropriate QODF for another QO B, an aver-
age SM element can be described in the same fashion:

zavAB = 〈ρA|Ω|ρB〉 = wT
AZABwB =

∑
I

∑
J

wA
I w

B
J z

AB
IJ

(69)= (〈
cA1
〉〈
cB1
〉)−1(cA1 )T ZABcB1 .

Such an average procedure leading to a specific DF, which can be called, for obvious rea-
sons, aFrobenius average DF, has the disadvantage of providing, as Boltzmann averages,
a unique possible DF choice. In the next section a more flexible approach will be analyzed.

5.4.4.2. IMP average DF. IMP properties can be invoked once theZAA eigensystem is
known. The set{cAI ; (I = 1, N)} of ZAA eigenvectors are a natural source of normalized
vectors, which can be used as generating vectors for another set of convex vectors weights,
that is:

∀I : RN

(
cAI → wA

I

)⇒ KN

(
wA

I

)
,

or, alternatively, using the properties in equation(67)plus the IMP definition a set of aver-
age convex weights can be easily defined as:

∀I : wA
I = cAI ∗ cAI → KN

(
wA

I

)
.

The possible average DF, which can be constructed in this framework, can be written in
the form:

ρav
A;I =

∑
J

wA
JIρ

A
J .

In this case the averaged QSSM will be written as:

zavAA;I = 〈
ρav
A;I
∣∣Ω∣∣ρav

A;I
〉 = (

wA
I

)T ZAAwA
I =

∑
J

∑
K

wA
JIw

A
KI z

AA
JK

=
∑
J

∑
K

(
cAJI

)2(
cAKI

)2
zAA
JK.
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So, adopting theprinciple of the maximal QSSM value, the final average QSSM associated
with the QO A, may be easily chosen with the algorithm:

zavAA = max
I

(
zavAA;I

)
.

QSM between two different QO can be obtained in a similar way as in equation(69), just
substituting the involved average DF by the corresponding ones obtained in this approach.
The IMP convex averaging in front of the former Frobenius average has the freedom ofN

possible choices.

5.4.4.3. Concluding remarks. Consequently, one can say that general algorithms to con-
struct DF and QSM averages over QOS, where specific QODF are well defined, can be
easily applied to any QOS tagged ensemble to reduce it to a simpler QOS. Those described
geometry based average algorithms can be used, of course, instead of the Boltzmann aver-
age procedures, even in the conformer average case.

6. EXTENDED HILBERT SPACES, SOBOLEV SPACES AND DENSITY
FUNCTIONS

Following the previous discussion, we now develop some ideas about the connection be-
tween DF as a product of the squared wave function module and the distribution-like
function, arising from the squared module associated with the gradient of the wave function
itself, which has been formerly considered as a distribution[73,74] in the literature.

This study, connecting wave functions and their attached gradients, may have interesting
consequences when writing expectation values in the fashion QSM needs to attain a co-
herent theoretical background. Several arguments permit us to discover the role performed
by the practical formalism attached toextended Hilbert spaces (EHS), where wave func-
tions and their gradients are taken simultaneously into account. In EHS one can connect
expectation values to a unique statistical formalism. Mainly, this theoretical structure is re-
lated to the approximate way the Schrödinger equation has to be studied, when a molecular
solution is looked for.

There is another interesting question, not yet discussed in the quantum mechanical liter-
ature as it deserves, and which will be studied as far as possible here. It could be attached
to the interpretation of the differential operators role, as momentum representatives within
the framework of classical quantum mechanics, when the position space point of view is
chosen.

In order to achieve these objectives, we first discuss several novel aspects of the expec-
tation value concept.

6.1. Expectation values

When studying a quantum mechanical system, the expectation value of some observ-
ableΩ, in a well-defined QO system state, can be written by means of the integral:

(70)〈Ω〉 =
∫

W(r)ρ(r) dr ,
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whereW(r) is an associated Hermitian operator to be determined for a given QOS, and
ρ(r ) the system state density function.

On the other hand, the expression(70), from a QQSAR point of view, can be interpreted
as a scalar product[36a], that is:

(71)〈Ω〉 = 〈W |ρ〉.
Taking into account the unknown nature of the QQSAR operatorW(r ), one can consider

that it can be decomposed as a product of the operator leading to the expectation value
WΩ(r ), still unknown and to be determined, by a known PD weight operator,Ω(r , r0).
Thus, the expectation value as presented in expression(70)can be written now as:

(72)〈Ω〉 = 〈WΩ |Ω|ρ〉.
This is the same as transforming equation(70) into the equivalent, more general integral:

(73)〈Ω〉 =
∫∫

WΩ(r )Ω(r , r0)ρ(r0) dr dr0.

It is easy to see that the PD weight operatorΩ(r , r0) can particularly be chosen as the
Dirac’s delta function,δ(r − r0), and, thus, in doing so, equation(70) is recovered. In order
to distinguish the expectation value general definition, as presented in equation(73) from
the usual choice in equation(70), where the weight can be considered a unit operator, the
general integral(73) can be named as aweighted expectation value integral expression.
It is interesting to note that expression(73) has a formal structure highly resembling the
two-system QSM integral as given in equation(14).

6.2. Problem setup

After structuring the statistical representation of the expectation value integrals, a more
in-depth study shows that there appears to be present a formal quantum mechanical puzzle
when one tries to connect a second order differential operator, representing a QO kinetic
energy (KE), using the expression of an expectation value in the statistical formalism,
represented by equation(70). KE expectation values, as usually presented in the literature,
do not fulfil the general statistical formalism represented by equations(71)–(73). On the
contrary, as they are described, they possess a kind of expression according to the following
well-known equation:

(74)〈Ω〉 = 〈Ψ |Ω|Ψ 〉 =
∫∫

Ψ ∗(r1)Ω(r1; r2)Ψ (r2) dr1 dr2,

as can be found in any treatise; see, for instance, the Bohm[24], Messiah[75] or
Shankar[76] discussions. However, the KE expectation value adequately transformed and,
avoiding some scalar factors, looks like a norm. This can be easily seen when writing the
following equalities:

(75)2〈K〉 = −
∫

Ψ ∗∇2Ψ dr =
∫

(∇Ψ )∗(∇Ψ ) dr ,

where the change of sign can be attributed to Green’s first identity[77]. A similar pro-
cedure has been also used in the evaluation of KE integral representation over atomic
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basis sets[78]. Equation(75) has been customarily employed since the first description of
DFT [73] and is used as a working tool in this context hereafter[74]. Concerning the ab-
sence of a scalar imaginary unit factor accompanying thenabla operator in expression(75)
and in the following equations, it is apparently not imperative for the purpose of the present
discussion to use this imaginary scalar factor. Moreover, equation(75) indicates that KE
will necessarily become a PD quantity, being the result of a norm-like expression.

Available textbooks do not explain this situation; see for a recent example reference[79].
However, the current literature presents it as ade facto characteristic feature of quan-
tum mechanics. The usual trend is to classify this oddity within the fuzziness of quantum
mechanical postulates.8 Other authors introduce KE expectation values throughout mathe-
matical manipulations that are not exempt of difficulty[24].

6.3. Extended Hilbert spaces

In order to summarize the whole picture concerning expectation values, it can be said
that quantum mechanics allows generic expectation values as computational forms, like
the integral(70). When using this formal structure and the particular examples, where
the involved Hermitian operator is expressed by functions of the position coordinates,
the integral values represent an expectation value, exactly in the same way as in theoreti-
cal statistics. However, when gradient operators appear in the computational scenario, the
expectation value integral has to be modified, adopting a form as the one shown in equa-
tion (74). This kind of integral expression transforms into equation(70) only in the case
where the operator,Ω, does not depend on the momentum as a variable. Equation(70)
loses sense, for instance, when the kinetic energy Laplacian operator is to be computed,
and integral(74) necessarily emerges. On the contrary, when the involved operator is a
function of the position only, then both integrals are equivalent. Thus, one could take the
decision to accept the form given in the integral(74) as the adequate quantum mechanical
expression of the expectation values that should be always adopted. However, when doing
so, the presence of the DF role is paradoxically lost.

The question may be formulated whether it is possible to find a coherent computational
way to obtain a statistically meaningful expression for expectation values in any observ-
able operator case. This is irrespective of the system’s observables being made either of
momentum or position functions. Moreover, if it is possible to find such a general way, in
the expectation value general expression, the DF must be explicitly present and featuring
the customary role of probability distributions as in theoretical statistics.

A possible way to solve the problem will be shortly described in terms of the points
discussed up to now, a detailed account will be presented elsewhere[89]. Suppose that
the original Hilbert space,H(C), where wave functions belong, is extended into another
one,H(∇)(C), which containsboth wave functions and their first derivatives, the quantum
mechanical momentum representation accompanying the wave function is:

∀Ψ ∈ H(C) ⇒ Ψ ∈ H(∇)(C) ∧ ∃∇(Ψ ) ∈ H(∇)(C).

8 Proposed since the formulation of quantum theory, the quantum mechanical postulates in the literature are
characterized by quite a large set of variants. This can be evidenced by perusal of several reference texts[75,
76,79–86]. One can find there, from no postulate description at all[87], up to quite long lists of them[85]. The
suggestion can even be found that quantum mechanical postulates should be substituted by adequate definitions
instead[88].
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Such a possible feature can be found, as an example, within a typical set of solutions
of the Schrödinger equation. The harmonic oscillator provides an obvious particular case
of such an EH space. It is well known that harmonic oscillator solutions constitute the set
of Hermite polynomials, weighted by a Gaussian function[80]. These polynomials can be
considered to be related to the GTO basis functions most widely used in contemporary
Quantum Chemistry. First derivatives of Hermite polynomials are always well defined,
producing another polynomial of the same kind.

Following this line of thought, besides the properties customarily attached to wave func-
tions [75], a need for an additional condition can be stressed. It might consist in that the
same properties of wave functions must be fulfilled by their first derivatives. This has not
to be taken as an oddity, but it has been clearly noted in the quantum mechanical analy-
sis of wave functions. See, for instance, the work of Messiah[75] or Bohm[24] and the
Hilbert space properties provided by Löwdin[6], where it is said that the norms of both
wave function and its gradient must be finite. In these studies, it was repeated many times
that both wave functions and their first derivatives must possess the same mathematical
characteristics.

6.4. Considerations on EHS functions

Then, considering the attached VSS,H(R+), where the DF belong, one can also accept
that:

∀ρ = |�|2 ∈ H
(
R+) ⇒ ∃κ = |∇Ψ |2 ∈ H

(
R+)

to every DF,ρ, there exists in this way a momentum DF. Perhaps, in order to distinguish
one DF from another, a better description would be to call this kind,κ, of first derivative
distribution:kinetic energy DF (KE DF), in the same way as March[74] refers to it. The
KE DF belongs to a specific Hilbert VSS, and when integrated provides the expectation
value of the associated QO KE. The following sequence, developing details appearing in
equation(75), will shed light on the proposed question:

2〈K〉 =
∫

κ dV =
∫

|∇Ψ |2 dV =
∫

(∇Ψ )∗ · (∇Ψ ) dV

(76)= −
∫

Ψ ∗|∇|2Ψ dV = −〈|∇|2〉 ≡ −
∫

Ψ ∗∆Ψ dV = −〈∆〉,
where the negative sign appears as a consequence of Green’s first identity[77], as has been
commented upon when equation(75)was discussed. KE DF can be considered normalized,
in the same way as eDF can be normalized too. In this case the norm of KE DF is twice
the system’s KE.

It can be concluded that KE can be considered as related to the norm of the QO wave
functions gradient. As a consequence it could be interesting to obtain KE DF,κ, maps or
images in the same way as they are customarily obtained for the eDF,ρ [8,15a]. Com-
plementary information to eDF will surely be obtained from these representations. Similar
shapes of both functions at large distances from the molecular nuclei can be expected, but
having very different behaviour near the nuclei.

A related discussion can be found in Bohm’s treatise[24], when diverse possible time-
dependent DF forms in a relativistic framework are presented. For non-stationary relativis-
tic states, a function made of a combination of eDF and KE DF is proposed and rejected
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afterwards by this author, due to the variant character of such a function. However, for
stationary states and in a non-relativistic, classical quantum mechanical environment such
a proposal may become interesting and could be related to Bader’s analysis[8]. The term
KE DF, as it was commented before, can be considered here and is borrowed from March
volume on DFT[74]. In this study, KE DF is widely used in connection with the DFT of
exchange and potential contributions.

As pointed out in Section2.3above and later on, being both DF,ρ andκ, elements of a
VSS, then there is nothing to oppose performing a convex linear combination as:

(77)λ(r ) = αρ(r)+ (1− α)κ(r),

where the scalar coefficientα ∈ [0,1], acts as a weight balancing both density distribu-
tions. The combined DF still will bear a structure of probability distribution whenever the
KE DF is adequately normalized. The KE DF normalization factor can be trivially deduced
from equation(76) to be: (2〈K〉)−1, but in the present study, the same can be achieved
whenever the ASA approach is used with every term present in the linear combination
normalized.

This new function will propose a way to describe, within the framework of the uncer-
tainty principle, a joint particle-momentum distribution. Equation(77), if interpreted from
the underlying statistical point of view, can be associated with the joint probability of ob-
serving the electronic densityor the kinetic energy density, weighted by the convex scalars
α and(1− α). This choice has been used to study a pretended MO paradox[90].

6.5. Generating rules in EH spaces

It now seems plausible to summarize the features of this discussion. To obtain a coher-
ent picture, with KE occupying an important place, among other quantum mechanical
structures, then the EH VS,H(∇)(C), could be defined as not only containing raw wave
functions but their first derivatives too. This allows us to construct the associated DF VSS,
H(∇)(R+), as containing not only DF but also KE DF. The elements of this peculiar EH
VS, where both wave functions and their gradients are contained, can be ordered in the
form of column vectors, like:

(78)|Φ〉 = |Ψ ; ∇Ψ 〉 ∈ H(∇)(C),

and this form could be attached to some scalar-to-vector transformation using a vector
operator, involving the gradient, such as:

(79)|1; ∇〉[Ψ ] = |Ψ ; ∇Ψ 〉 = |Φ〉.
In the case of one particle QO, the necessary quadrivector structure, which must adopt

the extended wave functions, acquires a qualitative similarity to relativistic spinors[91].
In order to obtain mathematical coherence, even in non-relativistic Quantum Mechanics,
it seems that it can be easily employed a vector-like wave function representation, orig-
inating from the presence of momentum and thus of KE differential operators. An idea
of Levy-Leblond [92], recently quoted by Karwowski[93] can be related to this fea-
ture.
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An appropriategenerating rule defined within the extended wave function domain, can
now be written as:

R
(|Φ〉 → |ρ; κ〉) = {∀|Φ〉 = |Ψ ; ∇Ψ 〉 ∈ H(∇)(C) →

∃ρ = Ψ ∗Ψ = |Ψ |2 ∧ ∃κ = (∇Ψ )∗(∇Ψ ) = |∇Ψ |2 ⇒
(80)|ρ; κ〉 ∈ H(∇)

(
R+)}.

6.5.1. Diagonal representations in EHS

The structure of EHS elements can be also cast into a diagonal form. To present this possi-
bility, the structure of equation(79) wave function should be visualized in another formal
context, where the same potential operations can be performed.

Assume that the extended wave functions can be written as:

|Φ〉 = |Ψ ; ∇Ψ 〉 ≡ Diag(Ψ ; ∇Ψ ).

Then, the generating rule(80) can be applied in the same manner, but with the additional
easiness that the product of diagonal matrices can be used. Then, the extended DF can be
obtained by means of the simple operation:

Diag(ρ; κ) = ∣∣Diag(Ψ ; ∇Ψ )
∣∣2 = Diag(Ψ ; ∇Ψ )∗ Diag(Ψ ; ∇Ψ )

= Diag
(|Ψ |2; |∇Ψ |2).

Finally, it should be noted that IMP can be also employed with similar results, taking into
account the close connection between the diagonal matrix product and IMP.

6.6. Extended wave function projectors

The projectors, associated with the extended quantum mechanical wave functions|Φ〉, as
defined in equation(79), will possess a matrix structure, which can be written as:

(81)|Φ〉〈Φ| =
( |Ψ |2 Ψ ∗(∇Ψ )

(∇Ψ )∗Ψ (∇Ψ )∗ ⊗ (∇Ψ )

)
= P.

Then, using the symmetrizationQ = 1
2(P

+ + P), the new projector could be rewritten as
the matrix:

Q =
(
ρ |j〉
〈j | K

)
,

whereK bears a certain resemblance to the Hessian matrix of the eDF. Then, defining the
composite density:

κ = Tr(K ): Tr(Q) = Tr(P ) = ρ + κ,

and the off-diagonal elements can be related to the current density (see, for example,[75])
except for an imaginary constant factor:

|j〉 = 1

2

(
Ψ ∗(∇Ψ )+ (∇Ψ )∗Ψ

)
.
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6.7. Sobolev spaces

The resultant structure of the extended Hilbert space norms can be associated with the usual
form of a Sobolev space[94]. In Sobolev spaces[95], the norm of any of their elements,
Ψ say, is defined within a general formulation as:

(82)‖Ψ ‖mn =
m∑

p=0

∥∥∇pΨ
∥∥
n
,

where the first term on the sum in equation(82) has to be considered as a way to write the
bulk wave function:

(83)∇0Ψ ≡ Ψ.

It is obvious that the extended Hilbert space functions from the point of view of the above-
defined norms can be considered a Sobolev space with the norm defined as:

(84)〈Φ|Φ〉 ≡ ‖Ψ ‖1
2.

6.7.1. Generalized Sobolev spaces

A trivial generalization of Sobolev spaces can be readily described, taking as a starting
point the extended Hilbert spaces as defined above. Suppose that the Sobolev defini-
tion (82)can be generalized in such a way that it can be written, among other possibilities,
as:

(85)‖Ψ ‖r;sn =
r∑

p=1

∥∥|Ψ |p∥∥
n
+

s∑
q=1

∥∥∇qΨ
∥∥
n
.

In a symmetrical way with the first term in equation(85), the following norm can be also
defined:

(86)‖Ψ ‖r;s;tn =
r∑

p=1

∥∥|Ψ |p∥∥
n
+

t∑
k=1

s∑
q=1

∥∥∣∣∇qΨ
∣∣k∥∥

n
,

so, in fact equation(86)transforms into(85), whent = 1, in the same way as equation(85)
transforms into the original Sobolev definition(82)whenr = 1.

Taking this into account and the conventional meaning of the zeroth order gradient sym-
bol, as already described in equation(83), one can first try to reach an extended Hilbert
space whose functions can be associated with a generalized Sobolev space(85) with the
following norm structure:

〈Φ|Φ〉 ≡ ‖Ψ ‖2;1
2 = ‖Ψ ‖2 +

∥∥|Ψ |2∥∥2 + ‖∇Ψ ‖2.

So, we may write anew the vector form of the extended wave functions as a three-
dimensional column matrix:

(87)|Φ〉 =
 Ψ

|Ψ |2
∇Ψ

 =
 Ψ

ρ

∇Ψ


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taking into account that the density functionρ in the expression (87) is the squared module
of the initial wave function form. The explicit extended function norm will be written now
as:

(88)〈Φ|Φ〉 = 1+ 〈ρ|ρ〉 + 2〈K〉.
The Hilbert norm of the total density form appears in equation(88) as another term in the
extended Hilbert space norm. The new positive definite term corresponds to an integral
with the form:

(89)〈ρ|ρ〉 =
∫

ρ2 dr = 〈|Ψ |2∣∣|Ψ |2〉 = ∫
|Ψ |4 dr .

This kind of integrals is well known in the field of quantum similarity and corresponds
to a quantum self-similarity overlap-like measure[96] involving theN th order density
matrices.

6.8. Non-linear Schrödinger equation generated throughout extended Hilbert space
wave functions

An application of the extended Hilbert spaces over the non-linear structure of Schrödinger
equation will be sketched in this section.

6.8.1. Classical Schrödinger energy expression from extended wave functions

The extended wave function form(78) and any of the following definitions can be used
with the appropriately modified Hamilton operator in order to obtain the system’s energy
expectation value[89]. For an application to a generalized form of Hohenberg–Kohn theo-
rem[73]; see, for example,[99]. In order to arrive at this expression the Hamilton operator
could be written as a diagonal matrix with the form:

(90)H =
(

V 0
0 1

2I

)
= Diag

(
V ; 1

2
I

)
whereV is the potential operator andI an appropriate dimension unit operator. Taking into
account the definition(90) and the extended wave function structure in equation(78), as
well as the following discussion, the energy expression is obtained in a quantum mechani-
cal expectation value form:

E = 〈Φ|H|Φ〉 = 〈Ψ |V |Ψ 〉 + 1

2
〈∇Ψ |∇Ψ 〉 = 〈V 〉 + 〈K〉

(91)=
∫

Vρ dr + 1

2

∫
|∇Ψ |2 dr

but it is readily expressible within a statistical density probability function integral struc-
ture. This is obvious for the potential part and elementary to see that for kinetic energy the
same holds, as the square module of the wave function gradient can be considered too as a
kinetic energy density function, using the simple definition:

(92)κ(r) = ∣∣∇Ψ (r)
∣∣2.
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This last equality also permits us to construct a total or extended density function starting
in the usual way to construct density functions from general well-behaved functions:

τ(r ) = |Φ|2 = |Ψ |2 + |∇Ψ |2 = ρ(r )+ κ(r).

6.8.2. Energy expression from generalized extended wave functions

If one takes into account the alternative extended wave function(87), then the appropriate
Hamiltonian to be used here, in order to write an energy-like expectation value, has to be
constructed in a similar way as the diagonal operator(90), just taking into account the extra
functional term in the wave function(87):

(93)Hα =
V 0 0

0 α 0
0 0 1

2I

 = Diag

(
V ;α; 1

2
I

)
,

where only a scalar value:α ∈ R, is added[105]. As in the Hamiltonian expectation value
expression(91), the operator(93)with the wave function(87)will produce the energy-like
form:

Eα = 〈Φ|Hα|Φ〉 = 〈V 〉 + α〈Ψ |ρ|Ψ 〉 + 〈K〉 = 〈Ψ |H|Ψ 〉 + α〈Ψ |ρ|Ψ 〉
(94)= E + α〈ρ|ρ〉

in the resultant ending expression,E is the expectation value as discussed in equation(91),
while the last term corresponds to the overlap-like self-similarity over theN th order density
function as commented in equation(89).

This result will be obvious if it could not be associated with the Hamiltonian operator of
the so-called non-linear Schrödinger equation. See for an excellent review on this subject
the book of Fraga et al.[106]. In such an equation, to the usual Hamilton operator of the
linear Schrödinger equation is added the density function multiplied by a real scalar factor.
Thus, in the same manner as equation(91) corresponds to the energy expectation value
of the linear Schrödinger equation, to equation(94) one can attach the form of the energy
expectation value associated with a stationary non-linear Schrödinger equation.

In this formalism, the unique difference between both linear and non-linear equations
corresponds to the presence of the overlap-like self-similarity term and so, variation of
expression(94) will coincide with expression(91), but the integral〈ρ|ρ〉 shall be taken
into account. A self-similarity term can be interpreted in several ways[89,96], however
in the present case it could be seen as the expectation value of the density function itself,
which can be considered as a distribution and as a projection operator as well, then:

〈ρ|ρ〉 = 〈ρ〉.

6.9. Extended non-linear Schrödinger equation

When observing the structure of the non-linear form of both the Hamilton operator and
the extended wave function, one can easily propose a symmetrical extended Schrödinger
equation with respect to the wave function and their gradient powers. This will correspond
not only to the presence of a second-order wave function term, a density function term
appearing in the system Hamiltonian, but owing to the kinetic energy interpretation as
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given in equation(92), one can construct a similar term with respect to the kinetic energy
to be used in the extended wave function. This can be obtained throughout an extended
Sobolev space as defined in equation(86), with a norm particularly defined for this case
as:

〈Φ|Φ〉 ≡ ‖Ψ ‖2;1;2
2 = ‖Ψ ‖2 +

∥∥|Ψ |2∥∥2 + ‖∇Ψ ‖2 +
∥∥|∇Ψ |2∥∥2

which will correspond to a possible four-dimensional extended wave function, that could
be expressed in turn as:

(95)|Φ〉 =


Ψ

|Ψ |2
∇Ψ

|∇Ψ |2

 ≡


Ψ

ρ

∇Ψ

κ

 ,

whereκ is the kinetic energy density, as defined in equation(92), and in this manner the
corresponding diagonal Hamilton operator could be written just as the non-linear Hamil-
tonian discussed so far, and described in equation(93)with an extra term:

(96)Hα;β =


V 0 0 0
0 α 0 0
0 0 1

2I 0
0 0 0 β

 = Diag

(
V ;α; 1

2
I ;β

)
,

where the parameterβ ∈ R, can be used in the same manner as the former non-linear term
α was defined. Alternatively, there are also other possibilities, which can be associated with
the parameterβ.

The first one corresponds to considering the geometrical nature of the kinetic energy
density. In some discussion about the extended wave function(78) and the correspond-
ing total density function[89,96] and earlier in this chapter the construction of a convex
mixture of the space and kinetic energy densities was proposed. In this proposal, if the
parameter:Ω ∈ [0,1] is defined, then a composite density can be obtained with the simple
form:

γ (r ) = Ωρ(r)+ (1−Ω)κ(r).

Some visual examples of this density convex mixture can be obtained from reference[89].
Thus, from this point of view the non-linear parameters can be taken as convex coefficients
and chosen in the Hamiltonian(96)accordingly, for example using:α ∈ [0,1]∧β = 1−α.

A physical interpretation of both the non-linear parameterβ and the possibly connected
extended energy term is somehow related to the variation of mass with velocity in the Breit
Hamiltonian[91a,107,108]. Indeed, if the associated energy in the present extended wave
function(95) and Hamiltonian(96) is obtained in the same way as in the other previously
studied cases, the following expression appears:

Eα;β = 〈Φ|Hα;β |Φ〉 = Eα + β
〈|∇Ψ |2∣∣|∇Ψ |2〉 = Eα + β〈κ|κ〉,

so the last term, owing to the similarity with the Breit Hamiltonian interpretation, can be
supposedly multiplied by a corresponding constant composed of equivalent units[108].
The resultant integral form of the similar Breit term corresponds to the norm of the kinetic
energy density function, or employing quantum similarity terminology, this term is a self-
similarity measure involving the kinetic energy density distribution. It is structured in a



Mathematical Elements of Quantum Electronic Density Functions 187

similar norm form to the one Bethe and Salpeter[109] recommend computing the variation
of mass with velocity integral, as will be discussed below. However, one can insist that the
extra term in this extended non-linear Schrödinger equation energy expression can be also
described as a kinetic energy distribution self-similarity.

The exact form of the Breit Hamiltonian term, associated with the variation of the mass
with velocity, can be obtained by means of a Sobolev space of the kind related to the norms
defined in equation(85). Indeed, using the Sobolev norm:

〈Θ|Θ〉 ≡ ‖Ψ ‖2;2
2 = ‖Ψ ‖2 +

∥∥|Ψ |2∥∥2 + ‖∇Ψ ‖2 + ‖∇2Ψ ‖2,

then, to this extended Sobolev norm one can attach the following extended wave function:

|Θ〉 =


Ψ

|Ψ |2
∇Ψ

∇2Ψ

 ≡


Ψ

ρ

∇Ψ

∆Ψ

 ,

which can be used with the same Hamilton operator(96) as in the previous case, yielding
the energy form:

E
(Θ)
α;β = 〈Θ|Hα;β |Θ〉 = Eα + β〈∆Ψ |∆Ψ 〉,

which has the Breit correction in the appropriate form recommended by Bethe and
Salpeter[108]. Therefore, in this situation, the corresponding parameterβ has the true
meaning of the mass variation with velocity Breit Hamiltonian constant.

6.10. General non-linear terms in Schrödinger equation

The results obtained so far show without doubt that not only first order terms on the density
function can play a role in the definition of non-linear Schrödinger equations but that there
are no obstacles to considering more general non-linear structures. In order to provide an
example of this possibility for both electronic and kinetic density functions, a schematic
discussion will be developed.

Supposing that the density functions:{ρ; κ} are known, then the following Hamiltonian
operator can be used within the extended wave function form provided with equation(78):

H = Diag

(
V + a

(
exp(αρ)− 1

); 1

2
I + b

(
exp(βκ)− 1

))
,

where{a;α} and {b;β} are parameters associated with the non-linear density contribu-
tions. The zeroth order Hamiltonian will be the classical one as expressed in equation(90),
and the present exponential terms will produce the non-linear contributions in both density
classes. It is easy to see, employing a trivial Taylor series expansion on every exponential,
that the includedpth order Hamiltonian non-linear terms could be written in this case:

(97)Hp = 1

p! Diag
(
a(αρ)p; b(βκ)p), ∀p � 1.
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The corresponding expectation value can be obtained considering thepth order Hamil-
tonian term(97) as an isomorphic two-component vector. In this case the following ex-
tended density vector can also be defined:

|P〉 =
(
ρ

κ

)
,

so thepth order contribution to the energy expectation value could be simply written as:

Ep = 〈P|Hp〉 = 1

p!
(
aαp〈ρ|ρp〉 + bβp〈κ|κp〉) = 1

p!
(
aαp〈ρp〉 + bβp〈κp〉).

A general framework containing non-linear terms in the Schrödinger equation is set in this
manner. It must be finally noted that the nature of thesepth order correction terms can be
associated with(p+ 1)th order self-similarity measures involving the two density classes.

7. DENSITY AND SHAPE FUNCTIONS SEMISPACES

In this last section several problems related to the density functions and to their homothetic
parent functions, the so-called shape functions, will be discussed.

7.1. Hilbert semispaces and root products

All the definitions, algorithms and properties of Minkowski operations on vector semi-
spaces can be translated to the spaces of density functions orHilbert semispaces. An
example of this possibility has already been described when Minkowski norms were de-
fined in semispaces. Another application has been based on the possibility to use unit shell
functions to construct, by means of convex linear combinations, other unit shell density
functions. This relates the discussion in this section to the so-called shape function, and a
brief analysis of this subject with respect to quantum similarity will be also given.

7.1.1. Atomic shell approximation functions

The already discussedatomic shell approximation (ASA) can be considered a practical
consequence of the theoretical ideas developed in Section3, specially starting at the 3.5
paragraph and further. The ASA technique constructs quite accurate approximate atomic
density functions by using a convex restricted fitting of a known set,Σ , made of spherical
density functions, to atomicab initio densities. This can be summarized by the statement:

K
({wI }

) ∧Σ = {
sI (r )

} ⊆ S(1) ⊆ H
(
R+)→ ρ(r ) =

∑
I

wI sI (r ) ∈ S(1).

7.1.2. Minkowski scalar products between ASA functions

Minkowski scalar products, as described in Section3, may be employed within the ASA
approximation, but may produce difficult integrals when applied over exactab initio den-
sity functions. Coming back to the ASA possibility in order to describe feasible compu-
tational structures, the appropriate root product involving a pair of ASA density functions
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may be defined as:〈
ρA(r)ρB(r)

〉 = ∫ (
ρA(r)ρB(r)

)[1/2]
dr =

∫ (
ρA(r)[1/2] ∗ ρB(r)[1/2]) dr ,

defining the square root of both ASA density functions as an inward power:

ρ(r) =
∑
I

wI sI (r) → ρ(r)[1/2] =
∑
I

w
1/2
I s

1/2
I (r),

while the inward matrix product, involving both density functions, can be expressed as a
Hadamard product. Then one can finally write:〈

ρA(r)ρB(r)
〉 =∑

I

w
1/2
AI w

1/2
BI

∫
s

1/2
AI (r)s

1/2
BI (r) dr .

Such an algorithm, although unusual has been described to coherently describe the
Minkowski norm, in the same way as the related property is fulfilled in finite-dimensional
vector spaces:〈

ρA(r)ρA(r)
〉 = 〈

ρA(r)
〉
.

From this definition cosines and distances involving two ASA density functions can be
straightforwardly computed. In the same way, products of higher order than two can be
so easily defined, that there is no need of supplementary description. The limitation here
appears to be that both expressions for the ASA densities involved had to possess the same
number of terms. The general case will be discussed below.

7.1.3. ASA pseudo-wave functions

The Hadamard square root of an ASA density function can be defined as:

ρ(r)[1/2] =
∑
I

w
1/2
I s

1/2
I (r) = Ψ (r),

and may be employed, in the same way as semispace vectors have been used, that is to
construct any vector space element. However in the Hilbert semispace case one is facing
continuous vectors, so as thepseudo-wave function, Ψ (r), is positive definite everywhere
in the associated domain, as is the original ASA density function. The function signature
and nullity may be structured as a phase function, so one can construct in general a Hilbert
space function as:

Ψ (r) = Ψ (r)eiα ∈ H(C).

Then, it is quite interesting to note how the phase function acts in this case as a signature-
nullity tag of the Hilbert semispace pseudo-wave function. The most similar finite-
dimensional tag to the phase functions tags to be used in the pseudo-wave functions may
be the ternary tags involving sign and nullity, already discussed above.

7.1.4. Minkowski scalar product between ASA functions belonging to different Hilbert
semispaces

In order to find a Minkowski scalar product between two functions belonging to different
Hilbert semispaces, for instance:

ρA ∈ H(NA)∞
(
R+) ∧ ρB ∈ H(NB)∞

(
R+)
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in this case, one is facing the impossibility of performing an appropriate inward product
between both expressions wheneverNA �= NB . However the inward power of both func-
tions is in any case well defined, as in general it can be written for any function and any
Hilbert semispace:

∀ρ =
N∑

I=1

ΩIσI ∈ H(N)∞ → ρ[1/2] ≡ p =
N∑

I=1

xI sI ,

where:xI = √
ΩI ∧ sI = √

σI .
In this sense, the square root density functions obtained in this manner approach the

form of apseudo wave function. It must be taken into account that pseudo wave functions
present an undefined signature. See Section7.2for a discussion of this feature.

Then, a first approach may be taken employing the Euclidean scalar product of the in-
ward square roots:

〈pA|pB〉 =
NA∑
I=1

NB∑
J=1

xAI x
B
J

∫
D

sAI (r )s
B
J (r ) dr =

NA∑
I=1

NB∑
J=1

xAI x
B
J SAB

IJ = 〈xA|SAB |xB〉,

constituting an obvious definition, but with the characteristic that the overlap matrixSAB

is in general no longer square but rectangular with(NA × NB) dimension. On the other
hand, the Euclidean norm of the involved inward square roots can be written in the same
manner, for example:

〈pA|pA〉 = 〈xA|SAA|xA〉 = 〈wA〉 + 2
NA∑
I

∑
J>I

xAI x
A
J S

AA
IJ

= 〈wA〉 + 〈xA|SAA − IAA|xA〉
with a completely equal expression for the other function, which can be obtained by simply
exchanging the indexA by B.

One can then define in this case the Minkowski scalar product by means of:

〈ρA : ρB〉 ≈ 〈pA|pB〉 − 1

2

[〈xA|SAA − IAA|xA〉 + 〈xB |SBB − IBB |xB〉
]
,

an equation which, whenρA = ρB , transforms into the appropriate Minkowski norm. The
expression above also can be written as:

〈ρA : ρB〉 ≈ 〈pA|pB〉 − 1

2

[〈pA|pA〉 + 〈pB |pB〉
]+ 1

2

[〈wA〉 + 〈wB〉
]
.

However the first term is just half of the negative squared distance between the involved
functions square root density functions:

〈ρA : ρB〉 ≈ 1

2

[〈wA〉 + 〈wB〉
]− ‖pA − pB‖2.

This may be a good answer for a general Minkowski expression for the scalar product of
two different ASA-like densities.
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7.2. Density functions and generating wave functions

Eleven years ago Hohenberg, Kohn and Sham (HHS)[112], in the introductory chapter
of an issue especially dedicated to Density Functional Theory (DFT): the 1990 volume
21 of Advances in Quantum Chemistry, presented in a masterly way both the historical
development of the ideas, which conformed the DFT throughout time, and proposed new
thoughts on the future of the theoretical and practical issues of DFT. There, a sentence
caught my eye, it was literally written as follows, with straightforward changes of notation
to fit the present chapter:. . . through H , a knowledge of ρ(r ), a function of three variables,
implicitly defines the entire 3N -dimensional ground state wave function Ψ (r1, r2, . . . , rN)

and its energy E. For that matter it also defines all excited states Ψj (r1, r2, . . . , rN) and
energies Ej . . . After reading the HHS chapter I was puzzled, as their authors probably
were, when disclosing this property of the density function. I tried to find out by myself if
there were other possible proofs or additional properties related to this extraordinary result.
Not far away in the same paper, HHS disclosed similar situations, apparently produced
earlier also in the minds of other researchers. . . and HHS somehow concluded that it was
thereductio ad absurdum argument of the, now called, Hohenberg–Kohn theorem (HKT),
which could be used in order to overcome the possible scepticism.

In this aspect, this was not the first time that I was interested into the HKT. In fact, along
with Sen and Besalú[99] we studied the implications of the original HKT formulation in
a paper devoted to celebrate the Kohn and Pople Nobel prize-winning event. There, the
main argument, in order to reformulate the HKT, was the possibility to express directly ap-
proximate quantum mechanical system energy expectation values, through the knowledge
of the system Hamiltonian and the density function, instead of the usual formulation. This
statistical way to define quantum mechanical expectation values could be employed in the
mentioned work because, reformulating the way wave functions are written, in fact defin-
ing the concept of extended wave function as previously described along Section6, then
any expectation value could be written in such a statistical manner. This was not only a
completely new formulation: earlier discussions based on the so-called density matrix ele-
ments, which can be found, masterly described, in the first edition of McWeeny’s book[4],
have been developed leading to the same formalism as the one proposed by us employing
other arguments. Also, in a parallel way, the work which has been done on the computa-
tional problems and correct expression of the approximate density functions, when fitted
by linear combinations ofs-type Gaussian functions, has produced the so-called atomic
shell approximation (ASA), as described earlier in Section5.

The sentence quoted from the HHS chapter, along with these previous experiences, has
inspired the structure of this section. Here, from the necessary properties which density
functions must possess, the concept of generating wave function will be presented and
its non-unique character will be shown. Afterwards, the concept of extended wave func-
tion will provide a simple reformulation of the variational principle, based on the density
function statistical expression of energy expectation values.

7.2.1. Structure of density functions

7.2.1.1. Convex conditions. Consider a set of positive definite functions of an, in princi-
ple not restricted to three, indefinite number of variables. Let us callP = {ρI(r )} such a
previously described set. Suppose additionally that concerning the elements of the setP,
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the following property holds:∀ρI (r ) ∈ P → ∫
V
ρI (r ) dr = 1. Then,P can be considered

a subset of some functional Hilbert semispace:P ⊂ V∞(R+). The important property con-
cerning such semispaces can be formulated in the following way: Whenever one tries to
construct a functionρ(r), fulfilling the convex conditions:

(98)K∞
(
ρ(r )

) = [
ρ(r) ∈ V∞

(
R+) ∧ ∫

V

ρ(r ) dr = 1
]
,

in the wayDefinition 6is set. Then all that is needed is any setP, as defined before, along a
vector of real and positive coefficients, whose sum is unity. This is the same as employing
a vector,w: KN(w), whenever the cardinality of the setP: #(P) = N . This simply can
be expressed by means of the alternativeN -dimensional definition of the one previously
presented for functions:

(99)KN(w) =
[
w = {wI } ∈ VN

(
R+) ∧ 〈w〉 =

∑
I

wI = 1

]
.

Using such a vector, fulfilling the appropriate convex conditions, then it can be written:

(100)ρ(r ) =
∑
I

wIρI (r ).

It is a trivial matter to show that this expression fulfils the convex conditions presented
before, or shortly to say thatK∞(ρ(r )) holds.

The consequence of these definitions and properties can be expressed as follows: in
order to obtain a density function one just needs to know a set of density functions, with
all elements possessing homogeneous variables, and a convex vector of the appropriate
dimension.

7.2.1.2. Generating wave functions. Moreover, the nature of both the convex vectorw
and the set of convex functionsP, can be easily found in the usual vector and Hilbert
spaces, respectively. Indeed, using the current way to produce density functions within
the quantum mechanical structure as shown in theDefinition 2, to each density function
one can attach a wave function belonging to an appropriate Hilbert space, whose squared
module produces the required density function.

This is the same as to say that to the density function setP one can attach another
function set:F = {ϕI (r )} ⊂ V∞(C). Both function sets are related by the simple set of
relationships:∀ρI (r ) ∈ P → ∃ϕI (r ) ∈ F : ρI (r ) = |ϕI (r )|2. Thus the setF can be said to
be composed of the generating wave functions of the density function setP. The problem
consists at this stage of how to express the generating wave function of a density function
described as the linear superposition(100).

For this purpose it is easy to translate in a similar manner the generating function defin-
ition into anyN -dimensional vector space. That is, the following construction rule can be
easily written:

(101)∀w = {wI } ∈ VN

(
R+)→ ∃x = {xI } ∈ VN(C): wI = |xI |2, ∀I.

This can be expressed elegantly, employing the inward matrix product (IMP), as defined in
Section3:

(102)w = x∗ ∗ x = |x|[2].
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The convex conditionsKN(w), seeDefinition 6, attributed to the vectorw, can be written
as a normalization condition imposed on the generating vectorx:

〈w〉 = 1 →
∑
I

wI =
∑
I

|xI |2 = x+x = 1,

an equivalent condition to the wave function–density function generating relationships.
The generating function for a density function form, like the one presented in equa-

tion (100), can be thus represented by the following two vector entities: one constructed
by the elements of the density function setP and the other being simplyw. The first vector
may be considered an element of a Hilbert semispace product:

|P〉 = {
ρI (r )

} ∈ N×
I=1

V∞
(
R+),

and a simple IMP operation will then give a new vector:

|p〉 = w ∗ |P〉 = {
wIρI (r )

}
,

which produces the density function(100), simply by summing up their elements:

(103)ρ(r) = 〈|p〉〉.
This result would be useless if it could not be related to the generating function setF . In
order to obtain such a relationship, one can define the generating function vector:

|F 〉 = {
ϕI (r )

} ∈ N×
I=1

V∞(C)

as well as the hybrid vector obtained through an appropriate IMP by the general coefficient
vectorx:

(104)|f 〉 = x ∗ |F 〉.
Then, it is straightforward to see that the IMP of the squared module of|f 〉 is nothing else
but |p〉:

|p〉 = |f 〉 ∗ |f 〉∗ = [|f 〉][2],
whenever one defines:

|f 〉∗ = {
x∗I ϕ∗

I

} = x∗ ∗ |F 〉∗.
From these previous definitions equation(103) is simply deduced. Therefore, nothing op-
poses admitting the superposition of generating functions:

(105)ϕ(r) = 〈|f 〉〉 =∑
I

xI ϕI (r )

as a generating wave function for the composite density function, which can be alterna-
tively written in terms of a Hadamard product, similar in this case to the IMP:

ρ(r) = ∣∣ϕ(r)∣∣[2] ≡ ϕ(r ) ∗ ϕ(r)∗.

In this framework it must be noted here that one can even consider the structure of the
generating basis set functions and by extension of the generating function(105), as the
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IMP square root, in the following way:

|f 〉 = [|p〉][1/2]
.

Also, a completely equivalent result could have been obtained using the previous isomor-
phic semispaces and spaces made of diagonal matrices, substituting the IMP by the usual
matrix product, and being the operation sum of all matrix elements,〈 〉, substituted by the
trace of the matrix.

7.2.1.3. Non-uniqueness of the generating wave functions. Once the previous results,
leading to the structure of density functions and generating wave functions, are obtained,
there appears in the first place the interesting relationship between density function and
generating wave function. From one part, this relationship has to be connected with the
original HKS quoted sentence where in fact the findings of this work were included. On
the other hand, the nature of such a result can be the starting point for further analysis.

As it seems obvious that knowledge of the density function is related to the knowledge
of the generating wave function, it is not so obvious how the vectorw has to be related to
the generating vectorx, the relationship between the function vectors|P〉 and |F 〉 being
clearly established. It is easy to see that from equation(102), the elements of vectorsw
andx, according to the relationships(101), are related by the equations:

(106)wI = |xI |2 = a2
I + b2

I ∧ aI = Re(xI ), bI = Im(xI ).

However, equation(106) shows that, generally speaking, there are two signs not well
defined in everyx element: those related to the real and imaginary parts of the{xI } com-
ponents. This property does not seem weird in this context, as it is well known that every
element of the generating wave function set is also undefined by a phase factor. The un-
defined signs of every component ofx have the same role as the wave functions’ phase
factors. Such signs can be chosen arbitrarily and thus can constitute in turn a large set of
quite arbitrary vectors, all of them producing the same density coefficient weight vectorw.
The question of how many vectorsx are, within this sign sense, degenerate tow, can be
easily answered.

Any vectorx ∈ VN(C), and in a less general manner real defined vectors, can be written
separating its components from their signs using IMP. That is:

(107)x = sa ∗ a+ isb ∗ b,

where, now within by the vector pair sum(107), it is understood that:a; b ∈ VN(R+) are
vectors made of real positive elements, belonging to some appropriate vector semispace.
Moreover, the pair of vectorssa; sb are Boolean-like vectors, whose elements can only pos-
sess the sign values{−1;+1} or equivalently{0; 1}. As has been discussed in Section3,
this kind of vectors can be called the signature of the attached vector (or matrix), and this
decomposition is such that any vector or matrix can be written in the following manner:
as an IMP of the signature vector or matrix by an element of a semispace of the appropri-
ate dimension. Thus, the signature vectors for a realN -dimensional vector space can be
constructed in 2N−1 ways, and in a complex space in a 22N−1 fashion. This is so, because
although there are 2N possible signatures in the real case or 22N in the complex situation,
it also appears that half of the signatures correspond to the other half multiplied by−1 in
a product by a scalar fashion, producing in this manner redundant information in order to
construct the generating function vector|f 〉, as can be easily seen from equation(104).
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Thus, in general one can expect that a density function like the one constructed accord-
ing to equation(100), has an attached generating wave function with the form as expressed
in equation(105), which is undetermined in the signs of the coefficients, in general in a
22N−1 degenerate way. So, within the present reasoning one can affirm that the knowledge
of a density function precludes the knowledge of a generating wave function whose coef-
ficients can be undetermined by a signature vector, possessing in turn a degeneracy which
is associated with the dimension of the involved coefficient space. There is a relationship
as the one described by HKS, but it is not unique in the simple framework proposed here.

7.2.2. Extended wave functions and the Schrödinger equation

The analysis of the quantum mechanical expectation value expression was important to
the development of the connection between quantum similarity measures and QSAR[36].
The continued studies on this subject recently permitted a description of quantum QSAR
procedures, demonstrating as a collateral benefit the quantum mechanical origin of the
structure-activity relationships.

In order to show that, when solving the Schrödinger equation in an approximate manner,
as discussed in depth in Section6, there was no problem in expressing the wave function
by a general extended manner, which formally can be expressed as a diagonal matrix:

(108)|Φ〉 =
(
Ψ 0
0 Ω[Ψ ]

)
= Diag

(
Ψ ;Ω[Ψ ]),

whereΨ is the classical wave function andΩ an appropriate operator. Choosing the oper-
ator in equation(108)as the nabla, a diagonal choice of the Hamiltonian operator as:

(109)H =
(
V 0
0 1

2I

)
= Diag

(
V ; 1

2
I
)
,

whereV is the potential, permits us to write the energy expression in the classical way,
provided that the original wave function is normalized, that is:〈Ψ |Ψ 〉 = 1, as:

(110)E = Tr
[〈Φ|H |Φ〉] = 〈V 〉 + 〈K〉,

where

〈V 〉 = 〈Ψ |V |Ψ 〉 ∧ 〈K〉 = 1

2
〈∇Ψ |∇Ψ 〉.

However, as one can write, thinking of the diagonal nature of the involved elements in
equation(110)provided by equations(108) and (109):

(111)E = Tr
[〈Φ|H |Φ〉] = Tr

[〈H |τ 〉].
Using the total density function involving both electronicρ and kinetic energyκ densities:

τ = Diag
(|Ψ |2; |∇Ψ |2) = Diag(ρ; 2κ).

This is another proof that the quantum mechanical expectation values can be written within
the statistical formalism, as in the last equality of equation(111).
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7.2.3. Variational principle in density function formalism

The results obtained above permit expression of the approximate energy expectation value,
employing density function structures, similar to the one described in equation(100), and
formally using the expression:

E = 〈H |ρ〉 =
∑
I

ΩI 〈H |ρI 〉 =
∑
I

ΩI εI ,

supposing that the operations described in the previous section hold implicitly. In the usual
case where one considers the sequence of expectation values{εI } ordered increasingly
upwards, then taking into account the convex conditions(99) on the set{ΩI }, one can
write:

E − ε1 =
∑
I>1

ΩI(εI − ε1),

and from here one can deduce the usual variational result:

E − ε1 � 0,

asΩI ∈ R+ andεI − ε1 � 0. A similar formalism structure has been successfully em-
ployed to prove the Hohenberg–Kohn theorem[105].

7.3. Density functions difference, Fukui functions and quantum dissimilarity indices

A controversial point associated with DFT applications regards the definition and val-
ues of Fukui functions[113,114]. Although the original definition of Fukui[115] implies
a density-like set of functions belonging to the unit shell, the DFT environment defini-
tion [114] sometimes produces negative results, as recently discussed[116–118].

7.3.1. The zero shell

In order to discuss the issue of Fukui functions, one can analyze the possible extension of
vector semispaces, relaxing the possibility of performing differences among the elements
of the same shell. This induces the appearance of azero shell. Indeed, assuming that a
given semispaceλ-shell is known, one can define the following construction:

∀ρA, ρB ∈ S(λ) → d = ρA − ρB ∈ Σ(0).

Here the notationΣ(0) is used to distinguish it from the notationS(λ) sinceΣ(0) ⊂ V (R)

andS(λ) ⊂ V (R+). The meaning of the zero shell becomes clear when the vector sum of
the difference is computed:

〈d〉 = 〈ρA − ρB〉 = 〈ρA〉 − 〈ρB〉 = 0.

Such a result was already described by Parr and Bartolotti in another context[119] where
density functions are the semispace elements studied.
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7.3.2. Fukui functions

Suppose now that, within the same spirit of the semispace extension leading to the 0-
shell, one analyzes first a reduced density function,ρ

(N)
A , associated with someN particle

quantum systemA, then one will have:〈ρ(N)
A 〉 = N → ρ

(N)
A ∈ S(N). In the same manner,

consider the homogeneous reduced density function for the same quantum system with an
extra electron on it, that is:〈ρ(N+1)

A 〉 = N + 1 → ρ
(N+1)
A ∈ S(N + 1). The well-defined

difference between both densities generates nothing but the vector space unit shell, as:

fA = ρ
(N+1)
A − ρ

(N)
A :

〈
ρ
(N+1)
A − ρ

(N)
A

〉 = 1 → fA ∈ Σ(1).

In fact, the functionfA is the approximate Fukui function associated with the systemA, as
according to the usual DFT framework definition[114] one can write:(

∂ρA

∂N

)
V

≈ ρ
(N+1)
A − ρ

(N)
A

(N + 1)−N
= ρ

(N+1)
A − ρ

(N)
A = fA

and this result proves that Fukui functions have to belong to the unit shell. This does not
imply that they are positive definite functions since they do not belong to the semispace
unit shellS(1). They do, however, if a Koopmans approach is taken. If all orbitals are con-
sidered frozen, the Fukui function will correspond to the electron density of the first orbital
available, which is naturally positive definite and belongs toS(1). Allowing relaxation
infers that the shell to which Fukui functions belong may change fromS(1) to Σ(1).

7.3.3. Vector spaces generated throughout semispace element subtraction

At this stage of the discussion and as a prior step to further analysis it can be briefly studied
how the difference of two elements of a vector semispace can generate the elements of the
associated vector space. Consider two elements of a vector semispace, belonging to a pair
of different shells, as the same shell case has been already discussed:

S(α); S(β) ⊂ V
(
R+) ∧ a ∈ S(α); b ∈ S(β),

then, a difference between both semispace elements can be written, leading to a real vector
sum:

d = a − b → 〈d〉 = 〈a〉 − 〈b〉 = α − β = δ ∈ R → d ∈ Σ(δ) ⊂ V (R).

This property permits construction of real vector space elements from the corresponding
vector semispace shell structure. Realizing that the vector semispace elements can be con-
structed by homothetic manipulations of the unit shell, then one can consider the unit shell
as the generating nuclear structure in vector spaces[120], as discussed in Section3. Com-
plex vector spaces can be constructed in the same homothetic way.

7.3.4. Quantum dissimilarity indices

Quantum dissimilarity indices were proposed already in 1980[10] in the form of the
Euclidean distance between two homogeneous density functions belonging to distinct sys-
tems. This needed difference between density functions can certainly be performed when
both densities, even if they are associated with different shells, have the same number of
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variables. One can have:

ρA ∈ S(α) ∧ ρB ∈ S(β) → ρA − ρB ∈ Σ(α − β)

in the same way as in the previous discussion, providing a function which, generally
speaking, belongs to the associated vector space. The difference function can be reversely
transformed into a semispace element again by computing the square power of the dif-
ference|ρA − ρB |2 ∈ V (R+

0 ). In this way, the squared Euclidean distance between both
densities can be written as a Minkowski norm of the squared difference function:

D2(ρA; ρB) =
〈|ρA − ρB |2

〉 = 〈
ρ2
A

〉+ 〈
ρ2
B

〉− 2〈ρAρB〉,
where the symbol〈ρAρB〉 stands for the overlap integral:

〈ρAρB〉 =
∫
D

ρA(r )ρB(r ) dr ,

which as a measure appears to be one of the basic tools employed in quantum similarity[10,
36].

The Minkowski norm structure has been used in the expression above in order to stress
the direct dependence of higher order norms from the Minkowski norm definition.

7.3.5. Quantum similarity index: Carbó index

An often used similarity index, known as the Carbó index[10] is given by:

C(ρA; ρB) = 〈ρAρB〉
(〈
ρ2
B

〉〈
ρ2
B

〉)−1/2
.

The Carbó index can easily be related to a distance measure[35c] and is invariant about
the character of the shells, where both density functions have to belong. It is readily seen
how this occurs using unit shell homotheties to express the density functions:

iff: ρA = ασA ∧ ρB = βσB → C(ρA; ρB) = C(σA; σB).
This property enhances once more the fundamental role of the unit shell elements in vector
semispaces.

7.3.5.1. Convex sets of scalars. A set of scalars{wI } or the elements of a vectorw can
be calledconvex and noted, according toDefinition 6, asK({wI }) or K(w), whenever
they are positive definite real numbers and their sum is one, or alternatively the vector is a
semispace element belonging to the unit shell. One can useDefinition 6, that is:

K
({wI }

) = {
∀wI ∈ R+ ∧

∑
I

wI = 1

}
alternatively:

K(w) = {
w ∈ V

(
R+) ∧ 〈w〉 = 1

}
.
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7.3.5.2. Convex linear combinations within vector semispace shells. A convex linear
combination of elements of a vector semispace belonging to the same shell results in a
new element belonging to this shell, meaning that:

{ρI } ⊂ S(λ) ⊂ V
(
R+) ∧K

({wI }
)→ ρ =

∑
I

wIρI ∈ S(λ).

This is true because:

〈ρ〉 =
〈∑

I

wIρI

〉
=
∑
I

wI 〈ρI 〉 =
∑
I

wIλ = λ
∑
I

wI = λ.

That is: any vector semispace shell isclosed upon convex linear combinations of its ele-
ments.

It easy to prove that closure under convex linear combinations also holds in shells defined
within vector spaces.

The vector semispace properties so far disclosed may be employed to search for any
useful connection between vector semispaces and the associated vector spaces. Such a re-
lationship is of capital interest to relate DFT resulting density functions and wave function
theoretical structure. Such a possible connection has been preliminarily discussed[121]
and summarized in Sections7.1 and 7.2.

7.4. Norm variation and Fukui functions

Consider a quantum system whose state density function,ρ
(α)
A belongs to some vector

semispace shell,S(α). Suppose that the same system underwent some change which pro-
duces as a result a new density function,ρ

(α+δα)
A , whereδα is a suitable variation of the

vector sum. Then one has the possibility to construct the density difference as a semispace
δα-shell element:

ρ
(α+δα)
A − ρ

(α)
A = ρ

(δα)
A ∈ S(δα),

which can be written in terms of an homothety of some appropriate shape function,σ
(1)
A

belonging to the unit shell, or:

ρ
(δα)
A = (δα)σ

(1)
A .

It is interesting to note here that one can arrive at an equivalent expression to the one
defining a Fukui function, that is:

σ
(1)
A = δρ

(δα)
A

δα
,

which can be related to the discussion about possible non-integer particle time fluctuations,
studied by Perdew et al.[127].

7.5. DFT variational theorem over shape functions

The possibility to use the shape function to set up the DFT variational theorem[73,112]has
apparently not attracted research attention in the DFT field and related problems. There-
fore, to complete this review of the shape functions in relation to the vector semispace
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structure, a reformulation of the DFT variational theorem will be given in terms of the unit
shell elements.

It has been shown that, owing to the possible definition of extended wave functions, the
energyE(N) of anN particle quantum system associated with a HamiltonianH(N) and
described by some state density functionρ(N) can be formally expressed by means of the
integral:

E(N) = 〈
H(N)ρ(N)

〉 = ∫
D

H(N)(r)ρ(N)(r) dr .

Using the shape function homothety:

ρ(N) = Nσ(1)

and substituting one arrives at the definition of asingle electron energy form:

E(N) = 〈
H(N)

(
Nσ(1))〉 = N

〈
H(N)σ (1)〉 = NE(1).

Then, the DFT variational principle, which can be written by means of the expression:

δ
[
E(N)

(
ρ(N);V )− µ

(〈
ρ(N)

〉−N
)] = 0,

whereV is the external potential andµ a Lagrange multiplier, can be rewritten in terms of
the shape function as:

δ
[
E(1)(σ (1);V )− λ

(〈
σ (1)〉− 1

)] = 0.

Of course, this DFT unit shell variational theorem corresponds to the homothetical counter-
part of the original one, associated with theN particle density and has to provide derivation
algorithms furnishing comparable results as well.

CONCLUSIONS

It is difficult to enumerate all the implications that can be attached to the analysis per-
formed on the eDF structure from such a wide variety of points of view as presented in this
work. The most important conclusion one can draw, perhaps, from the present discussion,
is the fact that eDF possess a rich source of problems which can be connected with an
imaginative set of algorithms and techniques, encompassing a broad class of mathematical
structures and theoretical concepts. Most of these points have been curiously forgotten in
the literature.

The leading role eDF has with respect to the QSM and related topics provides the pos-
sibility to obtain information, in exchange, about eDF discrete representations.

Therefore, the description of QO in general and in particular of molecular structures
appears as a subordinate problem of eDF structure. Extensions and averages of eDF can
be related to this framework, and the innermost eDF structure has been shown that can
be simply elucidated by means of a blend of classical matrix algebra as well as of new
ideas on matrix manipulation. The way is open to interesting research paths and rewarding
computational procedures.

A significant sample of possible uses of extended Hilbert spaces and the related gen-
eralized Sobolev spaces has been studied. In particular, as a consequence of the broad
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application scope connected with both extended Sobolev and Hilbert spaces, the non-linear
Schrödinger equation has been analyzed, as a mathematical structure issued of particular
extended wave functions.

Two points should finally be noted. First, from the exposed naïve formalism it seems
that addition of higher order terms as elements of the extended wave function vector could
be propitiated by the structure of the extended Sobolev spaces, posing no other problems
than those associated with the increasingly difficult structure of the implied integrals in the
corresponding energy expressions. Second, and nonetheless important, this study clearly
shows the close connection of the non-linear Schrödinger equation structure with quantum
similarity measures.

USED ABBREVIATIONS

AO Atomic Orbital
ASA Atomic Shell Approximation
CASA Complete ASA
DF Density Function
DMR Density Matrix Representation
DQOS Discrete Quantum Object Set
DSQOS Discrete Stochastic Quantum Object Set
DVS Diagonal Vector Space
DVSS Diagonal Vector Semispace
eDF Electronic Density Function
EHS Extended Hilbert Space
EJR Elementary Jacobi Rotations
GTO Gaussian Type Orbitals
IMP Inward Matrix Product
KE Kinetic Energy
LCAO Linear Combination of Atomic Orbitals
MO Molecular Orbital
MQSM Molecular Quantum Similarity Measure
NSS Nested Summation Symbol
PD Positive Definite
QO Quantum Object
QODF Quantum Object Distinct Features
QOS Quantum Object Set
QSAR Quantitative Structure-Activity Relationships
QQSAR Quantum QSAR
QS Quantum Similarity
QSM Quantum Similarity Measure
QSSM Quantum Self-Similarity Measure
SCF Self Consistent Field
SM Similarity Matrix
SVSS Strict Vector Semispace
VS Vector Space
VSS Vector Semispace
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1. INTRODUCTION

This presentation will describe the quantum Monte Carlo (QMC) method for the deter-
mination of the electronic structure of molecules[1–14]. QMC methods have several
advantages:

• Computer time scales with system size roughly asN3, whereN is the number of par-
ticles of the system. Recent developments have made possible the approach to linear
scaling in certain cases[15–18].

• Computer memory requirements are small and grow modestly with system size.
• QMC is intrinsically parallel so that associated computer codes are significantly smaller

and more readily adapted to parallel computers than basis set molecular quantum me-
chanics computer programs.

• Basis set truncation and basis set superposition errors are absent in one of the variants
(diffusion MC) of QMC computations.
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• Monte Carlo numerical precision can be arbitrarily increased. QMC calculations have
an accuracy dependence of

√
T , whereT is the computer time. This enables one to

choose an accuracy range and readily estimate the computer time needed for performing
a calculation of an observable with an acceptable error bar.

The goal of the QMC method is to solve the Schrödinger equation, which in the time
independent form is given by

(1)ĤΨn(R) = EnΨn(R).

Here,Ĥ is the Hamiltonian operator of the system, with wave functionΨn(R) and energy
En. The indexn denotes a particular state,n = 0,1, . . . . HereR is a vector that denotes the
3M coordinates of the system ofM particles (electrons and nuclei),R ≡ {r1, . . . , r3M}.
For molecular systems, in the absence of electric or magnetic fields, the Hamiltonian has
the formĤ ≡ T̂ + V̂ , whereT̂ is the kinetic energy operator,̂T ≡ −1

2∇2
R, andV̂ (R) is the

potential energy operator. For atomic and molecular systemsV̂ is the Coulomb potential
between particles of chargeqi , i.e., V̂ ≡∑

ij

qiqj
rij

.
The first suggestion of a Monte Carlo solution of the Schrödinger equation dates back

to Enrico Fermi[19] who indicated that a solution to the stationary state equation

(2)−1

2
∇2

RΨ (R) = EΨ (R)− V (R)Ψ (R)

could be obtained by introducing a wave function of the formΨ (R, τ ) = Ψ (R)e−Eτ . This
yields the equation

(3)
∂Ψ (R, τ )

∂τ
= 1

2
∇2Ψ (R, τ )− V (R)Ψ (R, τ ),

whereτ = it is imaginary time. Taking the limitτ → ∞, in equation(3) recovers equa-
tion (2). If the second term on the right-hand side of equation(3) is ignored, the equation is
isomorphic with a diffusion equation, which can be simulated by a random walk[20,21],
where random walkers diffuse in anR-dimensional space. If the first term is ignored, the
equation is a first-order kinetics equation with a position-dependent rate constant,V (R),
which can also be interpreted as a stochastic survival probability. A numerical simulation
in which random walkers diffuse throughR-space, reproduce in regions of low potential,
and die in regions of high potential leads to a stationary distribution proportional toΨ (R),
from which expectation values can be obtained.

Since the pioneering work of the late forties to early sixties[19,22,23] the MC and
related methods have grown in interest. The QMC methods have an advantage over wave
function methods with system size scaling, in the simplicity of algorithms and in trial wave
function forms that can be used for importance sampling.

2. NUMERICAL SOLUTION OF THE SCHRÖDINGER EQUATION

Most efforts to solve the Schrödinger equation depend on basis sets. These approaches
rely almost exclusively on one or a linear combination of Slater determinants, and include
the Hartree–Fock (HF), the density functional theory (DFT), the configuration interaction
(CI), and the multi-configuration self-consistent field (MCSCF) methods. There are per-
turbation approaches, for example, the Møller–Plesset methods (MP(N), N = 2–4), and
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coupled cluster (CC) approaches, which are presently popular computational procedures.
An exact basis set calculation with a given basis set expansion requiresN ! computer oper-
ations, whereN is the number of basis functions. A method that competes in accuracy with
QMC, such as coupled cluster with singles, doubles, and perturbative treatment of triple
excitations, CCSD(T), scales asN7.1

A term that we will use later is correlation energy (CE). It is defined as the difference
between the exact non-relativistic energy and the HF energy in the limit of an infinite basis
set[28,29], i.e.,

(4)Ecorr = Eexact− EHF.

The CI, MCSCF, MP(N), and CC methods are all directed at generating energies that
approachEexact. Other methods that have been developed include dimensional expansions
[30], and the contracted Schrödinger equation[31].

3. TRIAL WAVE FUNCTIONS

In contrast to wave function methods, where the wave function is usually constructed from
determinants of orbitals, QMC methods can use arbitrary functional forms for the wave
function, as long as it is antisymmetric with respect to particle exchange. Because QMC
trial wave functions are not restricted to expansions in one-electron functions, more com-
pact representations are routinely used.

The most commonly used trial wave function is the product of a determinant or linear
combination of determinants,e.g., HF, MCSCF, CASSCF, CI, and a correlation function
that is symmetric with respect to particle exchange,

(5)ΨT = DF .

HereD denotes the antisymmetric wave function factor andF is the symmetric factor.
We now describe some of the forms used forD and then we describe forms forF . Such
products are also known as the correlated molecular orbital (CMO) wave functions.

With CMO wave functions, the antisymmetric part of the wave function is constructed
as a linear combination of determinants of independent particle functions,φi . Theφi are
usually formed as a linear combination of basis functions centered on atomic centers,

φi =
∑
j

cijχj .

The antisymmetric part of the wavefunction scales computationally asN3, whereN is
the number of particles, compared toN ! for the fully antisymmetrized form.2

The symmetric part of the wave function is usually built as a product of terms explicitly
dependent on inter-particle distance,rij = |r i−r j |. These functions are usually constructed
to reproduce the form of the wave function at electron–electron and electron–nucleus
cusps. A now familiar form is that proposed by Bijl[32], Dingle [33], and Jastrow[34]

1 For a more detailed analysis of the scaling of wave-function-based methods see, for example,[25] and[26].
For a general overview of these methods, see Ref.[27].

2 The evaluation of a determinant of sizeN requiresN2 computer operations. If the one-electron functions

scale with system size as well, the scaling becomesN3.



212 A. Aspuru-Guzik and W.A. Lester

and known as the Jastrowansatz:

(6)F ≡ eU(rij ) ≡ e
∑

i<j gij ,

where the correlation functiongij is

(7)gij ≡ aij rij

1+ bij rij

with constants specified to satisfy the cusp conditions

(8)aij ≡


1
4 if ij are like spins,
1
2 if ij are unlike spins,

−Zα if ij are electron/nucleus pairs,

whereZα is the atomic number of theαth nucleus. Electron correlation for parallel spins
is taken into account by the Slater determinant.

This simple Slater–Jastrowansatz has a number of desirable properties. As stated above,
scaling with system size for the evaluation of the trial function isN3, whereN is the
number of particles in the system. Second, the correct cusp conditions are satisfied at two-
body coalescence points and the correlation functiongij correctly approaches a constant at
large distance.

The inclusion of 3-body correlation terms has been shown to improve wave function
quality [35,36]. The work of Huanget al. [37] shows that if the determinant parametersλD
are optimized along with the correlation function parameters,λC , the nodal structure of the
wave function does not significantly improve by including 4-body correlation terms. This
finding suggests that increasing the number of determinants is more important than adding
fourth- and higher-order correlation terms.

4. VARIATIONAL MONTE CARLO

Variational methods involve the calculation of the expectation value of the Hamiltonian op-
erator using a trial wave functionΨT . This function is dependent on a set of parameters,Λ,
that are varied to minimize the expectation value of the energy,i.e.,

(9)〈Ĥ 〉 = 〈ΨT |Ĥ |ΨT 〉
〈ΨT |ΨT 〉 ≡ E[Λ] � E0.

Equation(9) can be sampled from a probability distribution proportional toΨ 2
T , and eval-

uated from the expression

(10)

∫
dR
[
ĤΨT (R)
ΨT (R)

]
Ψ 2
T (R)∫

dRΨ 2
T (R)

≡
∫
dRELΨ

2
T (R)∫

dRΨ 2
T (R)

� E0,

whereEL ≡ ĤΨ (R)
Ψ (R)

is the local energy. The procedure involves sampling random points
in R-space from

(11)P(R) ≡ Ψ 2
T (R)∫

dRΨ 2
T (R)

.
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The advantage of using equation(11)as the probability density function is that one need not
perform the averaging of the numerator and denominator of equation(10). The calculation
of the ratio of two integrals with the MC method is biased by definition: the average of a
quotient is not equal to the quotient of the averages, and equation(11)avoids this problem.

In general, sampling is done using the Metropolis method[38], that is well described in
Chapter 3 of Ref.[39], and briefly summarized later in this section.

Expectation values can be obtained using the VMC method from the following general
expressions[8]:

(12)〈Ô 〉 ≡
∫
dRΨT (R)2Ô(R)∫

dRΨT (R)2
∼= 1

N

N∑
i=1

Ô(Ri ),

(13)〈Ôd〉 ≡
∫
dR
[
ÔdΨT (R)
ΨT (R)

]
ΨT (R)2∫

dRΨT (R)2
∼= 1

N

N∑
i=1

ÔdΨT (Ri )

ΨT (Ri )
.

Equation(12) is for a coordinate operator,̂O, and equation(13) is preferred for a differen-
tial operator,Ôd .

The main idea of the Metropolis algorithm is to sample the electron density,Ψ 2
T (R),

using fictitious kinetics that in the limit of large simulation time yields the density at equi-
librium. A coordinate move is proposed,R → R′, which has the probability of being
accepted given by

(14)P(R → R′) = min

(
1,

T (R′ → R)Ψ 2
T (R

′)
T (R → R′)Ψ 2

T (R)

)
,

whereT (R → R′) denotes the transition probability for a coordinate move fromR to R′.
Condition(14) is necessary to satisfy the detailed balance condition

(15)T (R′ → R)Ψ 2
T (R

′) = T (R → R′)Ψ 2
T (R)

which is needed forΨ 2
T (R) to be the equilibrium distribution of the sampling process.

Several improvements to the Metropolis method have been pursued both in classical and
in quantum simulations. These improvements involve new transition probability functions
and other sampling procedures. See, for example, Refs.[8,40–52].

5. DIFFUSION MONTE CARLO

If one transforms the time-dependent Schrödinger equation (equation(2)) to imaginary
time τ , i.e.,

(16)it → τ,

then one obtains, after introducing an energy offsetER as reference energy,

(17)
∂

∂τ
Ψ (R, τ ) = (Ĥ − ER)Ψ (R, τ ).

For realΨ (R, τ ), equation(17) has the advantage of being inRN , whereas equation(2)
has, in general, complex solutions.
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Equation(17)can be cast into integral form,

(18)Ψ (R, τ + δτ) = λτ

∫
G(R,R′, δτ )Ψ (R′, τ ) dR′.

The Green’s function,G(R′,R, δτ ), satisfies the same boundary conditions as equa-
tion (17):

(19)
∂

∂τ
G(R,R′, δτ ) = (Ĥ − ER)G(R,R′, δτ )

with the initial conditions associated with the propagation of a Dirac delta function,
namely,

(20)G(R,R′,0) = δ(R − R′).

The form of the Green’s function that satisfies equation(19), subject to equation(20), is

(21)G(R,R′, δτ ) = 〈
R
∣∣e−τ(Ĥ−ER)

∣∣R′〉
which can be expanded in eigenfunctions,Ψα, and eigenvaluesEα of the system,i.e.,

(22)G(R,R′, δτ ) =
∑
α

e−τ(Eα−ER)Ψ ∗
α (R

′)Ψα(R).

For an arbitrary initial trial function,Ψ (R), asτ → ∞, one has

lim
τ→∞ e−τ(Ĥ−ER)Ψ = lim

τ→∞

∫
G(R′,R, τ )Ψ (R′) dR′

(23)= lim
τ→∞〈Ψ |Ψ0〉e−τ(E0−ER)Ψ0,

and only the ground state wave functionΨ0 is obtained from any initial wave function.
Sampling equation(21)cannot be done exactly, because the argument of the exponential

is an operator composed of two non-commuting terms. In practice, approximate forms of
the propagator are used.

In the short-time approximation (STA), the propagatorG(R,R′, τ ) is approximated as
if the kinetic and potential energy operators commuted,i.e.,

(24)e(T+V )δτ ≈ eT δτ · eV δτ +O
(
(δτ )2

) ≡ GST ≡ GD ·GB.

The Green’s function becomes the product of a diffusion factorGD and a branching factor
GB . Both propagators are known:

(25)GD = (2πτ)−3N/2e−
(R−R′)2

2δτ

and

(26)GB = e−δτ(V (R)−ER).

GD is a fundamental solution of a Fourier equation that describes a diffusion process in
wave function space, andGB is the fundamental solution of a first-order kinetic birth–death
process.

The Campbell–Baker–Hausdorff (CBH)[82–85]formula,

(27)eAeB = eA+B+ 1
2 [A,B]+ 1

12[(A−B),[A,B]]+···
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makes possible more accurate decompositions, such as an expansion with a cubic error
O((δτ )3),

(28)eδτ(T+V ) = eδτ(V/2)eδτT eδτ(V/2) +O
(
(δτ )3

)
.

There are also more sophisticated second-order[86,87] and fourth-order[88,89] expan-
sions that reduce the error considerably and generate higher accuracy DMC algorithms at
the expense of a more complex propagator. On top of improvements in the CBH expan-
sion, there is additional expense to achieve higher accuracy in the treatment of atoms and
molecules: the cusp conditions must be satisfied and continuity corrections are required for
the drift velocity[90].

The most common implementation usesGD as a stochastic transition probability
T (R → R′), andGB as a weighting or branching factor,B(R). Sampling equation(25)
can be achieved by obtaining random variates from a Gaussian distribution of varianceδτ .

Direct application of the above algorithm to systems governed by the Coulomb potential
leads to large population fluctuations. These arise because the potentialV̂ (R) can become
unbounded and induce large fluctuations in the random walker population. A remedy, im-
portance sampling[24] was extended to the DMC method by Ceperley and Alder[44].

In importance sampling Monte Carlo, the goal is to reduce fluctuations, by multiplying
the probability distribution by a known trial function,ΨT (R), that is expected to be a good
approximation for the wave function of the system. Rather thanΨ (R, τ ), one samples the
product

(29)f (R, τ ) = ΨT (R)Ψ (R, τ ).

Multiplying equation(18)by ΨT (R) yields

(30)f (R, τ + dτ) =
∫

K(R′,R, δτ )f (R′, τ ) dR′,

whereK(R,R′, δτ ) ≡ e−τ(Ĥ−ER) ΨT (R)
ΨT (R′) . ExpandingK in a Taylor series gives

(31)K = Ne−
(
R2−R1+ 1

2∇ lnΨT (R1)δτ
)2
/(2δτ) × e

−( ĤΨT (R1)
ΨT (R1)

−ER

)
δτ ≡ KD ×KB.

Equation(31) is closely associated with the product of the kernel of the Smoluchowski
equation, which describes a diffusion process with drift, multiplied by a first-order rate
process. Here the rate process is dominated by the local energy, instead of the potential.
The random walk is modified by appearance of a drift term, that moves configurations to
regions of large values of the wave function.

Importance sampling with appropriate trial functions, such as those used for accurate
VMC calculations, can increase the efficiency of the random walk by several orders of
magnitude. In the limit of the exact trial function as the importance sampling function,
only a single evaluation of the local energy yields the exact answer. Importance sampling
has made atomic, molecular and nano-structure calculations feasible. Note that the drift ve-
locity term, 1

2∇ lnΨT (R1), of equation(31) also moves random walkers away from nodal
regions to regions of large values of the trial wave function, reducing the number of at-
tempted node crossings by typically several orders of magnitude (author’s unpublished
observation).
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5.1. Fixed-node approximation

In this section, we discuss the implications of the fermion character ofΨ (R). It is an ex-
cited state in a manifold containing all the fermionic and bosonic states. A fermion wave
function has positive and negative regions that are difficult to sample with the DMC al-
gorithm. For real wave functions,Ψ (R) contains positive and negative regions,Ψ+(R),
andΨ−(R) that, in principle, could be represented as probabilities. The sign of the wave
function could be used as an extra weight for the random walk. In practice, doing so leads
to a slowly convergent method for estimating the energy[3].

Returning to the importance sampling algorithm, recall that the initial distribution,
|Ψ (R)|2, is positive. Nevertheless, the Green’s function,K(R,R′), can become negative
if a random walker crosses a node of the trial wave function. Again, the sign ofK(R,R′)
could be used as a weight for sampling|K(R,R′)|. The problem is that the statistics of this
process lead to exponential growth of the variance of the observable.

The simplest approach to avoid exponential growth is to forbid moves in which the dis-
tribution f changes sign, see equation(29). This boundary condition on permitted moves
is the defining characteristic of the fixed-node approximation (FNA). The nodes of the
sampled wave function arefixed to be the nodes of the trial wave function. The FNA is an
inherent feature of the DMC method, which is, by far, the most commonly used method
for atomic and molecular MC applications[91,92].

The fixed-node energy is an upper bound to the exact energy of the system[3]. In fact, the
fixed-node wave function is the best solution for that fixed set of nodes. The DMC method
has much higher accuracy than the VMC method. For atomic and molecular systems, it is
common to recover 95–100% of the CE, cf. Section2, whereas the CE recovered with the
VMC approach is typically less than 80% of the total.

6. TRIAL WAVE FUNCTION OPTIMIZATION

Trial wave functionsΨT (R,Λ) for QMC are dependent onn-variational parametersΛ =
{λ1, . . . , λn}. Optimization ofΛ is a key element for obtaining accurate trial functions.
Importance sampling using an optimized trial function increases the efficiency of DMC
simulations. There is a direct relationship between trial-function accuracy and the computer
time required to calculate accurate expectation values. Some of the parametersλi may be
fixed by imposing appropriate wave function properties, such as cusp conditions.

It is useful to divideΛ into groups distinguished by whether the parameter affects the
nodes of the wave function. The Slater determinant parameters,λ

↑↓
D and the Slater de-

terminant weights,λki change wave function nodal structure[35,53–58]. The correlation
function parameters,λC do not change the nodal structure of the overall wave function,
and therefore the DMC energy. For some systems, the optimization ofλC is sufficient for
building reliable trial functions for the DMC method, because the correlation function is
designed in part to satisfy cusp conditions[59,60].

Several optimization methods have been proposed previously. Some involve the use of
analytical derivatives[61–66], others use of a fixed sample for variance minimization[67],
and more recently[53,68,69]. Histogram analysis can be useful for the optimization of
energy, variance and geometries[70].
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The variance functional(VF) [53] is given by

(32)VF =
∑N

i=1

[
ĤΨ (Ri ,Λ)
Ψ (Ri ,Λ)

− ET

]2
wi∑N

i=1 wi

,

whereET is a trial energy,wi is a weighting factor defined by

(33)wi(Λ) = Ψ 2(Ri , Λ)

Ψ 2(Ri , Λ0)
,

andΛ0 is an initial set of parameters. The sum in equation(32) is over configurations
initially distributed asΨ 2(R,Λ0). Numerical optimization methods are used to find the
minimum ofVF.

When a fixed sample is used, the optimization ofVF can be sensible to outliers. A pro-
posed solution to the outlier problem are robust optimization approaches[71,72].

Optimization of the energy has shown to be advantageous and superior to variance opti-
mization in certain cases[73–76]. Recently, a very promising algorithm for optimization of
λC andλD simultaneously has been proposed[77,78], and successfully applied to the eval-
uation of excitation energies[79,80]. A powerful and related approach has been proposed
independently by Sorella[81].

7. TREATMENT OF HEAVY ELEMENTS

There is a steep computational dependence of QMC methods with atomic numberZ. The
computational cost of QMC methods has been estimated to scale asZ5.5−6.5 [93,94]. This
has motivated the replacement of the core electrons by effective core potentials (ECPs).
With this modification, scaling with atomic number is improved toZ3.4 [94]. Other ap-
proaches involve the use of core-valence separation schemes[95] model potentials[96],
and effective Hamiltonians[97,98].

8. APPLICATIONS

A range of chemical reactions, atoms, molecules, and solids has been computed using
the QMC method. Properties including atomization energies, heats of formation, optical
transitions, and relative stabilities have been computed to a high degree of accuracy with
this method. The DMC approach typically recovers≈95% of the correlation energy and
does not suffer from the strong basis set dependence of otherab initio methods such as
HF, DFT, and coupled-cluster CC methods. There are however, systematic errors that can
be encountered in QMC calculations: fixed-node error in DMC and localization error with
ECPs[94,99,100]. The fixed-node error can be as much as≈5% of the total correlation
energy. The localization error is typically not of significance and is often masked by the
fixed-node error.

A sample of recent applications of QMC to molecular systems includes electronic excita-
tions of ethylene[101], porphyrin[102], and small Cu-doped clusters[103]. We summarize
findings of these studies.
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8.1. Singlet–triplet energy splitting in ethylene

Ethylene is the prototypicalπ-electron system whose photochemical behavior is of im-
portance in chemistry, biology and technology[104,105]. Several large scaleab initio
computational investigations of the singlet–triplet transition energy in ethylene have been
carried out. The methods used in these studies were: configuration interaction with single
excitations (CIS)[106,107], multi-reference CI (MR-CI)[108] and complete active space
self-consistent field (CASSCF)[109].

In our study, the electronic structure of the ground and the lowest triplet states of
ethylene were examined using the diffusion Monte Carlo (DMC) method. This study is
motivated by recent photodissociation studies of C2H4S conducted at 193 nm that yielded
the triplet-state heat of formation, and the adiabatic energy splitting of the singlet–triplet
excitation[110–112]. We reported equilibrium properties of the ground and lowest triplet
states of ethylene including adiabatic and vertical energy splittings, heats of formation,
and atomization energies. These quantities have been computed by the DMC method
using Hartree–Fock (HF), and single-reference functions, the latter with natural orbitals
(NOs) obtained from complete active space self-consistent field (CASSCF), and multi-
configuration self-consistent field (MCSCF) trial functions. In addition, for comparison,
Møller–Plesset second-order perturbation theory (MP2), density functional theory (DFT)
in the local density approximation (LDA) and B3LYP generalized gradient approximation
(GGA) results, were carried out and reported.

Table 1shows that DMC splittings lie within 0.1 kcal/mol of each other statistically so
that the use of a HF or a CASSCF trial function with a soft ECP yields no numerical differ-
ence from the use of the all-electron HF trial function. These adiabatic energy differences
together with the results of earlier studies and otherab initio approaches determined in this
study (LDA, MP2, and B3LYP) are also listed inTable 1. The MR-CI adiabatic energy
splitting [108] is found to be in closer accord with the DMC values than the results from
the otherab initio approaches.

8.2. Electronic excitations of free-base porphyrin

The porphyrin molecule and its derivatives play an essential role in numerous biologi-
cal processes including photosynthesis and oxygen transport, and in emerging medical
technologies—for example, anti-viral therapeutics. A detailed understanding of the excited
states of these systems is essential to elucidating key mechanisms such as oxygen binding
and transport, and electron transfer as they occur in biological systems. Despite numerous
experimental andab initio theoretical studies, the basic photophysics of porphyrins is not
completely understood. For example, recent theoretical studies have proposed reinterpre-
tations of the different features of the spectrum of free base porphyrin (FBP, C20N4H14).

The electronic spectrum of FBP is characterized by three regions: the so-called Q band in
the visible region which is relatively weak, the intense B band which occurs in the near UV,
and the higher UV bands, N, L and M, which are broader and diffuse. Owing to the inherent
sensitivity of the excitation spectra of these systems to structural and chemical changes,
it is necessary to employ highly accurate methods in order to make reliable theoretical
predictions and to have useful comparisons with experiment.



Quantum Monte Carlo: Theory and Application to Molecular Systems 219

Table 1. C2H4 adiabatic and vertical energy differences (kcal/mol)

Method Adiabatica Vertical

CISb 46.0 NAc

LDA 68.1 112.4
MP2 68.5 104.9
B3LYP 61.5 102.9
MR-CId 64.0 106.0

DMC (ECP)e

HF (soft ECP) 66.0(3) 104.2(3)
CASSCF(4,8) soft ECP 66.4(3) 103.5(3)

DMC (all-electron)f

HF(cc-pVDZ/no cusp) 61.0(6) NAg

HF(cc-pVDZ/cusp) 66.3(4) 103.8(6)

Experiment

Photodissociationh 58(3) NAg

EELSi NAg 97
EISj NAg 108

a The use of unscaled frequencies changes the adiabatic energy difference by less than 0.1 kcal/mol.
b Reference[106].
c Reference[106] does not report the CIS vertical excitation energy.
d Reference[108].
e Trial wave function constructed with HF orbitals using the Partridge basis set[129] and soft effective core
potentials[130].
f All-electron trial wave function constructed with HF orbitals. In the second case, the 1s orbitals were corrected
near the nuclei to satisfy cusp conditions.
g Not available.
h Reference[111].
i References[131,132].
j Reference[133].

In this study, the transition energy between the ground state and lowest excited state of
the Q band of FBP was calculated using the DMC method for all electrons of the mole-
cule; ECPs were not introduced. A simple method for constructing excited-state trial wave
functions was followed, and its accuracy compared to alternative approaches and to exper-
iment.

For the DMC approach used in this study[3], a variational trial wave function was
constructed as a product of a Slater determinant of HF orbitals and a correlation func-
tion for both singlet and triplet states. For the triplet excited state, the trial wave function
was a restricted-open shell HF (ROHF) determinant. For the singlet excited state, the
ROHF triplet wave function was modified by altering the spin occupation of the HOMO,
which converted the ROHF triplet state, 13B3u, into a singlet with the same spatial sym-
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Table 2. Excitation energies (eV) from the ground state to the 11B2u and 13B3u states of
free-base porphyrin. Empty slots indicate the absence of data

Method Vertical excitation
(eV)
11B2u

Vertical excitation
(eV)
11B3u

Adiabatic energy
difference (eV)
13B2u

CISa 2.66 1.23
SAC-CIb 2.25
CASPT2c 2.26 1.37
TD-DFTd 2.39
DFT-MRCIe 2.38
MRSDCIf 2.40
STEOM-CCSD(T)g 2.40 1.20
DMC 2.45(8) 1.60(10)k

Experiment

Vapor phaseh 2.42
Supersonic jeti 2.46
Frozen solventj 1.58

a Reference[106].
b Reference[134].
c Reference[113].
d Reference[135].
e Reference[136].
f Reference[137].
g 11B2u: Reference[138], 13B3u: Reference[114].
h Reference[139].
i Reference[140].
j Reference[141].
k Calculation performed at the minimum geometry of the B3LYP potential energy surface.

metry, namely, 11B2u. The proper spin-adapted two-determinant configuration was then
constructed.

The ground state singlet to second-excited singlet state excitation energies from several
theoretical methods as well as experiment are listed inTable 2. The DMC value agrees
with experiment to within statistical error bars (i.e., 0.1 eV). The MRSDCI results are
also in good accord with experiment. Merchánet al. have suggested, however, that the
latter results arise from a fortuitous cancellation of errors due to the choice of active space
[113]. Similarly, Nooijen and Bartlett suggest that there is no reason to expect the MRSDCI
results to be converged[114]. Excited-state extensions of DFT, such as time-dependent
DFT and DFT-MRCI show good agreement with experiment.

Results for the lowest triplet excitation energy are also listed inTable 2. Nooijen and
Bartlett suggest that the low-lying triplet states of FBP pose a serious challenge for cor-
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related treatments[114]. For this energy difference, the DMC results are found again to
agree with the experimental excitation energy to within the error bars.

8.3. Characterization of CuSi4 and CuSi6

Considerable interest in pure silicon and metal-doped silicon clusters exists found in chem-
istry as well as in molecular and solid state physics. One of the reasons for this attention is
that the properties of these cluster systems are notably different from those of the bulk ma-
terials[115]. In addition, promising applications of materials with novel properties based
on metal-doped-silicon clusters and metal-doped fullerenes are of significant importance
for the semiconductor industry. Numerous experimental[116–120]and theoretical[121–
127] studies have been devoted to the determination of equilibrium geometries, electronic
and bonding structures, as well as structural transitions of different size pure silicon and
alkali-metal-doped silicon clusters. It has been shown, notwithstanding the occurrence of
carbon and silicon in the same column of the periodic table, that there are big differences
in the geometries of the clusters of these elements.

Despite the general interest in metal-doped silicon clusters, the number of studies de-
voted to this area is limited compared to the analogous metal-doped carbon clusters. The
influence of transition metals on the geometry and bonding of doped silicon clusters war-
rants investigation.

Various theoretical methods applied to pure and metal-doped silicon clusters have re-
vealed equilibrium geometries that are rather similar in selected respects. Recently, Xiao
and Hagelberg (XH)[128] carried out a HF and DFT study of pure and Cu-doped Si4 and
Si6 clusters and found an energy difference of only 0.005 eV among CuSi4 isomers and
0.832 eV for CuSi6 isomers.

The focus here is on three CuSi4 and two CuSi6 clusters previously investigated by
XH [128] who optimized the geometry of these systems with the B3LYP DFT method.
These geometries were used in the present study and the structures are presented in
Figs. 1 and 2. The figures also show the relative energies between the different struc-
tures.

Energies, relative, binding, and adsorption, for the three CuSi4 and two CuSi6 clusters
were obtained using theab initio CASSCF, B3LYP DFT, and FNDMC methods. The use
of the FNDMC method was validated by the significant correlation energy recovered for
the present systems. The use of two different, but closely related, basis sets for the B3LYP
case provides a useful measure of basis set dependence of these results; seeTables 3 and 4.

One sees that the FNDMC binding energies for all the clusters lie between the B3LYP
DFT and HF results. A comparison of the relative values shows that DFT theory overes-
timates the binding energy, while the HF theory underestimates it. Qualitatively B3LYP
DFT binding energies are found to be closer to the FNDMC ones than HF or CASSCF, but
they still are outside of the statistical error bars of the FNDMC results. The important fea-
ture found in all the calculations is the close value of the binding energy for all the isomers
of the particular cluster and the larger binding energy per atom for CuSi6 clusters relative
to CuSi4 clusters.

Analysis of Cu atom adsorption energy shows the contradictory behavior of the methods
applied relative to FNDMC/ECP. Qualitative agreement is found comparing CASSCF and
FNDMC methods. Both approaches give t similar scaling of the adsorption energy for the
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Fig. 1. Schematic structure, atom labeling, and relative energies of CuSi4 isomers. Energy
differences were obtained using the fixed-node diffusion Monte Carlo method.

Fig. 2. Schematic structure, atom labeling, and relative energies of CuSi6 isomers. Energy
differences were obtained using the fixed-node diffusion Monte Carlo method.

CuSi4 and CuSi6 clusters. We note that XH also found a negative adsorption energy for the
6b isomer of the CuSi6 cluster in the HF method. The Cu atom adsorption by the Si4 and
Si6 clusters is found to be endothermic.
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Table 3. Binding energies (eV/atom) of CuS4 and CuSi6 clusters

CuSi4 CuSi6
4a 4b 4c 6a 6b

HF/GENa 1.383 1.366 1.314 1.583 1.139
B3LYP/GENa 2.474 2.475 2.455 2.802 2.683
B3LYP/6-311G** 2.590 2.594 2.574 2.906 2.762
CASSCF/6-311G** 0.567 0.553 0.506 0.632 0.608
DMC 1.82(4) 1.85(4) 1.76(5) 2.22(4) 2.15(4)

a Reference[128].

Table 4. Adsorption energy (eV/atom) of CuSi4 and CuSi6 clusters

CuSi4 CuSi6
4a 4b 4c 6a 6b

HF/GENa 0.593 0.508 0.251 0.518 −2.589
B3LYP/GENa 1.315 1.320 1.221 1.364 0.533
B3LYP/6-311G** 2.114 2.134 2.037 2.396 1.382
CASSCF/6-311G** −0.471 −0.544 −0.775 −1.781 −1.945
DMC −1.31(9) −1.18(9) 1.65(12) 2.81(13) −3.34(12)

a Reference[128].
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Abstract
The algebraic structure of central molecular chirality can be achieved starting from the geometrical representation
of bonds of tetrahedral molecules, as complex numbers in polar form, and the empirical Fischer projections used
in organic chemistry. A general orthogonalO(4) algebra is derived from which we obtain a chirality indexχ ,
related to the classification of a molecule as achiral, diastereoisomer or enantiomer. Consequently, the chiral fea-
tures of tetrahedral chains can be predicted by means of a molecular Aufbau. Moreover, a consistent Schrödinger
equation is developed, whose solutions are the bonds of tetrahedral molecules in complex number representation.
Starting from this result, theO(4) algebra can be considered as a “quantum chiral algebra”. It is shown that the
operators of such an algebra preserve the parity of the whole system.
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1. INTRODUCTION

Understanding the fundamental nature of chirality is an issue involving several disciplines
of science like physics, chemistry and mathematics[1]. Chirality is a symmetry emerging
in abstract spaces (e.g., the spin configuration space of elementary particles) and in real
physical space–time (e.g., the Lorentz group of transformations acting on molecules). In
any case, it is a discrete symmetry and, from several viewpoints, scientists are wondering
if it is a conserved quantity or if it can be violated[2]. In other words, it is not com-
pletely clear, up to now, if objects with different states of chirality are different objects or

ADVANCES IN QUANTUM CHEMISTRY, VOLUME 49 © 2005 Elsevier Inc.
ISSN: 0065-3276 DOI: 10.1016/S0065-3276(05)49005-X All rights reserved

mailto:capozziello@sa.infn.it
mailto:lattanzi@unisa.it


228 S. Capozziello and A. Lattanzi

Fig. 1. Different forms of molecular chirality.

are indistinguishable from a physical point of view (i.e., they have exactly the same en-
ergy configuration, the same angular momentum, in modulus, and so on). This question
involves subatomic particles (e.g., right-handed and left-handed neutrinos) or molecules
(e.g., enantiomers), or even huge macrosystems of astrophysical size as spiral galaxies[3].

Another and deeper issue is related to the observational fact that Nature seems to prefer,
in most cases, just one modality: left-handed neutrinos[4], L-aminoacids and D-sugars[5],
spiral galaxies with trailing arms[6]. In some sense, we observe a sort of chirality selection
rule in our Universe, even if the opposite chiral state is mathematically and physically
consistent and can be obtained as a reaction product (e.g., racemization processes and
asymmetric synthesis[7]) or happens as secondary process (spiral galaxies with leading
arms seem to be the results of interactions in clusters of galaxies)[6].

For example, the origin of homochirality for L-aminoacids and D-sugars is still an open
problem and several mechanisms have been proposed[8]. Among them, the spontaneous
chiral symmetry breaking represents a fascinating theory. Significant enantiomeric ex-
cesses and chirally symmetry breaking can be generated by chirally autocatalytic systems.
In particular, the chiral asymmetry generated during a stirred crystallization[9] shows that
significant chiral autocatalysis can occur in the proximity of a chiral solid surface; this
process might be important to be considered to explain the observed enantiomeric excess
in L-amino acids in meteorites[10].

The program to understand dynamics of chiral structures ranges from microscopic to
astrophysical scales, and it is very likely that the whole observable Universe has its own
state of chirality[2a,11].

More specifically, following Lord Kelvin[12], chirality can be defined as: “I call any
geometrical figure, or groups of points, chiral, and say it has chirality, if its image in a plane
mirror, ideally realized, cannot be brought to coincide with itself”. On the other hand, an
achiral molecule can be defined as: “If a structure and its mirror image are superimposable
by rotation or any motion other than bond making and breaking, than they are identical”.
Chiral molecules having central chirality contain stereogenic centres (Fig. 1) [13]. Given
two molecules with identical chemical formulas, if they are not superimposable, they are
calledenantiomers. In general, the term chirality has a broader sense, for example, chirality
can be due to a spatial isomerism resulting from the lack of free rotation around single or
double bonds (which means that the molecule has a chiral axis) such as in biphenyl[14]
compounds (Fig. 1).

Chirality can be even due to a helical shape of the molecule which can be left- or right-
handed[15] (Fig. 1).



From Fischer Projections to QuantumMechanics of Tetrahedral Molecules: New Perspectives in Chirality 229

Fig. 2. Example of a couple of diastereoisomers.

When a molecule contains more than one chiral centre, a further definition has to be
introduced. In this case, two molecules with identical structural formulas, which are not
mirror images of each other and not superimposable, are termeddiastereoisomers (Fig. 2).

Most properties of molecules are invariant under reflection (scalar properties), when ex-
amined in an achiral environment and enantiomers are identical in many respects such as
solubility, density, melting point, chromatographic retention times, spectroscopic behav-
iour. It is only with respect to those properties that change sign, but not magnitude under
reflection (pseudoscalar properties), that enantiomers differ, such as optical rotation[16],
optical rotatory dispersion (ORD)[17], circular dichroism (CD)[18], vibrational circular
dichroism (VCD)[19]. In contrast, diastereoisomers exhibit different chemical and phys-
ical properties. It is evident that molecular chirality is fundamentally connected to spatial
symmetry operations[20] and has the features of a geometrical property. Interestingly, chi-
rality has been treated as a continuous phenomenon[21] of achiral symmetry breaking and
this approach has brought to the description of molecules as “more or less chiral” just as a
door which is more or less open.

In the last decades, discrete mathematics and qualitative descriptions of the spatial
features of molecules provided a large development of theoretical stereochemistry[22].
Molecular chirality has been studied by algebraic methods based on permutation group
theory and group representation theory[23]. Several topological indexes have been pro-
posed to describe 3D molecular structures and shapes[24]. Chirality of molecules has
been as well the subject of studies aimed to achieve numerical indexes as a measurement
of this property, so, discrete and continuous measurements of chirality have been proposed
in order to determine the degree of chirality of a molecule[25]. Such measurements are
related to the methods used for the characterization of physical and chemical features of a
given compound. Empirical classification of organic molecules is based on the properties
of functional groups, such as hydroxy group in alcohols, C–C double and triple bonds,
CO group in ketones, aldehydes, etc. In general, organic compounds are collected in ho-
mologous series, differing by the number of carbons present in the structure. The most
important classification of organic molecules, from this point of view, is the Beilstein sys-
tem, where each compound finds an indexed place in the Beilstein Handbook of Organic
Chemistry[26]. Various parameters as thermodynamic enthalpies of formation have been
used as a basis for classification in homologous series[27], and additivity schemes for
atoms are introduced in order to predict the enthalpies for compounds of homologous
series. Furthermore, quantum mechanical quantities such as molecular total and partial
energies have been statistically treated for the same purpose[28].

The above discussion tells us that several approaches can be pursued but, up to now,
scientific community is far from a comprehensive and final theory of chirality. A new
approach to figure out the problem could be to plan, as in other fields of science, a sort of



230 S. Capozziello and A. Lattanzi

“Erlangen program”. In fact, according to Felix Klein[29], every geometry and dynamics
of objects can be characterized by their own group of transformations, thus we have, in
general the following process:

Geometry ⇒ Space and Group Transformations⇒ Dynamics.

Following these steps, we can fully characterize a theory which finally is well established
if experimental data fit the solutions of dynamics.

All physical theories agree with this scheme. As examples, we have:

Euclidean Space ⇒ Galilei Group ⇔ Classical Mechanics

Minkowski Space ⇒ Poincaré Group ⇔ Special Relativity

Phase Space ⇒ Canonical Transformations ⇔ Hamiltonian Dynamics

Hilbert Space ⇒ Unitary Transformations ⇔ Quantum Mechanics

and this approach holds for any self-consistent theory.
Chirality could be dealt, from a theoretical viewpoint, with the same standard by the

following steps:

1. given a class of chiral objects identify their configuration space;
2. try to develop the algebra and the group of their configurations and transformations;
3. identify symmetries, conservation laws and then define the dynamical problem;
4. achieve a full theory where objects and their motions are treated at a fundamental level.

Following the above schemes, we should have:

Configuration Space ⇒ Chirality Transformations ⇔ Chiral Mechanics.

The approach could involve microscopic (e.g., molecules) and macroscopic (e.g., spiral
galaxies) objects, so a full theory of chirality should be a quantum one, but it should work
out, in the limits of classical mechanics, also with extremely large objects. In other words,
a comprehensive theory of chirality should be independent of objects size.

In this article, this program is outlined for tetrahedral molecules, starting from an ele-
mentary geometrical representation.

A tetrahedral molecule is a system of four bonds connected at the origin to a central
atom (e.g., a carbon atom). These bonds can be represented as complex numbers in polar
form. A chiral transformation between a couple of bonds is nothing else but a complex
conjugation and then, taking into account all possible transformations, the elements of the
group can be derived. It is interesting to observe that the 24 Fischer projections, coinciding
with these elements, constitute anO(4) algebra, so that transformations can be read as
rotations and inversions in an abstract 4D-space.

Being the bonds non-relativistic quantum objects, they have to satisfy a Schrödinger
equation, soO(4), as it will be shown, can be read as a “quantum chiral algebra” by which
it is possible to classify chiral transformations and to construct, in principle, any tetrahedral
chain knowing their chiral features.

The layout of the paper is the following. Firstly, the geometry of tetrahedral chains,
based on a complex numbers representation, is described. This approach allows a first
qualitative classification of molecules as achiral, diastereoisomers and enantiomers. Sec-
ondly, we discuss the Fischer projections and show that they can be seen as elements of
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O(4) algebra. The further step is the extension to a sort of molecular Aufbau for tetrahedral
chains. A quantum mechanical approach for tetrahedral molecules is developed by seeking
for a consistent Schrödinger equation for bonds. Finally, the quantum chiral algebra is dis-
cussed with respect to point transformations and Hund result[30] [P̂ , Ĥ] = 0 is recovered,
if parity states are nothing else but superpositions of chiral states.

2. GEOMETRICAL APPROACH TO CENTRAL MOLECULAR
CHIRALITY BASED ON COMPLEX NUMBERS

The spatial properties of achiral molecules, enantiomers and diastereoisomers can be con-
sidered under a geometrical description. Some features exist in order to characterize such
classes of molecules by the same parameters.

The approach proposed[31] is based on complex numbers since this is a straightforward
way to represent the “length” of the bond with respect to the stereogenic centre and the
“angular position” with respect to the other bonds. In general, given a tetrahedral molecule
with a stereogenic centre, it can always be projected on a plane containing the stereogenic
centre as inFig. 3. Every bond, in the plane{x, y}, can be given in polar representation by

(1)Ψj = ρj e
iθj ,

whereρj is the “modulus”,i.e., the projected length of the bond,θj is the “anomaly”,i.e.,
the position of the bond with respect to thex, y axes (and then with respect to the other
bonds). The numberi = √−1 is the imaginary unit. A molecule with one stereogenic
centre is then given by the sum vector

(2)M =
4∑

j=1

ρj e
iθj

in any symmetry plane. If the molecule hasn stereogenic centres, we can definen planes
of projection (one for each centre). Such planes can be parallel among them, even if this
feature is not essential. If a molecule with one centre has four bonds, a molecule with two

Fig. 3. Projection of a tetrahedral molecule on a plane containing the stereogenic centre.
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centres has seven bonds and so on. The general rule is

(3)n = centres ⇔ 4n− (n− 1) = 3n+ 1 bonds

assuming simply connected tetrahedra. If atoms acting as “spacers” are present between
chiral centres, the number of bonds changes from 3n + 1 to 4n, but the following consid-
erations for consecutive connected tetrahedra remain valid. A molecule withn stereogenic
centres is then given by the sum vector

(4)Mn =
n∑

k=1

3n+1∑
j=1

ρjke
iθjk ,

wherek is the “centre-index” andj is the “bond-index”. Again, for anyk, a projective
plane of symmetry is defined. The couple of numbers{ρ, θ} ≡ {0,0} assigns the centre in
every plane. In other words, a moleculeMn is assigned by the two sets of numbers

{ρ1k, . . . , ρjk, . . . , ρ(3n+1)k},
(5){θ1k, . . . , θjk, . . . , θ(3n+1)k}.

Having in mind the definition of chirality, the behaviour of the molecule under rotation
and superimposition has to be studied in order to check if the structure and its mirror
image are superimposable. Chirality emerges when two molecules with identical structural
formulas are not superimposable. Considering the geometrical representation reported in
Fig. 3, a possible situation is the following: let us take into account a rotation of 180◦ in
the space around a generic axisL passing through the stereogenic centre. Such an axis can
coincide, for the sake of simplicity, with one of the bonds. After the rotation, two bonds
result superimposable while the other two are inverted. The situation can be illustrated by
the projection on the plane{x, y} as shown inFig. 4.

In formulae, for the inverted bonds, we have

(6)
{
Ψ1 = ρ1e

iθ1, Ψ3 = ρ3e
iθ3
} ⇒ {

Ψ 1 = ρ1e
iθ3, Ψ 3 = ρ3e

iθ1
}
.

In order to observe the reflection, the four groups must be of different nature. This sim-
ple observation shows that the chirality is connected with an inversion of two bonds in
the projective symmetry plane. On the contrary, if after the rotation and superimposition

Fig. 4. Picture of the projected situations before and after the rotation of a chiral tetrahe-
dron over its mirror image. Groups 2 and 4 coincide while 3 and 1 are inverted.
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Fig. 5. Mirror structures ofmeso-tartaric acid.

(Fig. 4), moleculeI is identical to moleculeII, we are in an achiral situation. Such a treat-
ment can be repeated for any projective symmetry plane which can be defined for then

centres. The possible results are that the molecule is fully invariant after rotation(s) and su-
perimposition with respect to its mirror image (achiral); the molecule is partially invariant
after rotation(s) and superimposition,i.e., some tetrahedra are superimposable while others
are not (diastereoisomers); the molecule presents an inversion for each stereogenic centre
(enantiomers).

The following rule can be derived: central chirality is assigned by the numberχ given
by the couplen, p that is

(7)χ = {n, p},
whereχ is the chirality index,n is the principal chiral number andp the secondary chiral
number, that isn is the number of stereogenic centres,p is the number of permutations (at
most one for any centre). The constraint

(8)0 � p � n

has to hold.
This definition of chirality is related to the structure of the molecule and its properties

under rotations and superimposition.
The sequence between achiral and chiral molecules is given by

χ ≡ {n,0} achiral molecules,

χ ≡ {n, p < n} diastereoisomers,

χ ≡ {n, n} enantiomers.

As an example, the chirality of degenerate case,meso-tartaric acid (Fig. 5), can be reduced
to this rule. In this case, three groups of two tetrahedra are identical and the fourth group is
the other stereogenic carbon centre. As it can be seen from the figure, the molecule is fully
invariant by superimposition to its mirror image, hencep = 0 and the structure is achiral
(χ ≡ {2,0}).

3. FISCHER PROJECTIONS FOR TETRAHEDRAL MOLECULES

An extremely useful method to represent tetrahedral molecules was reported in 1891 by
Emil Fischer, who proposed the well-known planar projection formulas. When describing a
molecule in this representation, some rules have to be followed (Fig. 6): the atoms pointing
sideways must project forward in the model, while those pointing up and down in the
projection must extend toward the rear. As an example, let us take into account (S)-(+)-
lactic acid.
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Fig. 6. Fischer projection of (S)-(+)-lactic acid.

Fig. 7. Fundamental rules to handle Fischer projections.

In order to obtain proper results using Fischer projections, they must be treated dif-
ferently from models in testing superimposability. Projections may not be rotated of 90◦,
while a 180◦ rotation is allowed. The interchange of any two groups results in the conver-
sion of an enantiomer into its mirror image (Fig. 7).

Let us indicate the chemical groups by numbers running from 1 to 4. For the example
which we are considering: OH= 1, CO2H = 2, H = 3, CH3 = 4, without taking
into account the effective priorities of the groups[13]. There are 24 (=4! the number of
permutations of 4 ligands among 4 sites) projections.

Twelve of these correspond to the (+) enantiomer and are illustrated inFig. 8.
The other 12 graphs inFig. 9represent the (−) enantiomer.
The permutations shown inFig. 8can be obtained, either by permuting groups of three

bonds or by turning the projections by 180◦. The permutations outlined inFig. 9 derive
by those inFig. 8simply by interchanging two groups. With these considerations in mind,
it is immediate asking for an algebraic structure which can be built from Fischer projec-
tions[32].

4. ALGEBRAIC STRUCTURE OF CENTRAL MOLECULAR
CHIRALITY

In order to reduce the Fischer rules to an algebraic structure, we define an operatorχk

acting on a tetrahedral molecule. We shall take into account only one tetrahedron, but the
generalization of the following results to simply connected chains of tetrahedra is easily
accomplished as we shall see below.
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Fig. 8. Twelve Fischer projections of (S)-(+)-lactic acid.

A tetrahedral molecule can be assigned by a column vectorM, rewriting equation(2)
as

(9)M =


Ψ1
Ψ2
Ψ3
Ψ4

 ,

Ψj are defined in equation(1).
The corresponding Fischer projection is

2

1 3

4

(1)

which is the first inFig. 8. The position of the bonds in the column vector(9) are assigned
starting from the left and proceeding clockwise in the Fischer projection.

The matrix representation of the projection(1) is assumed as “fundamental”,i.e.,

(10)χ1 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


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Fig. 9. Twelve Fischer projections of (R)-(−)-lactic acid.

so the action on the column vectorM is

(11)χ1


Ψ1
Ψ2
Ψ3
Ψ4

 =


Ψ1
Ψ2
Ψ3
Ψ4

 ,

χ1 is nothing else but the identity operator. The configuration(2) of Fig. 8can be achieved
as soon as we define an operatorχ2 acting as

(12)χ2


Ψ1
Ψ2
Ψ3
Ψ4

 =


Ψ3
Ψ2
Ψ4
Ψ1


which corresponds to the matrix

(13)χ2 =


0 0 1 0
0 1 0 0
0 0 0 1
1 0 0 0

 ,

it is clear thatχ2 is a rotation. On the other hand, the configuration(1) of the (−) enantiomer
can be obtained starting from the column vector(9), if we define an operatorχ1 which acts
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as

(14)χ1


Ψ1
Ψ2
Ψ3
Ψ4

 =


Ψ4
Ψ2
Ψ3
Ψ1

 .

Explicitly, we have

(15)χ1 =


0 0 0 1
0 1 0 0
0 0 1 0
1 0 0 0

 .

It generates the inversion between the bondsΨ1 andΨ4.
By this approach, all the 24 projections can be obtained (12 for the (+) enantiomer and

12 for the (−) enantiomer represented inFigs. 8 and 9) by matrix operators acting on the
fundamental projection(1). The following tables summarize the situation. The operatorsχk

give rise to the representations of the (+) enantiomer, while the operators̄χk give rise to
those of the (−) enantiomer. Obviouslyk = 1, . . . ,12.

Table I, (+) enantiomer:

χ1 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 , χ2 =


0 0 1 0
0 1 0 0
0 0 0 1
1 0 0 0

 , χ3 =


0 0 0 1
0 1 0 0
1 0 0 0
0 0 1 0

 ,

χ4 =


0 1 0 0
0 0 1 0
1 0 0 0
0 0 0 1

 , χ5 =


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 , χ6 =


0 1 0 0
0 0 0 1
0 0 1 0
1 0 0 0

 ,

χ7 =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 , χ8 =


0 0 0 1
1 0 0 0
0 0 1 0
0 1 0 0

 , χ9 =


1 0 0 0
0 0 1 0
0 0 0 1
0 1 0 0

 ,

χ10 =


1 0 0 0
0 0 0 1
0 1 0 0
0 0 1 0

 , χ11 =


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

 , χ12 =


0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 1

 .

Table II, (−) enantiomer:

χ1 =


0 0 0 1
0 1 0 0
0 0 1 0
1 0 0 0

 , χ2 =


0 0 1 0
0 1 0 0
1 0 0 0
0 0 0 1

 , χ3 =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 ,

χ4 =


0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0

 , χ5 =


0 1 0 0
0 0 0 1
1 0 0 0
0 0 1 0

 , χ6 =


0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1

 ,
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χ7 =


0 0 1 0
1 0 0 0
0 0 0 1
0 1 0 0

 , χ8 =


1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

 , χ9 =


0 0 0 1
0 0 1 0
1 0 0 0
0 1 0 0

 ,

χ10 =


0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0

 , χ11 =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 , χ12 =


0 0 1 0
0 0 0 1
0 1 0 0
1 0 0 0

 .

The matrices in Tables I and II are the elements of a 4-parameter algebra. Those in Table I
are a representation of rotations, while those in Table II are inversions. Both sets constitute
the groupO(4) of 4 × 4 orthogonal matrices. The matrices in Table I are the remarkable
subgroupSO(4) of 4 × 4 matrices with determinant+1. The matrices in Table II have
determinant−1, being inversions (or reflections). They do not constitute a group since the
product of any two of them has determinant+1. This fact means that the product of two
inversions generates a rotation (this is obvious by inverting both the couples of bonds in a
tetrahedron). In fact, we have

(16)χkχ l = χm, χkχ l = χm, χkχ l = χm for k, l,m,= 1, . . . ,12.

For example, straightforward calculations give

(17)χ8χ9 = χ5, χ5χ2 = χ9, χ10χ10 = χ7

and so on. In summary, the product of two rotations is a rotation, the product of two reflec-
tions is a rotation, while the product of a reflection and a rotation is again a reflection. In
any case, the total algebra is closed[33]. Below the complete set of commutation relations
is given.

The 24 matrices in Tables I and II are not all independent. They can be grouped as
different representations of the same operators. To this aim, we make use of a fundamental
theorem of algebra which states that all matrices, representing the same operator, have
the same characteristic polynomial[34]. In other words, the characteristic equation of a
matrix is invariant under vector base changes. In (+) enantiomer case, the characteristic
eigenvalue equation is

(18)det‖χk − λI‖ = 0,

whereλ are the eigenvalues andI is the identity matrix.
The following characteristic polynomials can be derived:

(19)(1− λ)4 = 0 for χ1,

(20)(1− λ)2
(
1+ λ+ λ2) = 0 for χ2,χ3,χ4,χ6,χ8,χ9,χ10,χ12,

(21)(1− λ)2(1+ λ)2 = 0 for χ5,χ7,χ11.

In the case of (−) enantiomer, we have

(22)det‖χk − λI‖ = 0

and the characteristic polynomials are
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(23)(1− λ)3(1+ λ) = 0 for χ1,χ2,χ3,χ6,χ8,χ11,

(24)(1− λ)(1+ λ)
(
λ2 + 1

) = 0 for χ4,χ5,χ7,χ9,χ10,χ12.

There are 6 independent eigenvalues:

(25)λ1,2 = ±1, λ3,4 = ±i, λ5,6 = −1± i
√

3

2
.

Inserting them into equations(18) and (22), it is easy to determine the eigenvectors

(26)(χk − λI)M = 0, (χk − λI)M = 0

with obvious calculations depending on the choice ofχk andχk. M is given by equa-
tion (9). It is worth noting that the number of independent eigenvalues (and then eigen-
vectors) is related to the number of independent elements in each member of the group
O(N) we are considering.N2 is the total number of elements, while12N(N + 1) are the
orthogonality conditions, so we have

(27)N2 − 1

2
N(N + 1) = 1

2
N(N − 1).

ForO(4), it is 6, which is the number of independent generators of the group[33], giving
the “dimension” of the group. With these considerations in mind, it can be stated that
Fischer projections generates the algebraic structure of tetrahedral molecules.

5. GENERALIZATION TO MOLECULES WITH n STEREOGENIC
CENTRES: A MOLECULAR AUFBAU FOR TETRAHEDRAL
CHAINS

The results of the previous section can be extended to more general cases. For a molecule
with n stereogenic centres, we can definen planes of projection and the bonds among the
centres have to be taken into account.

Equation(4) can be written as

(28)Mn =
p∑

k=1

Mk +
n∑

k=p+1

Mk,

whereMk andMk are generic tetrahedra on which are acting the operatorsχk
1 andχk

1
respectively;k is the center index running from 1 ton; 1 is the operator index ranging from
1 to 12.

For any tetrahedron, two possibilities are available:

(29)Mk = χk
1M

(0)
k , Mk = χk

1M
(0)
k ,

whereM(0)
k is the starting fundamental representation of thek-tetrahedron given by the

column vector in equation(9). Explicitly we have

(30)M(0)
k =


Ψ1k
Ψ2k
Ψ3k
Ψ4k

 .
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In other words,Mk andMk are the result of the application of one of the above matrix
operators on the starting column vectorM(0)

k .
A particular discussion deserves the indexp, which, as previously stated, ranges 0�

p � n. It is the number of permutations, which occur when the operatorsχk
l act on tetrahe-

dra. It corresponds to the number of reflections occurring in ann-centre tetrahedral chain.
No inversions, but rotations occur whenχk

l operators act on the molecule. Having this rule
in mind, it follows that

(31)Mn =
n∑

k=1

Mk, p = 0,

is an achiral molecule (in this case onlyχk
1 operators act onM(0)

k );

(32)Mn =
p∑

k=1

Mk +
n∑

k=p+1

Mk, 0 < p < n,

is a diastereoisomer since[n − (p + 1)] tetrahedra result superimposable after rotations,
whilep-ones are not superimposable, having, each of them, undergone an inversion of two
of their bonds.

Finally, an enantiomer results if

(33)Mn =
n∑

k=1

Mk, n = p,

where every tetrahedron results a mirror image of its starting situation after the application
of any of theχk

1 operators. The chirality selection rule, geometrically deduced (equa-
tion (7)), is fully recovered. In other words, this selection rule gives a classification of
tetrahedral chains by their chirality structure.

A building-up process (Aufbau-like) is consequently derivable[35]. The building-up
process gives rise to a chirality index which assigns the intrinsic chiral structure of the
final compound. As we have seen, the chirality indexχ allows an immediate chiral char-
acterization of a given tetrahedral chain. Let us take into account a molecule, which is well
defined in its chiral feature, in the sense that, considering also its mirror image, it is clear
to assess if the molecule is an enantiomer, a diastereoisomer or an achiral molecule. After
the addition of a further chiral centre to this structure and its mirror image, the resulting
structure will be

(34)χ ≡ {n+ 1, p +�p},
where�p = 0,1. The chiral properties of the new molecule are assigned by the�p value
according to the following possibilities.

If �p = 0, we can have

(35)χs ≡ {n,0} ⇒ χf ≡ {n+ 1,0}
in this case, the starting compound is an achiral molecule as well as the final one.

Again, for�p = 0, we can have

(36)χs ≡ {n, p} ⇒ χf ≡ {n+ 1, p}
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in this case, the starting molecule is a diastereoisomer, beingn > p, as well as the final
structure.

Finally, if

(37)χs ≡ {n, n} ⇒ χf ≡ {n+ 1, n}
the starting molecule is an enantiomer, while the final one is a diastereoisomer.

If �p = 1, the situations can be

(38)χs ≡ {n,0} ⇒ χf ≡ {n+ 1,1}
from an achiral molecule, a diastereoisomer is obtained;

(39)χs ≡ {n, p} ⇒ χf ≡ {n+ 1, p + 1}
from a diastereoisomer, another diastereoisomer is obtained;

(40)χs ≡ {n, n} ⇒ χf ≡ {n+ 1, n+ 1}
from an enantiomer, we get another enantiomer.

Equations(35)–(40)take into account all the possibilities, which can be easily iterated
adding up any number of chiral centres to a given chain. In the general case, theAufbau
rule is

(41)χ ≡ {n+ n′, p + p′}; ∀n′ � 1, p′ =
n′∑

j=1

�pj , �pj = 0,1.

However, we have to consider that the rule works only for simply connected tetrahedral
chains, where the chiral features are well established with respect to the mirror image. In
this sense, chirality is not an absolute feature of the molecules[2a,20]. Adding up a chiral
centre to a structure gives rise to a new molecule, whereχ ≡ {n + 1, p + �p}. The fact
that, in the addition, the variation ofp can be�p = 0,1, assigns the chiral feature of the
new compound.

An example of the building-up process is reported inFig. 10. In Fig. 11, a degenerate
case[13] is reported, where the two chiral centres are identical, introducing a further degree
of symmetry to the final structure. In this case, the situationχf ≡ {2,2} for �p = 1 is
equivalent toχf ≡ {2,0}, since the two molecules are superimposable, hence the structure
is achiral.

6. QUANTUM MECHANICAL APPROACH

In order to carry on with our Erlangen-like program, the next step required is dealing with
dynamics of tetrahedra starting from the previous geometrical and algebraic considera-
tions.

Being microscopic objects, a quantum mechanical treatment has to be pursued. First of
all, we have to probe if the mathematical representation of bond given in equation(1),
and then the superpositions(2) and (4), are solutions of a suitable Schrödinger equation.
Furthermore, in order to build up a self-consistent quantum mechanics of chiral eigenstates,
relations among such eigenstates, energy and parity eigenstates need to be found[20]. The
final step is to understand which is the fundamental meaning of chirality transformations.
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Fig. 10. Aufbau process consisting in adding up a chiral centre to a given chiral tetrahe-
dron. Last consideration indicates that such an Aufbau approach is working only if the
chiral centres are different and, in this respect, the procedure is suitable for the description
of chiral structures.

Fig. 11. A degenerate example of Aufbau process consisting in adding up a chiral centre,
having identical substituents of the starting chiral tetrahedron.

In order to answer such questions, we have to discuss the possible quantum mechan-
ical interpretation of the above formulae and then the consistency of the problem in the
perspective of a full quantum mechanical treatment.

We proceed by an inverse problem approach, considering a Schrödinger equation for the
“solution” (1) and the sums of solutions(2) and (4) [36].

The problem is set in the Born–Oppenheimer approximation by which a given stere-
ogenic centre is considered fixed and dynamics of the four bonds is reduced to it.

This position is supported by an appropriate change of coordinates, since the problem
can be reduced to a coordinate system fixed in the stereogenic centre.
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A time-independent three-dimensional Schrödinger equation is

(42)

{
− h̄2

2µ
∇2 + V (x, y, z)

}
η(x, y, z) = Ejη(x, y, z),

whereEj are the energy eigenvalues, “µ” is a given reduced mass and∇2 the Laplace
operator. The indexj will be defined below. Our tetrahedron can be idealized as a system
in a central potential with a spherical symmetry, so that, the potential depends only on the
radiusr: V (%r) ≡ V (r). The general solution of the angular part of Schrödinger equation is

(43)Yl,m(ϑ, ϕ) = Nl,mP
m
l (cosϕ)(sinϕ)|m|eimϑ,

wherePm
l (cosϕ) are Legendre polynomials andNl,m is a normalization factor depending

on the orbital and azimuthal quantum numbersl andm. Coming back to the former prob-
lem, the aim was to see if equation(1) is a solution of Schrödinger equation. Concerning
the angular component, it can be interpreted as the azimuthal part of angular momentum.

For the radial component, it can be chosen

(44)ρ(r) =
(

r

r0

)
,

wherer0 is a normalization length (e.g., ≈1.09÷1.54 Å a typical C–X length bond) useful
to restore the probabilistic interpretation of our approach. Immediately, the form of the
potentialV (r) is obtained

(45)V (r) = Ej − α0

r2
, α0 = h̄2

2µ

[
l(l + 1)− 2

]
depending on the eigenvalueEj , the angular momentuml and the massµ.

Finally, the solutionΨj = ρj e
iθj with the positions

(46)ρj (r) =
(
rj

r0

)
, ϑj = mjϑ

is composed by the radial and azimuthal parts of a complete solution of Schrödinger equa-
tion. Clearly,j = 1,2,3,4, Ej are the bonds energies andM = ∑4

j=1 ρj e
iϑj is the

superposition of four single particular solutions. This result can be extended to equation(4)
consideringn Schrödinger problems, one for each stereogenic centre[36]. At this point,
the role of operatorsχk

s andχk
s has to be investigated in order to see if they are quantum

operators implementing chiral transformations.

7. QUANTUM CHIRAL ALGEBRA AND PARITY

Previous treatment shows that equation(1) can be considered as a solution of a “reduced”
Schrödinger problem, where, due to the separation of variables, the Hamiltonian operator
is projected on the{r, ϑ}-plane and a part of the general solutionΦ = Φ(r, ϑ, ϕ, t) is
nothing else butΨ (r, ϑ) = ρeiϑ . OperatorŝHk(r, ϑ), χk

s andχk
s , act on the four bonds of

thek-stereogenic centre inducing the following transformations:

(47)ih̄
∂

∂t
Mk = ĤkMk = EjkMk, Mk = χk

sM
(0)
k ,
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and

(48)ih̄
∂

∂t
Mk = ĤkMk = EjkMk, Mk = χk

sM
(0)
k ,

whereEjk are the energy egeinstates of bonds with respect to thek-stereogenic centre.
Rotationsχk

s and inversionsχk
s operate on bonds of the starting fundamental represen-

tationM(0)
k given by equation(30).

It is straightforward to see thatχk
s andĤk commute between them being

(49)
[
Ĥk,χ

k
s

] = 0.

Similarly, it can be obtained

(50)
[
Ĥk,χ

k
s

] = 0.

Furthermore, we have

(51)
[
χk
s ,χ

k
m

] = 0 for s,m = 5,7,11,

(52)
[
χk
s ,χ

k
m

] = χk
l − χk

g for l, m, g, s = 1, . . . ,12,

(53)
[
χk
s ,χ

k
m

] = χk
l − χk

g for l, m, g, s = 1, . . . ,12 with s,m �= 5,7,11,

(54)
[
χk
s ,χ

k
m

] = χk
l − χk

g for l, m, g, s = 1, . . . ,12

and

(55)
[
χk
s ,χ

g
m

] = 0,
[
χk
s ,χ

g
m

] = 0,
[
χk
s ,χ

g
m

] = 0

beingk �= g.
Relations(49)–(55)constitute a quantum chiral algebra and the eigenstates ofχk

s andχk
s

operators are, in general, solutions of Schrödinger equation. The way in which operators

Ĥk, χk
s , χk

s work on quantum states of chiral molecules deserves a particular discussion.
Taking into account the fundamental representation(30) of a givenk-tetrahedron, the

action of the operatorχk
s andχk

s defines the “chiral state” of the molecule being

(56)|ΨR〉 = Mk = χk
sM

(0)
k

and

(57)|ΨL〉 = Mk = χk
sM

(0)
k ,

where|ΨR〉 and|ΨL〉 indicate right- and left-handed quantum states of the molecule using
the Dirac ket notation. Operatorsχk

s “rotate” thek-tetrahedron, whileχk
s “invert” a couple

of bonds. Dropping, for simplicity, the indexes, the following relations:

(58)χ |ΨR〉 = |ΨR〉, χ |ΨL〉 = |ΨL〉,
(59)χ |ΨR〉 = |ΨL〉, χ |ΨL〉 = |ΨR〉

hold. Theχ operators interconvert two handed forms and, in some sense, work as an al-
gebraic counterpart of quantum tunneling[2a,37]. Parity eigenstates of a chiral molecule,
ignoring parity violation effects[38], are energy eigenstates and can be obtained as super-
positions of handed states[39]. It follows that

(60)|Ψ±〉 = 1√
2

(|ΨL〉 ± |ΨR〉
)
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which are, respectively, even- and odd-parity eigenstates. Chirality operatorsχ andχ do
not alter the parity of a given enantiomer being

(61)χ |Ψ±〉 = 1√
2

(
χ |ΨL〉 ± χ |ΨR〉

) = 1√
2

(|ΨL〉 ± |ΨR〉
)
,

(62)χ |Ψ±〉 = 1√
2

(
χ |ΨL〉 ± χ |ΨR〉

) = 1√
2

(|ΨR〉 ± |ΨL〉
)
,

which means thatχ-operators allow transitions between|ΨR〉 and|ΨL〉 (as in a quantum
tunneling process) and parity is the conserved quantum mechanical quantity[30].

It is worth noting that the total Hamiltonian operator for the degenerate isomers of an
optically active molecule always consists of an even and an odd part[40]

(63)Ĥtot = Ĥeven+ Ĥodd.

This is the energy operator involved in the Hund result, which is

(64)
[
P̂ , Ĥtot] = 0.

On the other hand, the Hamiltonian operators considered above (i.e., Ĥk) refer to bond-
eigenstates of thek-tetrahedron. Due to relations(49) and (50), these eigenstates are “con-
served” with respect to the Hamiltonian̂Hk and not with respect to the total Hamiltonian
Ĥtot, so the parity and not chirality is the true conserved quantum mechanical quantity.

8. SUMMARY AND CONCLUSIONS

At this point, it is interesting to quote Heisenberg’s remark[41] which suggested that
elementary particles are much more akin to molecules than to atoms. This statement un-
derlines the importance of fundamental symmetry arguments to pursue analogies between
quantum states of chiral molecules and those of elementary particles. Hence, the develop-
ments in fundamental physics can give access to concepts which could form the basis of
a new quantum chemistry. With this perspective in mind, we have developed a new de-
scription of chirality of tetrahedral molecules, which takes into account the geometrical
and algebraic structure of such objects with implications for their quantum mechanical
properties.

On the basis of empirical Fischer projections, it is possible to derive an algebraic ap-
proach to central molecular chirality of tetrahedral molecules. The elements of such an
algebra are obtained from the 24 projections which a single chiral tetrahedron can gener-
ate inS andR configurations. They constitute a matrix representation ofO(4) orthogonal
group. Twelve of them are rotations, while the other twelve are inversions. All the projec-
tions are algebraically generated starting from a fundamental one, where the positions of
chemical groups are establisheda priori in a clockwise sequence 1→ 2 → 3 → 4. The
generalization to chains of tetrahedra is straightforward.

According to this representation, given a molecule withn chiral centres, it is possible to
define an index of chiralityχ ≡ {n, p}, wheren is the number of stereogenic centres of the
molecule andp the number of permutations observed under rotations and superimposition
of the tetrahedral molecule to its mirror image.

Consequently, a “chirality selection rule” comes out which allows the characterization of
a molecule asachiral, enantiomer or diastereoisomer. The chirality index, not only assigns
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the global chirality of a given tetrahedral chain, but indicates also a way to predict the same
property for new compounds, which can be built up. In fact, a sort of molecular Aufbau
for tetrahedra has been proposed. It is possible to recognize a set of rules which allows the
classification of new compounds, obtained after the addition of another chiral centre, by
the determination of the selection rule�p = 0,1 with respect to the added centre.

Such a chiral algebra can be discussed in the framework of quantum mechanics. In fact, it
is possible to show that the elements of theO(4) group are operators, which commute with
the Hamiltonian of the system, and give rise to Heisenberg relations implying conservations
laws. In this sense, this algebra can be defined as a “quantum chiral algebra”. Moreover,
the operators, acting on the molecular chiral states, preserve the parity of the whole system
as stated by Hund[30].

This result is clearly in agreement with the fact that the true stationary states of the
systems are the parity ones, while chiral states|ΨR〉 and |ΨL〉 can be interchanged by a
quantum tunneling mechanism[37a].

These new perspectives can give rise to a wide debate on the role of group theory in
order to seek for the fundamental features of chirality.
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Abstract
Nonperturbative analytical and numerical methods are presented for the solution of the coupled nonlinear
Maxwell–Schrödinger system of partial differential equations. These equations have been derived within the
Hamiltonian or canonical formalism. The canonical approach to dynamics, which begins with the Maxwell and
Schrödinger Lagrangians together with a Lorenz gauge fixing term, yields a set of first order Hamilton equations
which form a well-posed initial value problem. That is, their solution is uniquely determined once the initial
values for each of the dynamical variables are specified. The equations are closed since the Schrödinger wave-
function is chosen to be the source for the electromagnetic field and the electromagnetic field acts back upon the
wavefunction, thus producing new fields. In practice, the Maxwell–Schrödinger Lagrangian is represented in a
spatial basis of Gaussian functions. Application of the calculus of variations leads to a set of dynamical equations
that, for that choice of basis, represent the coupled first order Maxwell–Schrödinger equations. In the limit of a
complete basis these equations are exact and for any finite choice of basis they form an approximate system of
dynamical equations that can be integrated in time and made systematically more accurate by enriching the ba-
sis. The dynamics of the basis-represented Maxwell–Schrödinger system is numerically investigated for a single
spinless hydrogen atom interacting with the electromagnetic field in a cavity.
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1. INTRODUCTION

Chemistry encompasses a broad range of Nature that varies over orders of magnitude in
energy from the ultracold nK Bose–Einstein condensation temperatures[1,2] to the keV
collision energies that produce the Earth’s aurorae[3–5]. At the most fundamental level,
the study of chemistry is the study of electrons and nuclei. The interaction of electrons and
nuclei throughout this energy regime is mediated by the photon which is the quantum of
the electromagnetic field. The equations which govern the dynamics of electrons, nuclei,
and photons are therefore the same equations which govern all of chemistry[6]. They are
the Schrödinger equation[7,8]

(1)iΨ̇ = HΨ

and Maxwell’s equations[9]

(2)∇ · E = 4πρ, ∇ × B = 4π

c
J + Ė

c
, ∇ · B = 0, ∇ × E + Ḃ

c
= 0.

As they stand these dynamical equations are uncoupled. The solutions of the Schrödinger
equation(1) do nota priori influence the solutions of the Maxwell equations(2) and vice
versa. The development of analytic and numerical methods for the solution of the coupled
Maxwell–Schrödinger equations is the main purpose of this paper. Before delving into the
details of these methods a physical motivation as well as a historical and mathematical
background is provided.

1.1. Physical motivation

Many situations of physical interest are described by the system of Maxwell–Schrödinger
equations. Often these situations involve electromagnetic processes that occur on drasti-
cally different timescales from that of the matter. An example of such a situation is the
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stimulated absorption or emission of electromagnetic radiation by a molecule. The de-
scription of this process by(1) and (2)accounts for a theoretical understanding of all of
spectroscopy, which has provided an immense body of chemical knowledge.

However, there do exist situations where the dynamics of the electromagnetic field and
the matter occur on the same timescale. For example, in solid state physics certain elec-
tronic wavepackets exposed to strong magnetic fields in semiconductor quantum wells
are predicted to demonstrate rapid decoherence[10]. The dynamics of the incident field,
of the electronic wavepacket, and of the phonons emitted are coupled and occur on the
femtosecond timescale. In atomic physics, the long timescale for the dynamics of cold and
ultracold collisions of atoms in electromagnetic traps has been observed to exceed lifetimes
of excited states, which are on the order of 10−8 s. Thus, spontaneous emission can occur
during the course of collision and this may alter the atomic collision dynamics[11,12].
Cold atom phenomena are being merged with cavity quantum electrodynamics to realize
single atom lasers[13–15]. The function of these novel devices is based on strong coupling
of the atom to a single mode of the resonant cavity. Lastly, in polymer chemistry, ultrafast
light emission has been observed in certain ladder polymer films following ultrafast laser
excitation[16]. A fundamental understanding of the waveguiding process that occurs in
these polymers is challenging.It is precisely these situations, where the electromagnetic
and matter dynamics occur on the same timescale and are strongly coupled, that are the
motivation for this paper.

1.2. Historical and mathematical background

The history of the Maxwell–Schrödinger equations dates back to the early twentieth cen-
tury when the founding fathers of quantum mechanics worked out the theoretical details of
the interaction of electrodynamics with quantum mechanics[17]. It was realized early on
that the electromagnetic coupling to matter was through the potentialsΦ andA, and not
the fieldsE andB themselves[6,18,19]. The potentials and fields are related by

(3)E = −∇Φ − Ȧ/c, B = ∇ × A

which can be confirmed by inspecting the homogeneous Maxwell equations in(2). Unlike
in classical theory where the potentials were introduced as a convenient mathematical tool,
the quantum theory requires the potentials and not the fields. That is, the potentials are
fundamental dynamical variables of the quantum theory but the fields are not. A concrete
demonstration of this fact was presented in 1959 by Aharonov and Bohm[20].

1.2.1. Gauge symmetry of electrodynamics

It was well known from the classical theory of electrodynamics[9] that working with the
potentials leads to a potential form of Maxwell’s equations that is more flexible than that
in terms of the fields alone(2). In potential form, Maxwell’s equations become

(4a)∇2A − Ä
c2

− ∇
[
∇ · A + Φ̇

c

]
= −4π

c
J,

(4b)∇2Φ + ∇ · Ȧ
c

= −4πρ.
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The homogeneous Maxwell equations are identically satisfied. These potential equations
enjoy a symmetry that is not present in the field equations(2). This symmetry is called the
gauge symmetry and can be generated by the transformation

(5)A → A′ = A + ∇F, Φ → Φ ′ = Φ − Ḟ /c,

whereF is a well-behaved but otherwise arbitrary function called thegauge generator.
Applying this gauge transformation to the potentials in(4) leads to exactly the same set
of potential equations. In other words, these equations are invariant under arbitrary gauge
transformation or aregauge invariant. They possess the full gauge symmetry. Notice also
that the electric and magnetic fields are gauge invariant. In fact, it turns out that all physical
observables are gauge invariant.

That electrodynamics possesses gauge symmetry places it in a league of theories known
as gauge theories[21]. These theories include general relativity[22,23] and Yang–Mills
theory [24–26]. Gauge theories all suffer from an indeterminateness due to their gauge
symmetry. In an effort to deal with this indeterminateness, it is common to first eliminate
the symmetry (usually up to the residual symmetry; see Section2) by gauge fixing and then
work within that particular gauge. That is, the flexibility implied by the gauge transforma-
tion (5) allows for the potentials to satisfy certain constraints. These constraints imply a
particular choice of gauge and gauge generator. Gauge fixing is the act of constraining the
potentials to satisfy a certain constraint throughout space–time. For example, in electrody-
namics the potential equations(4) form an ill-posed initial value problem. However, they
can be converted to a well-defined initial value problem by adding an equation of constraint
to them. For example, adding the constraintΦ̇/c + ∇ · A = 0 leads to the well-defined
Lorenz gauge equations

(6)∇2A − Ä
c2

= −4π

c
J, ∇2Φ − Φ̈

c2
= −4πρ,

while adding∇ · A = 0 leads to the well-defined Coulomb gauge equations

(7)∇2A − Ä
c2

= −4π

c
JT , ∇2Φ = −4πρ,

whereJT is the transverse projection of the currentJ. There are many other choices of
constraint, each leading to a different gauge. It is always possible to find a gauge function
that will transform an arbitrary set of potentials to satisfy a particular gauge constraint.
The subject of the gauge symmetry of electrodynamics, which is a subtle but fundamental
aspect of this paper, is discussed in detail in Section2. In particular, it will be argued
that fixing a particular gauge, which in turn eliminates the gauge from the theory, is not
necessarily optimal. Rather, it is stressed that the gauge freedom is a fundamental variable
of the theory and has its own dynamics.

1.2.2. Gauge symmetry of electrodynamics and wave mechanics

Since the gauge symmetry of electrodynamics was well known, it was noticed by the
founding fathers that if quantum mechanics is to be coupled to electrodynamics, then the
Schrödinger equation(1) needs to be gauge invariant as well. The most simple way of
achieving this is to require the Hamiltonian appearing in(1) to be of the form

(8)H = [P− qA/c]2
2m

+ V + qΦ,
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whereP is the quantum mechanical momentum,V is the potential energy, andm is the
mass of the chargeq. This is in analogy with the Hamiltonian for a classical charge in
the presence of the electromagnetic field[27,28]. The coupling scheme embodied in(8)
is known asminimal coupling, since it is the simplest gauge invariant coupling imagin-
able. The gauge symmetry inherent in the combined system of Schrödinger’s equation and
Maxwell’s equations in potential form can be generated by the transformation

A → A′ = A +∇F, Φ → Φ ′ = Φ − Ḟ /c,

(9)Ψ → Ψ ′ = exp(iqF/c)Ψ.

The transformation on the wavefunction is called alocal gauge transformation and differs
from theglobal gauge transformation exp(iθ), whereθ is a constant. These global gauge
transformations are irrelevant in quantum mechanics where the wavefunction is indetermi-
nate up to a global phase. Application of the gauge transformation(9) to the Schrödinger
equation with Hamiltonian(8) and to Maxwell’s equations in potential form leads to ex-
actly the same equations after the transformation. Therefore, like the potential equations(4)
by themselves, the system of Maxwell–Schrödinger equations

(10)iΨ̇ = [P− qA/c]2Ψ
2m

+ VΨ + qΦΨ,

(11a)∇2A − Ä
c2

− ∇
[
∇ · A + Φ̇

c

]
= −4π

c
J,

(11b)∇2Φ + ∇ · Ȧ
c

= −4πρ

is invariant under the gauge transformation(9). There are several other symmetries that are
enjoyed by this system of equations. For example, they are invariant under spatial rotations,
nonrelativistic (Galilei) boosts, and time reversal. As a result, the Maxwell–Schrödinger
equations enjoy charge, momentum, angular momentum, and energy conservation. That
each continuous symmetry gives rise to an associated conservation law was proven by
Emmy Noether in 1918 (see Goldstein[27], José and Saletan[28], and Abraham and Mars-
den[29], and the references therein).

It is worthwhile mentioning that the Maxwell–Schrödinger equations are obtainable as
the nonrelativistic limit of the Maxwell–Dirac equations

(12)iΨ̇D = βmc2ΨD + cα · [P− qA/c]ΨD + qΦΨD,

(13a)∇2A − Ä
c2

− ∇
[
∇ · A + Φ̇

c

]
= −4π

c
J,

(13b)∇2Φ + ∇ · Ȧ
c

= −4πρ

which are the equations of quantum electrodynamics (QED)[19,24,30]. Here the wave-
functionΨD is a 4-component spinor where the first two components represent the electron
and the second two components represent the positron, each with spin-1/2. The matricesβ
andα are related to the Pauli spin matrices[7,8] andc is the velocity of light. This system
of equations possesses each of the symmetries of the Maxwell–Schrödinger equations and
in addition is invariant under relativistic boosts.
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1.3. Approaches to the solution of the Maxwell and Schrödinger equations

Solving the Maxwell–Schrödinger equations as a coupled and closed system embodies the
theory of radiation reaction[9,26,31], which is a main theme of this paper. However, it
should first be pointed out that(1) and (2)are commonly treated separately. In these cases,
the effects of one system on the other are handled in one of the following two ways:

• The arrangement of charge and current is specified and acts as a source for the electro-
magnetic field according to(2).

• The dynamics of the electromagnetic field is specified and modifies the dynamics of the
matter according to(1).

It is not surprising that either of these approaches is valid in many physical situations.
Most of the theory of electrodynamics, in which the external sources are prescribed, fits
into the first case, while all of classical and quantum mechanics in the presence of specified
external fields fits into the second.

As a further example of the first case, the dipole power radiated by oscillating dipoles
generated by charge transfer processes in the interaction region ofp–H collisions can be
computed in a straightforward manner[32,33]. It is assumed that the dynamics of the oscil-
lating dipole is known and is used to compute the dipole radiation, but this radiation does
not influence thep–H collision. As a result energy, momentum, and angular momentum
are not conserved between the proton, hydrogen atom, and electromagnetic field system.
As a further example of the second case, the effects of stimulated absorption or emission
of electromagnetic radiation by a molecular target can be added to the molecular quan-
tum mechanics as a first order perturbative correction. The electrodynamics is specified
and perturbs the molecule but the molecule does not itself influence the electrodynamics.
This approach, which is known as Fermi’s golden rule (see Merzbacher[7], Craig and
Thirunamachandran[34], and Schatz and Ratner[35]) is straightforward and barring cer-
tain restrictions can be applied to many physical systems.

The system of Maxwell–Schrödinger equations or its relativistic analog can be closed
and is coupled when the Schrödinger wavefunctionΨ , which is the solution of(1), is cho-
sen to be the source for the scalar potentialΦ and vector potentialA in (4). In particular, the
sources of chargeρ and currentJ, which produce the electromagnetic potentials according
to (4), involve the solutionsΨ of the Schrödinger equation according to

(14)ρ = qΨ ∗Ψ, J = q
{
Ψ ∗[−i∇ − qA/c]Ψ + Ψ [i∇ − qA/c]Ψ ∗}/2m.

On the other hand, the wavefunctionΨ is influenced by the potentials that appear in the
HamiltonianH in (8).

The interpretation of the Schrödinger wavefunction as the source for the electromag-
netic field wasSchrödinger’s electromagnetic hypothesis, which dates back to 1926. The
discovery of the quantum mechanical continuity equation and its similarity to the classical
continuity equation of electrodynamics only reinforced the hypothesis. However, it implied
the electron to be smeared out throughout the atom and not located at a discrete point,
which may be viewed to be in contradiction to the accepted Born probabilistic or Copen-
hagen interpretation. Schrödinger’s wave mechanics had some success, especially with the
interaction of the electromagnetic field with bound states, but failed to properly describe
scattering states due to the probabilistic nature of measurement of the wavefunction. In
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addition, certain properties of electromagnetic radiation were found to be inconsistent with
experiment.

Schrödinger’s electromagnetic hypothesis was extended by Fermi in 1927 and later by
Jaynes and Cummings in 1963[36] and Crisp and Jaynes in 1969[37] to incorporate the
nonquantum electromagnetic self-fields into the theory. That is, the classical electromag-
netic fields produced by the atom were allowed to act back upon the atom. The solutions
of this extended semiclassical theory captured certain aspects of spontaneous emission as
well as frequency shifts like the Lamb shift. However, it was quickly noticed that some
deviations from QED existed[38]. For example, Fermi’s and Jaynes’ theories predicted a
time-dependent form for spontaneous decay that is not exponential. There are many prop-
erties that are correctly predicted by this semiclassical theory and are also in agreement
with QED. In the cases where the semiclassical theory disagrees with QED[38], it has
always been experimentally verified that QED is correct. Nevertheless, the semiclassical
theory does not suffer from the mathematical and logical difficulties that are present in
QED. To this end, the semiclassical theory, when it is correct, provides a useful alternative
to the quantum field theory. It is generally simpler and its solutions provide a more detailed
dynamical description of the interaction of an atom with the electromagnetic field.

Since 1969 many others have followed along the semiclassical path of Crisp and Jaynes.
Nesbet[39] computed the gauge invariant energy production rate from a many particle
system. Cook[40] used a density operator approach to account for spontaneous emis-
sion without leaving the atomic Hilbert space. Barut and Van Huele[41] and Barut and
Dowling [42,43] formulated a self-field quantum electrodynamics for Schrödinger, Pauli,
Klein–Gordon, and Dirac matter theories. They were able to eliminate all electromagnetic
variables in favor of Green’s function integrals over the sources and were able to recover
the correct exponential spontaneous decay from an excited state. Some pertinent critiques
of this work are expressed by Bialynicki-Birula in[44] and by Crisp in[45]. Bosanac[46–
48] and Došlíc and Bosanac[49] argued that the instantaneous effects of the self interaction
are unphysical. As a result, they formulated a theory of radiation reaction based on the re-
tarded effects of the self-fields. Milonni, Ackerhalt, and Galbraith[50] predicted chaotic
dynamics in a collection of two-level atoms interacting with a single mode of the classi-
cal electromagnetic field. Crisp has contributed some of the finest work in semiclassical
theory. He computed the radiation reaction associated with a rotating charge distribution
[51], the atomic radiative level shifts resulting from the solution of the semiclassical non-
linear integro-differential equations[52], the interaction of an atomic system with a single
mode of the quantized electromagnetic field[53,54], and the extension of the semiclassical
theory to include relativistic effects[55].

Besides semiclassical theory, a vast amount of research has been conducted in the
quantum theory of electrodynamics and matter. QED[19,24,30,56], which is the fully rel-
ativistic and quantum mechanical theory of electrons and photons, has been found to agree
with all associated experiments. The coupled equations of QED can be solved nonpertur-
batively [57,58], but are most often solved by resorting to perturbative methods. As was
previously mentioned, there are some drawbacks to these methods that are not present in
the semiclassical theory. In addition to pure QED in terms of electrons and photons, there
has also been an increasing interest in molecular quantum electrodynamics[34]. Power
and Thirunamachandran[59,60], Salam and Thirunamachandran[61], and Salam[62]
have used perturbative methods within the minimal-coupling and multipolar formalisms
to study the quantized electromagnetic field surrounding a molecule. In particular, they
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have clarified the relationship between the two formalisms and in addition have calcu-
lated the Poynting vector and spontaneous emission rates for magnetic dipole and electric
quadrupole transitions in optically active molecules.

In both the semiclassical and quantum mechanical context the self-energy of the electron
has been studied[63–66]. The self-energy arises naturally in the minimal coupling scheme
as theqΦ term in the Hamiltonian(8). More specifically, the electron’s self-energy in the
nonrelativistic theory is defined as

(15)U =
∫
V

d3xqΦ(x, t)Ψ ∗(x, t)Ψ (x, t) =
∫
V

d3x

∫
V

d3x′ ρ(x, t)ρ(x
′, t)

|x − x′| .

As a result of theqΦ term, the Schrödinger equation(10) is nonlinear inΨ . It resembles
the nonlinear Schrödinger equation[67]

(16)iu̇ = −a
(
d2u/dx2)+ b|u|2u

which arises in the modeling of the dynamics of Bose–Einstein condensates with the
Gross–Pitaevskii equation and in the modeling of superconductivity with the Ginzburg–
Landau equation.

In the relativistic theory, the electron is forced to lack structure due to relativistic invari-
ance. As a result, the corresponding self-energy is infinite. On the other hand, the electron
may have structure in the nonrelativistic theory. Consequently, the self-energy is finite. The
self-energy of the electron will be discussed in Section2 in more detail.

1.4. Canonical formulation of the coupled Maxwell–Schrödinger equations

The work presented in this paper[68,69] continues the semiclassical story originally for-
mulated by Fermi, Crisp, and Jaynes. Unlike other semiclassical and quantum mechanical
theories of electrodynamics and matter where the gauge is fixed at the beginning, it will be
emphasized that the gauge is a fundamental degree of freedom in the theory and should not
be eliminated. As a result, the equations of motion are naturally well balanced and form
a well-defined initial value problem when the gauge freedom is retained. This philosophy
was pursued early on by Dirac, Fock, and Podolsky[70] (see Schwinger[19]) in the context
of the Hamiltonian formulation of QED. However, their approach was quickly forgotten in
favor of the more practical Lagrangian based perturbation theory that now dominates the
QED community. More recently, Kobe[71] studied the Hamiltonian approach in semiclas-
sical theory.

We believe that the Hamiltonian formulation of dynamics offers a natural and power-
ful theoretical approach to the interaction of electrodynamics and wave mechanics that
has not yet been fully explored. To this end, the Hamiltonian or canonical1 formulation
of the Maxwell–Schrödinger dynamics is constructed in this paper. The associated work
involves nonperturbative analytic and numerical methods for the solution of the coupled
and closed nonlinear system of Maxwell–Schrödinger equations. The flexibility inherent in
these methods captures the nonlinear and nonadiabatic effects of the coupled system and
has the potential to describe situations where the atomic and electromagnetic dynamics
occur on the same timescale.

1 Canonical means according to the canons,i.e., standard or conventional.
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The canonical formulation is set up by applying the time-dependent variational principle
[72,73] to the Schrödinger Lagrangian

(17)LSch= iΨ ∗Ψ̇ − [i∇ − qA/c]Ψ ∗ · [−i∇ − qA/c]Ψ
2m

− VΨ ∗Ψ − qΦΨ ∗Ψ,

and Maxwell Lagrangian together with a Lorenz gauge fixing term,i.e.,

LL
Max = LMax − [Φ̇/c +∇ · A]2

8π

(18)= [−Ȧ/c − ∇Φ]2 − [∇ × A]2
8π

− [Φ̇/c +∇ · A]2
8π

.

This yields a set of coupled nonlinear first order differential equations in time of the form

(19)ωη̇ = ∂H/∂η,

whereω is a symplectic form,η is a column vector of the dynamical variables, andH is the
Maxwell–Schrödinger Hamiltonian (see Section2). These matrix equations form a well-
defined initial value problem. That is, the solution to these equations is uniquely determined
and known in principle once the initial values for each of the dynamical variablesη are
specified. These equations are also closed since the Schrödinger wavefunction acts as the
source, which is nonlinear (seeρ andJ in (14)), for the electromagnetic potentials and
these potentials act back upon the wavefunction. By representing each of the dynamical
variables in a basis of Gaussian functionsGK, i.e., η(x, t) =∑

K GK(x)ηK(t), where the
time-dependent superposition coefficientsηK(t) carry the dynamics, the time-dependent
variational principle generates a hierarchy of approximations to the coupled Maxwell–
Schrödinger equations. In the limit of a complete basis these equations recover the exact
Maxwell–Schrödinger theory, while in any finite basis they form a basis representation that
can systematically be made more accurate with a more robust basis.

The associated basis equations have been implemented in a FORTRAN 90 computer pro-
gram[69] that is flexible enough to handle arbitrarily many Gaussian basis functions, each
with adjustable widths and centers. In addition, a numerical convergence accelerator has
been developed based on removing the large Coulombic fields surrounding a charge (that
can be computed analytically from Gauss’s law,i.e., ∇ · E = −∇2Φ = 4πρ, once the
initial conditions are provided) by applying a certain canonical transformation to the dy-
namical equations. The canonical transformation separates the dynamical radiation from
the Coulombic portion of the field. This in turn allows the basis to describe only the dynam-
ics of the radiation fields and not the large Coulombic effects. The canonical transformed
equations, which are of the form̃ω ˙̃η = ∂H̃/∂ η̃, have been added to the existing com-
puter program and the convergence of the solution of the Maxwell–Schrödinger equations
is studied.

The canonical approach to dynamics enjoys a deep mathematical foundation and permits
a general application of the theory to many physical problems. In particular, the dynamics
of the hydrogen atom interacting with its electromagnetic field in a cavity has been investi-
gated. Stationary state solutions of the combined hydrogen atom and electromagnetic field
system as well as nonstationary states that produce electromagnetic radiation have been
constructed. This radiation carries away energy, momentum, and angular momentum from
the hydrogen atom such that the total energy, momentum, angular momentum, and charge
of the combined system are conserved. A series of plots are presented to highlight this
atom-field dynamics.
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1.5. Notation and units

A brief statement should be made about notation. All work will be done in the(1 + 3)-
dimensional background of special relativity with diagonal metric tensorgαβ = gαβ with
elementsg00 = g00 = 1 andg11 = g22 = g33 = −1. All 3-vectors will be written
in bold faced Roman while all 4-vectors will be written in italics. As usual, Greek in-
dices run over 0, 1, 2, 3 orct, x, y, z and Roman indices run over 1, 2, 3 orx, y, z. The
summation convention is employed over repeated indices. For example, the 4-potential
Aµ = (A0, Ak) = (Φ,A) andAµ = gµνA

ν = (Φ,−A). The D’Alembertian operator
� = ∇2 − ∂2/∂(ct)2 = −∂2 is used at times in favor of∂2. Fourier transforms will be
denoted with tildes,e.g., F̃ is the Fourier transform ofF . The representation independent
Dirac notation|h〉 will be used in the numerical analysis, but for the most part functions
h(x) = 〈x|h〉 or h̃(k) = 〈k|h〉 will be used. (It will be assumed that all of the functions
of physics are infinitely differentiable, continuous, square integrable, and Fourier trans-
formable over either the real or complex field.) Since it is the radiation effects present on
the atomic scale that are of interest, it is beneficial to work in natural (Gaussian atomic)
units wherēh = −|e| = me = 1. In these units the speed of lightc ≈ 137 atomic units of
velocity.

2. CANONICAL STRUCTURE

The governing equation of quantum mechanics is the Schrödinger equation[7,8]. In the
minimal coupling prescription it is

(1)iΨ̇ = [−i∇ − qA/c]2Ψ
2m

+ VΨ + qΦΨ.

The dynamics of the scalar potentialΦ and vector potentialA are not described by this
linear equation. Specification of these potentials as well as the initial values for the wave-
functionΨ casts the Schrödinger equation into a well-defined boundary value problem that
is also a well-defined initial value problem.

The governing equations of electrodynamics are Maxwell’s equations[9]:

(2)∇ · E = 4πρ, ∇ × B = 4π

c
J + Ė

c
, ∇ · B = 0, ∇ × E + Ḃ

c
= 0.

The dynamics of the charge densityρ and current densityJ are not described by these
linear equations. Specification of the external sources as well as the initial values for the
electric and magnetic fieldsE andB satisfying∇ · E = 4πρ and∇ · B = 0 casts the
Maxwell equations into a well-defined boundary value problem that is also a well-defined
initial value problem.

Each of these theories are significant in and of themselves. Given a particular arrange-
ment of sources throughout space–time and the initial values forE andB, the Maxwell
equations govern the dynamics of the resulting electromagnetic field. Likewise, given a
particular external field throughout space–time and the initial value forΨ , the Schrödinger
equation governs the dynamics of the sources. However, notice that the Maxwell equations
do not say anything about the dynamics of the sources and the Schrödinger equation does
not say anything about the electrodynamics.
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It is possible to couple the linear Maxwell and Schrödinger equations. The resulting
nonlinear Maxwell–Schrödinger theory accounts for the dynamics of the charges and the
electromagnetic field as well as their mutual interaction. For example, given an initial
source and its corresponding Coulomb field, a wavefunction and electromagnetic field are
generated. The electromagnetic field has its own dynamics and acts back upon the wave-
function. This in turn causes different fields to be generated. It will be demonstrated that
these coupled nonlinear Maxwell–Schrödinger equations can be cast into a well-defined
initial value problem and solved in an efficient numerical manner.

2.1. Lagrangian electrodynamics

Consider the Maxwell Lagrangian density

(20)LMax = [−Ȧ/c − ∇Φ]2 − [∇ × A]2
8π

− ρΦ + J · A
c

with external sourcesρ andJ. Variation of this Lagrangian leads to the governing equations
of electrodynamics,i.e.,

∇2A − Ä
c2

− ∇
[
∇ · A + Φ̇

c

]
= −4π

c
J,

(4)∇2Φ + ∇ · Ȧ
c

= −4πρ.

These Maxwell equations (in terms of the potentials) do not form a well-defined initial
value problem. But, by choosing a particular gauge they can be turned into one. In other
words, these equations are ill-posed as they stand. However, they do enjoy both Lorentz
and gauge invariance as does the Lagrangian(20).

2.1.1. Choosing a gauge

Working in a particular gauge can be organized into the following hierarchy involving three
tiers:

1. At the solution level, a gauge generatorF can be chosen so that a gauge transformation
of the solutions,i.e., Φ → Φ ′ = Φ − Ḟ /c andA → A′ = A +∇F , maps them to new
solutions that satisfy the gauge condition.

2. At the equation level, the set consisting of(4) together with a gauge constraint has only
solutions that satisfy the gauge condition.

3. At the Lagrangian level, a gauge fixing term can be added to(20) so that the resulting
Euler–Lagrange equations automatically include the gauge constraint.

2.1.2. The Lorenz and Coulomb gauges

The first two tiers can be elaborated on as follows. With a gauge functionF satisfying
∇2F − F̈ /c2 = −[Φ̇/c+∇ ·A] a solutionAα = (Φ,A) of the potential equations(4) can
be mapped to the Lorenz gauge solutionAα

Lorenz according to the gauge transformation:

(21)Φ → ΦLorenz= Φ − Ḟ /c, A → ALorenz= A +∇F.
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Alternatively, adding the gauge constraintΦ̇/c+∇ ·A = 0 to(4) leads to the Lorenz gauge
equations of motion:

(22)∇2A − Ä
c2

= −4π

c
J, ∇2Φ − Φ̈

c2
= −4πρ.

With ρ andJ specified throughout space–time, the Lorenz gauge equations of motion are
well defined once the initial values forA, Ȧ, Φ, andΦ̇ are known. There is some sym-
metry left in the solutions to these equations. Namely, the residual gauge freedom left in
the homogeneous equation∇2F − F̈ /c2 = 0 allows for gauge transformations on the so-
lutions such that the new solutions do not leave the Lorenz gauge. However, these gauge
transformed solutions do correspond to different initial conditions. Note that the Lorenz
gauge enjoys relativistic or Lorentz invariance. It will be shown, that the Lorenz gauge is
the most appropriate gauge for dynamics.

With another gauge functionG satisfying∇2G = −∇ ·A a solutionAα = (Φ,A) of the
potential equations(4) can be mapped to the Coulomb gauge solutionAα

Coulombaccording
to:

(23)Φ → ΦCoulomb= Φ − Ġ/c, A → ACoulomb= A +∇G.

Alternatively, adding the gauge constraint∇ · A = 0 to (4) leads to the Coulomb gauge
equations of motion:

(24)∇2A − Ä
c2

= −4π

c
J + ∇Φ̇

c
, ∇2Φ = −4πρ.

Again with ρ and J specified throughout space–time, the Coulomb gauge equations of
motion are well defined once the initial values forA, Ȧ, Φ, and Φ̇ are known. As be-
fore, there remains a symmetry or residual gauge freedom from the homogeneous equation
∇2G = 0. Note that in the Coulomb gauge Gauss’ law reduces to∇2Φ = −4πρ. In-
verting this equation specifiesΦ in terms ofρ. That isΦ = (1/∇2)[−4πρ]. The scalar
potential can now be totally removed from the theory by substitution of this Green’s func-
tion integral. This may be done at the expense of Lorentz invariance. In practice, where
the equations are to be expanded in a basis ofs-Gaussians, either transverse basis func-
tions would have to be used or the transverse fields would have to be generated from a
standard basis. The former case would require a major revision of most existing integral
codes, which are in direct space, while the latter would require the instantaneous transverse
projectionPab

T = δab − ∂a∂b/∇2. This operation, which is over all space, is difficult to
describe in terms of a local set of basis functions.

Lastly, for the third tier, consider the Lagrangian density(20) together with a gauge
fixing term for the Lorenz gauge,i.e.,

LL
Max = LMax − [Φ̇/c + ∇ · A]2

8π

(18)= [−Ȧ/c − ∇Φ]2 − [∇ × A]2
8π

− ρΦ + J · A
c

− [Φ̇/c + ∇ · A]2
8π

.

The resulting Euler–Lagrange equations obtained fromLL
Max are identical to the Lorenz

gauge wave equations in(22) which are equivalent to the general potential equations(4)
together with the constrainṫΦ/c + ∇ · A = 0.
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Fig. 1. A limited but relevant portion of the gauge story in the Lagrangian formalism is
organized in this picture. The middle column (i.e., the column belowLMax) enjoys full
gauge freedom. The far left (Coulomb gauge) and far right (Lorenz gauge) columns have
limited gauge freedom. That is, there are a limited class of gauge transformations that
can be made on the solutions such that they remain in the same gauge. This symmetry is
due to the residual gauge freedom. Note that these solutions correspond to different initial
conditions within the gauge. Also note that the Euler–Lagrange equations together with a
particular gauge constraint are equivalent to the Euler–Lagrange equations derived from
that particular gauge fixed Lagrangian.

There are many other known gauges, the choice of which is arbitrary. All choices of
gauge lead to the same physically observable electromagnetic fieldsE andB. Together with
the definitionsE = −Ȧ/c−∇Φ andB = ∇×A, the Lorenz and Coulomb gauge equations
of motion as well as the general potential equations(4) imply Maxwell’s equations(2).
A diagram of this gauge story in the Lagrange formulation is presented inFig. 1.

2.2. Hamiltonian electrodynamics

In the Hamiltonian prescription, the momentum conjugate toA with respect to the Maxwell
Lagrangian(20) is

(25)� ≡ ∂LMax

∂Ȧ
= 1

4πc
[Ȧ/c + ∇Φ].

The momentum conjugate toΦ is identically zero,i.e.,

(26)Θ ≡ ∂LMax

∂Φ̇
= 0.

A Hamiltonian density can still be defined as the time-time component of the Maxwell
stress-energy tensorT αβ

Max = {∂LMax/∂(∂αξ)}∂βξ − gαβLMax. It is
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HMax ≡ T 00
Max = � · Ȧ +ΘΦ̇ − LMax

(27)= [−4πc�]2 + [∇ × A]2
8π

− c∇Φ · � + ρΦ − J · A
c

and the resulting equations of motion are:

Ȧ ≡ ∂HMax

∂�
= 4πc2� − c∇Φ, −�̇ ≡ ∂HMax

∂A
= ∇ × ∇ × A

4π
− J

c
+ c∇Θ,

(28)Φ̇ ≡ ∂HMax

∂Θ
= 0, −Θ̇ ≡ ∂HMax

∂Φ
= ρ + c∇ · �.

Since the momentumΘ defined in(26) is identically zero, so is its time derivativėΘ
and gradient∇Θ. Notice that these Hamilton equations form a well-posed initial value
problem. The machinery inherent in the Hamiltonian formalism automatically adds a mo-
mentum and automatically adds the additional equation of constraintΦ̇ = 0. It turns out
that this extra equation fixes a particular gauge whereΦ̇ = 0. This gauge can always be
fixed by a gauge transformation whose generator satisfiesF̈ /c = Φ̇. The residual gauge
freedom left in the homogeneous equationF̈ = 0 does allow for a gauge transformation
on the solutions to(28). These new gauge transformed solutions do not leave theΦ̇ = 0
gauge, but do correspond to a different initial value problem within this gauge. In other
words, they are solutions to(28) with different initial values. Pay careful attention to the
fact that these Hamilton equations of motion form a well-posed initial value problem even
though a gauge fixed Lagrangian was not knowingly used. The Hamiltonian formalism
automatically added the extra equationΦ̇ = 0.

2.2.1. Hamiltonian formulation of the Lorenz gauge

Rather than fixing the Coulomb gauge at the equation level it may be beneficial to work
in a more general theory where a gauge is chosen at the Lagrangian level and retains all
of the 4-potential, is Lorentz invariant, and does not require any instantaneous or nonlocal
operations. To this end, consider the Lorenz gauge Lagrangian density from(18), i.e.,

(18)LL
Max =

[−Ȧ/c − ∇Φ]2 − [∇ × A]2
8π

− ρΦ + J · A
c

− [Φ̇/c + ∇ · A]2
8π

.

It will be shown that the equations of motion derived fromLL
Max are well defined because

of the addition of the last term in this expression. It turns out that this term is known
in the literature[24,70] and is a gauge fixing term for the Lorenz gauge. From(18), the
momentum conjugate toA is

(29)� ≡ ∂LL
Max

∂Ȧ
= 1

4πc
[Ȧ/c +∇Φ]

and the momentum conjugate toΦ is

(30)Θ ≡ ∂LL
Max

∂Φ̇
= − 1

4πc
[Φ̇/c +∇ · A].

With these momenta and coordinates, electrodynamics is given a symplectic structure. The
Hamiltonian density is
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HL
Max =

[−4πc�]2 + [∇ × A]2 − [4πcΘ]2
8π

− c∇Φ · � − cΘ∇ · A

(31)+ ρΦ − J · A
c

and the resulting equations of motion are:

Ȧ = 4πc2� − c∇Φ, −�̇ = ∇ × ∇ × A
4π

− J
c
+ c∇Θ,

(32)Φ̇ = −4πc2Θ − c∇ · A, −Θ̇ = ρ + c∇ · �.

These equations, which are a generalization of(22), together with the initial values for
A, �, Φ, andΘ form a well-posed initial value problem. The residual gauge freedom
resulting from the homogeneous equation�F = 0 does allow for a gauge transformation
on the solutions to(32). These new gauge transformed solutions do not leave the Lorenz
gauge, but do correspond to a different initial value problem within the Lorenz gauge. In
other words, they are solutions to(32)with different initial values.

Notice that a relationship exists between the momentumΘ and the gauge functionF
leading to the Lorenz gauge. That is, fromΘ = −[Φ̇/c+∇ ·A]/4πc andF̈ /c2 −∇2F =
Φ̇/c + ∇ · A notice thatΘ ≡ �F/4πc. So the D’Alembertian of the gauge functionF
acts as a generalized coordinate in this phase space. It becomes the momentum conjugate
to the scalar potentialΦ.

In matrix form, the dynamical equations in(32)are

(33)


0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0




Ȧ
Φ̇

�̇

Θ̇

 =

∇ × ∇ × A/4π − J/c + c∇Θ

ρ + c∇ · �
4πc2� − c∇Φ

−4πc2Θ − c∇ · A

 ,

where1 is the 3× 3 identity matrix. Notice that(33) is of the Hamiltonian form

(34)ωη̇ = ∂H/∂η.

More specificallyωabη̇
b = ∂H/∂ηa , whereηb is a column matrix of the generalized

positions and momenta,i.e.,

(35)ηb(x, t) =


Ak

Φ

Πk

Θ

 ,

wherek = 1,2,3. The antisymmetric matrixωab is the (canonical) symplectic form as-
sociated with the phase space of electrodynamics in the Lorenz gauge. By substitution,
these first order Hamiltonian equations of motion can be shown to be equivalent to the
second order Lorenz gauge equations�Φ = −4πρ and�A = −4πJ/c. Together with
the definition of the electric and magnetic fields,(32) imply

∇ · E = 4πρ + 4πΘ̇, ∇ × B = 4π

c
J + Ė

c
− 4πc∇Θ,

(36)∇ · B = 0, ∇ × E + Ḃ
c
= 0.
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These equations are not equivalent to Maxwell’s equations unlessΘ(x, t) remains constant
in space–time throughout the dynamics. In order to analyze this question, the dynamics of
the sources must be considered. It should be noticed that the inhomogeneous equations in
(36) imply

(37)�Θ ≡ ∇2Θ − Θ̈

c2
= 1

c2
[ρ̇ + ∇ · J].

If the matter theory is such that the equation of continuityρ̇ = −∇ · J is satisfied, then
�Θ = 0. So ifΘ(t = 0) = Θ̇(t = 0) = 0, thenΘ(t) = 0 at all timest . In other words,
if the sources of charge and current satisfy the equation of continuity, then the dynamical
theory arising from the Lagrangian(18) is the Maxwell theory of electrodynamics.

Note that while(28) and(32) do not enjoy the full gauge symmetry as do the general
potential equations(4), this does not mean that the observables resulting from(28)or (32)
are not gauge invariant. Any observable that is calculated will be invariant to the choice
of gauge generator. Moreover, once the solutions to these well-defined equations are con-
structed, these solutions belong to the many solutions of(4). This family of solutions is
the most general solutions of the potential form of Maxwell’s equations. In fact, gauge
transformations can even be made from one particular gauge to another[74]. A diagram
depicting the relevant gauge story in the Hamiltonian formulation is presented inFig. 2.
Notice that there is no Hamiltonian theory that enjoys the full gauge symmetry of(4). The
HamiltonianHMax in the far right column is obtained by a Legendre transformation of the
gauge invariant LagrangianLMax in (20). However, the Hamiltonian dynamics stemming
from the gauge invariantLMax is not gauge invariant, but rather occurs in the gauge where
Φ̇ = 0.

2.2.2. Poisson bracket for electrodynamics

The phase space that carries the associated dynamics is naturally endowed with a Poisson
bracket{·, ·}. This may be seen by considering the variation ofξ along the dynamics∆H ≡
(∂/∂η)η̇. That is

(38)∆H(ξ) ≡ (d/dt)ξ = (
∂ξ/∂ηb

)
η̇b = (

∂ξ/∂ηb
)
ω−1
ab

(
∂H/∂ηa

) ≡ {ξ,H },
whereη are the generalized coordinates. In general, the Poisson bracket of the dynamical
variableF with the dynamical variableG is

(39){F,G} =


∂F/∂A
∂F/∂Φ

∂F/∂�

∂F/∂Θ


T 

0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0


−1

∂G/∂A
∂G/∂Φ

∂G/∂�

∂G/∂Θ

 .

Since the symplectic formω is canonical its inverse is trivial,i.e., ω−1 = ωT = −ω. Also
notice thatω2 = −1, ωT ω = 1, and detω = 1.

2.3. Hamiltonian electrodynamics and wave mechanics in complex phase space

Consider the matter theory associated with the Schrödinger Lagrangian (h̄ = 1)

(17)LSch= iΨ ∗Ψ̇ − [i∇ − qA/c]Ψ ∗ · [−i∇ − qA/c]Ψ
2m

− VΨ ∗Ψ − qΦΨ ∗Ψ,
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Fig. 2. The Hamiltonian formulation of the gauge story is organized inthis picture with respect to the previous Lagrangian formulation.
Figure 1is depicted in the box with dotted borders. It can now be seen how the Coulomband Lorenz gauges connect in both formalisms.
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whereΨ is the wavefunction for a single electron,V = qq̄/|x| is the static Coulomb
potential energy of a proton, and(Φ,A) are the electron’s scalar and vector potentials.
Notice that this Lagrangian is already written in phase space. The momentum conjugate to
the wavefunctionΨ is iΨ ∗. Together with the previous Maxwell Lagrangian, the coupled
nonlinear dynamical theory arising from the Lagrangians

(40)LMax = 1

2
[� · Ȧ − �̇ · A] −

{ [−4πc�]2 + [∇ × A]2
8π

− c∇Φ · �
}
,

(41)

LSch= i

2
[Ψ ∗Ψ̇ − Ψ̇ ∗Ψ ]

−
{ [i∇ − qA/c]Ψ ∗ · [−i∇ − qA/c]Ψ

2m
+ VΨ ∗Ψ + qΦΨ ∗Ψ

}
,

(42)Lgauge= 1

2
[ΘΦ̇ − Θ̇Φ] − {−2πc2Θ2 − cΘ∇ · A

}
yields the following equations of motion:

Ȧ = 4πc2� − c∇Φ, −�̇ = ∇ × ∇ × A
4π

− J
c
+ c∇Θ,

Φ̇ = −4πc2Θ − c∇ · A, −Θ̇ = ρ + c∇ · �,

iΨ̇ = [−i∇ − qA/c]2Ψ
2m

+ VΨ + qΦΨ,

(43)−iΨ̇ ∗ = [i∇ − qA/c]2Ψ ∗

2m
+ VΨ ∗ + qΦΨ ∗.

Surface terms of the form(d/dt){pq/2} have been added in the above Lagrangians in order
to symmetrize them,i.e.,L = pq̇−H−(d/dt){pq/2} becomesL = [pq̇−ṗq]/2−H . This
can always be done since the actionI = ∫

Ldt = ∫ [L + (d/dt)g] dt is invariant to the
addition of a pure surface term to the Lagrangian. Note that the Schrödinger wavefunctions
Ψ andΨ ∗ are complex-valued while the remaining electromagnetic variables are all real-
valued. These dynamical equations may be put into matrix form as

i 0 0 0 0 0
0 −i 0 0 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1
0 0 1 0 0 0
0 0 0 1 0 0




Ψ̇

Ψ̇ ∗
Ȧ
Φ̇

�̇

Θ̇



(44)=


[−i∇ − qA/c]2Ψ/2m+ VΨ + qΦΨ

[i∇ − qA/c]2Ψ ∗/2m+ VΨ ∗ + qΦΨ ∗
∇ × ∇ × A/4π − J/c + c∇Θ

ρ + c∇ · �
4πc2� − c∇Φ

−4πc2Θ − c∇ · A

 ,

where the symplectic form is canonical. The electromagnetic sector of it is identical to(33).
These dynamical equations define the coupled Maxwell–Schrödinger theory. This theory
is well defined and closed. In other words, the dynamics of the charges, currents, and fields
are all specified as well as their mutual interaction. Given initial values forΨ , Ψ ∗, A, �,
Φ, andΘ determines their coupled dynamics throughout space–time.
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With the dynamics of the charges defined, the problem in(36) can now be addressed.
The Schrödinger equation in(43) implies the continuity equation

(45)(d/dt)qΨ ∗Ψ = −∇ · q{Ψ ∗[−i∇ − qA/c]Ψ + Ψ [i∇ − qA/c]Ψ ∗}/2m

which may be written more compactly asρ̇ = −∇·J. From the definition of the momentum
Θ in (30)and the wave equations�Φ = −4πρ and�A = −4πJ/c, notice that

�Θ = −1

4πc

[
(d/dt)�Φ/c +∇ · �A

]
(46)= 1

4πc

[
(d/dt)4πρ/c +∇ · 4πJ/c

] = 1

c2
[ρ̇ +∇ · J] = 0

by appealing to(45). So if Θ(t = 0) = Θ̇(t = 0) = 0, then the electrodynamics stays
in the Lorenz gauge for all time since the only solution of�Θ = 0 with Θ(t = 0) =
Θ̇(t = 0) = 0 isΘ(t) = 0.

It is worth mentioning that ifΘ̇(t = 0) = 0 for all time, then the electron–electron
self interaction makes no contribution to the Schrödinger energy. This is true since the
self interaction termqΦΨ ∗Ψ in the above Schrödinger Lagrangian cancels exactly with
−c∇Φ · � in the Maxwell Lagrangian. The cancellation requires a partial integration of
−c∇Φ · � to cΦ∇ · � followed by a substitution of 0= ρ + c∇ · � from Θ̇(t = 0) = 0
in (43). However, there is still a contribution from the self-energy arising in the Maxwell
energy of the Coulombic field.

2.4. Hamiltonian electrodynamics and wave mechanics in real phase space

The dynamical equations(111)are mixed, real and complex. For consistency these equa-
tions are put into real form with the Lagrangian densities:

(47)LMax = 1

2
[� · Ȧ − �̇ · A] −

{ [−4πc�]2 + [∇ × A]2
8π

− c∇Φ · �
}
,

(48)LSch= 1

2
[PQ̇− ṖQ] −

{{[∇Q+ qAP/c]2 + [−∇P + qAQ/c]2}/4m
+ V [Q2 + P 2]/2+ qΦ[Q2 + P 2]/2

}
,

(49)Lgauge= 1

2
[ΘΦ̇ − Θ̇Φ] − {−2πc2Θ2 − cΘ∇ · A

}
.

The functionsP andQ are related to the real and imaginary parts ofΨ andΨ ∗ according
toΨ = [Q+iP ]/√2 andΨ ∗ = [Q−iP ]/√2. The equations of motion that are associated
with these Lagrangians are:

Ȧ = 4πc2� − c∇Φ, −�̇ = ∇ × ∇ × A
4π

− J
c
+ c∇Θ,

(50a)Φ̇ = −4πc2Θ − c∇ · A, −Θ̇ = ρ + c∇ · �,

Q̇ = −∇2P + q∇ · (AQ)/c + qA · ∇Q/c + q2A2P/c2

2m
+ VP + qΦP,

(50b)−Ṗ = −∇2Q+ q∇ · (AP)/c + q∇P · A/c − q2A2Q/c2

2m
+ VQ+ qΦQ.
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These dynamical equations may be put into matrix form as
0 0 0 −1 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0




Ȧ
Φ̇

Q̇

�̇

Θ̇

Ṗ



(51)

=


∇ × ∇ × A/4π − J/c + c∇Θ

ρ + c∇ · �
−[∇2Q+ q∇ · (AP)/c + q∇P · A/c − q2A2Q/c2]/2m+ VQ+ qΦQ

4πc2� − c∇Φ

−4πc2Θ − c∇ · A
[−∇2P + q∇ · (AQ)/c + qA · ∇Q/c + q2A2P/c2]/2m+ VP + qΦP

 ,

where the symplectic form is again canonical. Note that the equation of continuityρ̇ =
−∇ · J still holds with the real charge and current densities

ρ = q
[
Q2 + P 2]/2,

(52)J = q

2m
{Q∇P − P∇Q− qQAQ/c − qPAP/c}.

2.5. The Coulomb reference by canonical transformation

As was mentioned previously the numerical implementation of the theory can be made to
converge more quickly if the basis is chosen judiciously. Recall that the electromagnetic
field generated by any charge contains a Coulombic contribution. This monopole term
accounts for a large portion of the local electromagnetic field surrounding the charge. It
would be advantageous not to describe this large contribution in terms of the basis but
rather to calculate its dynamics analytically. The remaining smaller portion of the radiative
or dynamical electromagnetic field can then be described in terms of the basis.

To this end, notice that the scalar potentialΦ = ΦC+(Φ−ΦC) ≡ ΦC+ΦD may be split
into a Coulombic portion satisfying∇2ΦC = −4πρ that can be calculated analytically and
a remainderΦD regardless of the choice of gauge. The Coulombic potential is not itself a
dynamical variable but depends on the dynamical variablesQ andP . That isΦC(x, t) =∫
V
d3x′|x− x′|−1q[Q(x′, t)Q(x′, t)+P(x′, t)P (x′, t)]/2. The dynamical portionΦD is a

generalized coordinate and is represented in the basis. Similarly, the momentum conjugate
to A may be split into a Coulombic and dynamical piece according to

(53)� ≡ ∂LMax

∂Ȧ
= �C + �D = ∇ΦC

4πc
+ 1

4πc
[Ȧ/c + ∇ΦD].

Like ΦD, the dynamical portion�D is a generalized coordinate and is represented in the
basis.
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2.5.1. Symplectic transformation to the Coulomb reference

The transformation to these new coordinates,i.e.,ΦD and�D, is obtained by the canonical
or symplectic transformation

(54)T :


A
Φ

Q

�

Θ

P

→


Ã(A)

Φ̃(Φ,Q,P )

Q̃(Q)

�̃(�,Q, P )

Θ̃(Θ)

P̃ (P )

 =


A

Φ −ΦC(Q,P )

Q

� − �C(Q,P )

Θ

P

 ,

whereΦ̃ ≡ ΦD and�̃ ≡ �D. The variablesQ, P , A, andΘ are unchanged byT. Since
bothΦC and�C are complicated functions ofQ andP , the inversion ofT may be quite
involved. However, it will be shown that the inverse ofT does exist. In fact both theT
and T−1 are differentiable mappings on symplectic manifolds. Therefore the canonical
transformation is a symplectic diffeomorphism or symplectomorphism[29].

The theory of restricted (explicitly time-independent) canonical transformations[27,28]
gives the general prescription for the transformation of the old Hamilton equations(51) to
the new Hamilton equations in terms ofT (andTT ) only. In symbols, that is

(55)η̇ = ω−1∂H

∂η
→ ˙̃η = ω̃−1∂H̃

∂ η̃
,

where the new HamiltoniañH is equivalent to the old HamiltonianH expressed in terms
of the new variables̃η. (For simplicityH̃ will be written asH from this point forward.) To
this end, consider the time derivative of the new column matrix

(56)˙̃ηi =
∂η̃i

∂ηj
η̇j ≡ Tij η̇j or ˙̃η = Tη̇.

Substitutingη̇ from (55) results in

(57)˙̃ηi = Tijω
−1
jk

∂H

∂ηk
or ˙̃η = Tω−1∂H

∂η
.

Lastly the column matrix∂H/∂η can be written as

(58)
∂H

∂ηk
= ∂H

∂η̃l

∂η̃l

∂ηk
≡ T T

kl

∂H

∂η̃l
or

∂H

∂η
= TT ∂H

∂ η̃

so that the new equations of motion(57)become

(59)˙̃ηi = Tijω
−1
jk T

T
kl

∂H

∂η̃l
or ˙̃η = Tω−1TT ∂H

∂ η̃
≡ ω̃−1∂H

∂ η̃
.

This canonical transformation on the equations of motion leaves only the computation
of ω̃−1 ≡ Tω−1TT since the Hamiltonian automatically becomes

H = [−4πc{�̃ + �C(Q̃, P̃ )}]2 + [∇ × Ã]2 − [4πcΘ̃]2
8π

+ q
[
Φ̃ +ΦC(Q̃, P̃ )

]Q̃2 + P̃ 2

2
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− c∇[Φ̃ +ΦC(Q̃, P̃ )
] · [�̃ + �C(Q̃, P̃ )

]− cΘ̃∇ · Ã

(60)+ [∇Q̃+ qÃP̃ /c]2 + [−∇P̃ + qÃQ̃/c]2
4m

+ V
Q̃2 + P̃ 2

2
in terms of the new coordinates. However, the inversion ofω is not simple in practice. It
turns out that the equations of motion(55)are most practically written as

(61)
∂H

∂ η̃
= ω̃ ˙̃η = (

T−1)T ωT−1 ˙̃η not ˙̃η = ω̃−1∂H

∂ η̃
= Tω−1TT ∂H

∂ η̃
,

where the inverse transformationT−1 is the transformation of the inverse mapping,i.e.,
T −1
ij ≡ ∂ηi/∂η̃j . It will be shown that detT �= 0 so the mapping is well defined. These

equations of motion are of the desired form because they involveω and notω−1. Thatω−1

is undesirable is seen by going to the basis. In the basis, the canonical symplectic form
becomes

(62)

(
0 −1
1 0

)
→
(

0 − ∂2〈Q|P 〉
∂qK∂pJ

∂2〈P |Q〉
∂pK∂qJ

0

)
which is not easily inverted. As a result it is simpler to compute(T−1)T ωT−1 than
Tω−1TT even thoughT−1 is needed in the former case. It will be shown that the explicit
evaluation ofT−1 is not necessary.

To continue with the transformed equations of motion in(61), which only requireω, the
mapping(T−1)T : ∂/∂η → ∂/∂ η̃ must first be set up. The transposed inverse transforma-
tion (T−1)T is defined on the vector fields themselves according to

∂/∂Ã
∂/∂Φ̃

∂/∂Q̃

∂/∂�̃

∂/∂Θ̃

∂/∂P̃



(63)

=


∂A/∂Ã 0 0 0 0 0

0 ∂Φ/∂Φ̃ 0 0 0 0
0 ∂Φ/∂Q̃ ∂Q/∂Q̃ ∂�/∂Q̃ 0 0
0 0 0 ∂�/∂�̃ 0 0
0 0 0 0 ∂Θ/∂Θ̃ 0
0 ∂Φ/∂P̃ 0 ∂�/∂P̃ 0 ∂P/∂P̃




∂/∂A
∂/∂Φ

∂/∂Q

∂/∂�

∂/∂Θ

∂/∂P

 .

Notice that

det
(
T−1)T = detT−1 = (detT)−1 ≡ ∂(A, Φ,Q,�,Θ, P )

∂(Ã, Φ̃, Q̃, �̃, Θ̃, P̃ )

(64)= (∂Ã/∂A)(∂Φ̃/∂Φ)(∂Q̃/∂Q)(∂�̃/∂�)(∂Θ̃/∂Θ)(∂P̃ /∂P ) = 1

so that the transformation is canonical and symplectic or area preserving. In other words,
the new infinitesimal volume elementdη̃ is related to the old infinitesimal volume element
dη by

(65)dη̃ = detT dη = dη
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since the determinant of the Jacobian is unity. Thus, the volume element of phase space is
the same before and after the transformation. It is a canonical invariant.

With (T−1)T the similarity transformation of the canonical symplectic form in(51) be-
comes

(66)ω̃ ≡ (
T−1)T ωT−1 =

(
�M �>

�∨ �G

)
,

where

(67)�> =


∂A
∂Ã

(−1) ∂�

∂�̃
0 − ∂A

∂Ã
∂�

∂P̃

0 ∂Φ

∂Φ̃
(−1) ∂Θ

∂Θ̃
0

0 − ∂Φ

∂Q̃

∂Θ

∂Θ̃

∂Q

∂Q̃
(−1) ∂P

∂P̃

 ,

(68)�∨ =


∂�

∂�̃
(1) ∂A

∂Ã
0 0

0 ∂Θ

∂Θ̃
(1) ∂Φ

∂Φ̃

∂Θ

∂Θ̃

∂Φ

∂Q̃
∂�

∂P̃

∂A
∂Ã

0 ∂P

∂P̃
(1) ∂Q

∂Q̃

 ,

(69)�M =
 0 0 − ∂A

∂Ã
∂�

∂Q̃

0 0 0
∂�

∂Q̃

∂A
∂Ã

0 0

 ,

(70)�G =
 0 0 0

0 0 ∂Θ

∂Θ̃

∂Φ

∂P̃

0 − ∂Φ

∂P̃

∂Θ

∂Θ̃
0

 .

The factors of 1 and−1 are explicitly written in�> and�∨ to bring out their similarity
to the canonical symplectic form in(51). After computing the derivatives iñω it can be
shown that

(71)ω̃ =



0 0 − ∂�C(Q̃,P̃ )

∂Q̃
−1 0 − ∂�C(Q̃,P̃ )

∂P̃

0 0 0 0 −1 0
∂�C(Q̃,P̃ )

∂Q̃
0 0 0 − ∂ΦC(Q̃,P̃ )

∂Q̃
−1

1 0 0 0 0 0
0 1 ∂ΦC(Q̃,P̃ )

∂Q̃
0 0 ∂ΦC(Q̃,P̃ )

∂P̃

∂�C(Q̃,P̃ )

∂P̃
0 1 0 − ∂ΦC(Q̃,P̃ )

∂P̃
0


with

(72)ΦC(x, t) = q

2

∫
V

Q(x′, t)2 + P(x′, t)2

|x − x′| d3x′

and

(73)�C(x, t) = q

8πc
∇
∫
V

Q(x′, t)2 + P(x′, t)2

|x − x′| d3x′.

And so the new symplectic form contains extra elements that are not present in the canon-
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ical ω. These extra elements add additional time-dependent couplings to the theory. As
before, the associated phase space has the Poisson bracket

(74){F,G}η̃ = (∂F/∂ η̃)T ω̃−1(∂G/∂ η̃).

The transformed equations of motion with symplectic form(71) may be written in full
as:

−∂�C

∂Q̃

˙̃
Q− ˙̃� − ∂�C

∂P̃

˙̃
P = ∂H

∂Ã

= ∇ × ∇ × Ã
4π

+ c∇Θ̃ − q

2mc

{
Q̃∇P̃ − P̃∇Q̃− q

c
Q̃ÃQ̃− q

c
P̃ ÃP̃

}
,

− ˙̃
Θ = ∂H

∂Φ̃
= q

Q̃2 + P̃ 2

2
+ c∇ · [�̃ + �C],

∂�C

∂Q̃
· ˙̃A − ∂ΦC

∂Q̃

˙̃
Θ − ˙̃

P = ∂H

∂Q̃

= −∇2Q̃− q
c
∇ · (ÃP̃ )− q

c
∇P̃ · Ã + q2

c2 Ã2Q̃

2m

+ V Q̃+ q[Φ̃ +ΦC]Q̃+ {
4πc2[�̃ + �C] − c∇[Φ̃ +ΦC]

} · ∂�C

∂Q̃

+
{
q
Q̃2 + P̃ 2

2
+ c∇ · [�̃ + �C]

}
∂ΦC

∂Q̃
,

˙̃A = ∂H

∂�̃
= 4πc2[�̃ + �C] − c∇[Φ̃ +ΦC],

˙̃
Φ + ∂ΦC

∂Q̃

˙̃
Q+ ∂ΦC

∂P̃

˙̃
P = ∂H

∂Θ̃
= −4πc2Θ̃ − c∇ · Ã,

∂�C

∂P̃
· ˙̃A + ˙̃

Q− ∂ΦC

∂P̃

˙̃
Θ = ∂H

∂P̃

= −∇2P̃ + q
c
∇ · (ÃQ̃)+ q

c
Ã · ∇Q̃+ q2

c2 Ã2P̃

2m

+ V P̃ + q[Φ̃ +ΦC]P̃ + {
4πc2[�̃ + �C] − c∇[Φ̃ +ΦC]

} · ∂�C

∂P̃

(75)+
{
q
Q̃2 + P̃ 2

2
+ c∇ · [�̃ + �C]

}
∂ΦC

∂P̃
,

where�C ≡ �C(Q̃, P̃ ) andΦC ≡ ΦC(Q̃, P̃ ). The forces appearing on the right-hand
side of these equations have become more complicated, especially those in the Schrödinger
equations. There are new nonlinear terms. However, it is possible to substitute these
equations among themselves in order to simplify them. Notice that parts of the∂H/∂Φ̃

and∂H/∂�̃ equations appear in the forces of the Schrödinger equations. Substitution of
∂H/∂Φ̃ and ∂H/∂�̃ into the Schrödinger equations results in the following simplified
equations:
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−∂�C

∂Q̃

˙̃
Q− ˙̃� − ∂�C

∂P̃

˙̃
P

= ∇ × [∇ × Ã]
4π

+ c∇Θ̃ − q

2mc

{
Q̃∇P̃ − P̃∇Q̃− q

c
Q̃ÃQ̃− q

c
P̃ ÃP̃

}
,

− ˙̃
Θ = q

Q̃2 + P̃ 2

2
+ c∇ · [�̃ + �C],

− ˙̃
P = −∇2Q̃+ q∇ · (ÃP̃ )/c + q∇P̃ · Ã/c − q2Ã2Q̃/c2

2m
+ V Q̃+ q[Φ̃ +ΦC]Q̃,

˙̃A = 4πc2[�̃ + �C] − c∇[Φ̃ +ΦC],
˙̃
Φ + ∂ΦC

∂Q̃

˙̃
Q+ ∂ΦC

∂P̃

˙̃
P = −4πc2Θ̃ − c∇ · Ã,

(76)˙̃
Q = −∇2P̃ + q∇ · (ÃQ̃)/c + qÃ · ∇Q̃/c + q2Ã2P̃ /c2

2m

+ V P̃ + q[Φ̃ +ΦC]P̃ .

The generalized forces appearing on the right-hand side are now very similar to the forces
in (50). In fact, the equations of motion76can be further simplified to read:

−[�̇ + �̇C(Q,P )
] = ∂H/∂A, Ȧ = ∂H/∂�,

−Θ̇ = ∂H/∂Φ, Φ̇ + Φ̇C(Q,P ) = ∂H/∂Θ,

(77)−Ṗ = ∂H/∂Q, Q̇ = ∂H/∂P,

where the tildes were omitted to show the resemblance between(77) and (50).

2.5.2. The Coulomb reference by change of variable

It can be shown that the new equations of motionω̃ ˙̃η = ∂H/∂ η̃, which were obtained by a
symplectic transformation in phase space, may also be obtained by a change of variable in
the Lagrangians(47)–(49). The new Lagrangian density is:

(78)

L̃Max = 1

2

[
(�̃ + �C) · ˙̃A − (

˙̃� + ˙̃�C) · Ã
]

−
{{[−4πc(�̃ + �C)]2 + [∇ × Ã]2}/8π

− c∇[Φ̃ +ΦC] · [�̃ + �C]
}
,

(79)L̃Sch= 1

2
[P̃ ˙̃

Q− ˙̃
PQ̃] −

{{[∇Q̃+ qÃP̃ /c]2 + [−∇P̃ + qÃQ̃/c]2}/4m
+ [V + q(Φ̃ +ΦC)]{Q̃2 + P̃ 2}/2

}
,

(80)L̃gauge= 1

2

[
Θ̃(

˙̃
Φ + Φ̇C)− ˙̃

Θ(Φ̃ +ΦC)
]− {−2πc2Θ̃2 − cΘ̃∇ · Ã

}
.

That the transformation to the Coulomb reference holds at both Lagrangian and equation
of motion level demonstrates the commutativity of the diagram inFig. 3.
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L(p, q) Change of Variable

δ
∫ [p

q̇
−

H
( p

,
q
)]d

t
=

0

L̃(p̃, q̃)

δ ∫[p̃ ˙̃q−
H
(p̃

,
q̃
) ]
d
t =

0

ωη̇ = ∂H/∂η
Canonical Transformation

ω̃η̇ = ∂H/∂ η̃

Fig. 3. Commutative diagram representing the change of coordinates(q, p) to (p̃, q̃) at
both the Lagrangian and equation of motion levels.

2.6. Electron spin in the Pauli theory

The electron field used so far in the nonrelativistic Schrödinger theory is a field of spin
zero,i.e., a scalar field. It is a simple generalization of the theory to add in the electron’s
spin. The electron field would then be a two component spinor field,i.e., a spin-1/2 field,
and would be of the form

(81)ΨP (x, t) =
(
Ψ↑(x, t)
Ψ↓(x, t)

)
.

The first componentΨ↑ is spin up and the second componentΨ↓ is spin down. The dy-
namics ofΨP is governed by the Pauli equation[30]

(82)iΨ̇P = [−i∇ − qA/c]2ΨP

2m
+ VΨP + qΦΨP − q

2mc
σ · [∇ × A]ΨP

which is the nonrelativistic limit of the Dirac equation

(83)iΨ̇D = βmc2ΨD + cα · [−i∇ − qA/c]ΨD + qΦΨD

in terms of the four component spinorΨD, where theβ andα matrices are

(84)β =
(
I 0
0 −I

)
, α =

(
0 σ

σ 0

)
and

(85)σx =
(

0 1
1 0

)
, σy =

(
0 −i

i 0

)
, σz =

(
1 0
0 −1

)
.

Notice that taking the nonrelativistic limit of the Dirac equation involves the elimination
of the two component positron field fromΨD. Also note that the current density associated
with the Pauli theory[75] is different from that in the Schrödinger theory (see(14)). It is

(86)JP = q
{
Ψ

†
P [−i∇ − qA/c]ΨP + ΨP [i∇ − qA/c]Ψ †

P +∇ × [
Ψ

†
P σΨP

]}
/2m,

whereΨ †
P = (Ψ ∗↑ Ψ ∗↓ ) is the adjoint ofΨP . This can be derived by taking the nonrelativistic

limit of the Dirac current density. The last term in(86) is only present in the Pauli current.
This term does not effect the continuity equationρ̇ = −∇ · J since∇ ·∇ × [Ψ †

P σΨP ] = 0.
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2.7. Proton dynamics

In the theory set up so far, the matter dynamics was entirely described by the electronic
wavefunctionΨ . The proton had no dynamics whatsoever. Only the electrostatic scalar
potentialΦq̄ = q̄/|x| of the structureless proton of chargeq̄ entered so as to bind the elec-
tron in the hydrogen atom. A first step in the direction of atomic and molecular collisions
requires the dynamics of the proton as well (and eventually a few other particles). Suppose
the proton is described by its own wavefunctionΩ and Lagrangian density

(87)Lq̄

Sch= iΩ∗Ω̇ − [i∇ − q̄A/c]Ω∗ · [−i∇ − q̄A/c]Ω
2mq̄

− q̄ΦΩ∗Ω,

where(Φ,A) are the scalar and vector potentials arising from the charge and current den-
sities

(88)ρ = qΨ ∗Ψ + q̄Ω∗Ω,

(89)

J = q
{
Ψ ∗[−i∇ − qA/c]Ψ + Ψ [i∇ − qA/c]Ψ ∗}/2mq

+ q̄
{
Ω∗[−i∇ − q̄A/c]Ω +Ω[i∇ − q̄A/c]Ω∗}/2mq̄.

These densities are just the sum of the individual electronic and proton densities. The
proton density is not a delta function. Thus, the proton wavefunction is not a delta function
either. Rather it is described by a wavepacket and has some structure.

With (87) the total Lagrangian is

(90)LMax = 1

2
[� · Ȧ − �̇ · A] −

{ [−4πc�]2 + [∇ × A]2
8π

− c∇Φ · �
}
,

(91)

Lq

Sch=
i

2
[Ψ ∗Ψ̇ − Ψ̇ ∗Ψ ]

−
{ [i∇ − qA/c]Ψ ∗ · [−i∇ − qA/c]Ψ

2mq

+ qΦΨ ∗Ψ
}
,

(92)

Lq̄

Sch=
i

2
[Ω∗Ω̇ − Ω̇∗Ω]

−
{ [i∇ − q̄A/c]Ω∗ · [−i∇ − q̄A/c]Ω

2mq̄

+ q̄ΦΩ∗Ω
}
,

(93)Lgauge= 1

2
[ΘΦ̇ − Θ̇Φ] − {−2πc2Θ2 − cΘ∇ · A

}
.

Notice that the electron Lagrangian(91)does not explicitly contain the static proton poten-
tial energyV = qq̄/|x| as did the previous Schrödinger Lagrangian(17). The two matter
fields are coupled entirely through electrodynamics. That is, the electron–proton interac-
tion is mediated by the electrodynamics. The Coulombic potential is included implicitly
in qΦΨ ∗Ψ and q̄ΦΩ∗Ω in the above matter Hamiltonians. In other words, the scalar
potentialΦ contains (in any gauge) a Coulomb piece of the form

ΦC(x, t) = Φ + (ΦC −Φ) =
∫
V

ρ(x′, t)
|x − x′| d

3x′

(94)=
∫
V

qΨ ∗(x′, t)Ψ (x′, t)
|x − x′| d3x′ +

∫
V

q̄Ω∗(x′, t)Ω(x′, t)
|x − x′| d3x′.
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With this potential, theqΦΨ ∗Ψ term in the electron Hamiltonian contains the electron–
proton attraction as well as electron–electron self interaction. Similarly theq̄ΦΩ∗Ω in the
proton Hamiltonian contains the electron–proton attraction and proton–proton self interac-
tion.

The self-energies that are computed from the aforementioned self interactions are finite
becauseΨ andΩ are square integrable functions. That is

(95)Eint =
∫
V

ρ(x, t)ΦC(x, t) d3x =
∫
V

d3x

∫
V

d3x′ ρ(x, t)ρ(x
′, t)

|x − x′| < ∞

for both the cross terms (electron–proton attraction) and the direct terms (electron–electron
and proton–proton repulsion). Note that in the relativistic quantum theory the direct terms
are infinite and there are infinitely many Coulomb states of the bare problem to sum over
[41]. These infinities do not arise in the semiclassical theory presented in this paper. While
the self interactions do appear in the above matter Hamiltonians, the resulting self-energies
are finite and moreover do not even contribute to the electron or proton portions of the en-
ergy. This is due to−c∇Φ ·� in the above Maxwell Hamiltonian. After a partial integration
this term becomescΦ∇·�. Substitution of−Θ̇ = ρ+c∇·� = 0 from(50)turnscΦ∇·�
into −ρΦ, which cancels+ρΦ in the electron and proton energies. However, the self in-
teractions do remain in the Coulomb energyE2/8π of the electromagnetic field. Note that
the self interactions do appear in the Hamiltonians and therefore do make a contribution to
the overall dynamics.

It should be mentioned that this theory of electron–proton dynamics can be applied to
electron–positron dynamics as well. While there is a 2000-fold difference in mass between
the proton and the positron, the two theories are otherwise identical. In either case, the
theory may be rich enough to capture bound states of hydrogen or positronium.

3. NUMERICAL IMPLEMENTATION

The formal theory of Maxwell–Schrödinger dynamics was constructed in the previous
chapter. In particular, the coupled and nonlinear Maxwell and Schrödinger equations

(96)iΨ̇ = [P− qA/c]2Ψ
2m

+ VΨ + qΦΨ,

(97a)∇2A − Ä
c2

− ∇
[
∇ · A + Φ̇

c

]
= −4π

c
J,

(97b)∇2Φ + ∇ · Ȧ
c

= −4πρ

were recognized to be ill-posed unless an extra equation of constraint is added to them.
Using the Hamiltonian approach to dynamics, this extra equation was automatically gen-
erated by adding a Lorenz gauge fixing term at the Lagrangian level. It was emphasized in
Section2 that the resulting Hamiltonian system of differential equations, which are of first
order in time, form a well-defined initial value problem. That is, the Maxwell–Schrödinger
dynamics are known in principle once the initial values are specified for each of the dy-
namical variables.
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The details of converting the formal mathematics of Section2 to a form that can be prac-
tically implemented in a computer are presented in this chapter. The Hamiltonian system of
partial differential equations will be reduced to a Hamiltonian system of ordinary differen-
tial equations in time by introducing a spatial basis for each of the dynamical variables. The
resulting basis equations are coded in a FORTRAN 90 computer program. With this pro-
gram, various pictures are made to depict the dynamics of the hydrogen atom interacting
with the electromagnetic field in a cavity.

3.1. Maxwell–Schrödinger theory in a complex basis

Each of the Maxwell–Schrödinger dynamical variables, which are themselves fields, may
be expanded into a complete basis of functionsGK according to

Ψ (x, t) =
∑
K

GK(x)ψK(t), Ψ ∗(x, t) =
∑
K

GK(x)ψ∗
K(t),

Ak(x, t) =
∑
K

GK(x)akK(t), Πk(x, t) =
∑
K

GK(x)πkK(t),

(98)Φ(x, t) =
∑
K

GK(x)φK(t), Θ(x, t) =
∑
K

GK(x)θK(t),

where the indexK runs over the basis and the indexk runs over 1, 2, 3 orx, y, z. Any
complete set of functions such as the oscillator eigenstates will suffice. In the following
work the set of Gaussian functions of the form

(99)GK(x) = G∗
K(x) = NK exp

(− K[x − rK]2
)

are used. These functions are centered onrK, normalized to unity byNK, and are real-
valued. Additionally, they spanL2 so that any square integrable function may be repre-
sented in this basis. In principle the sums in(98)are to infinity. However, a complete basis
cannot be realized in practice. But for all practical purposes the numerical results can be
shown to converge to within an arbitrary accuracy in a finite basis. In fact, with a smart
choice of basis, the numerical results may converge with just a few terms. Here the ba-
sis coefficients, which are complex- and real-valued as well as time-dependent, carry the
dynamics.

The basis representation of the previous Lagrangians is

(100)LMax =
∑
KM

1

2

[
(∂/∂amM)ȧmM − (∂/∂πmM)π̇mM

]
SMax −HMax,

(101)LSch=
∑
K

i

2

[
(∂/∂ψK)ψ̇K − (∂/∂ψ∗

K)ψ̇∗
K
]
SSch−HSch,

(102)Lgauge=
∑
KM

1

2

[
(∂/∂φK)φ̇K − (∂/∂θK)θ̇K

]
Sgauge−Hgauge

with integrals

(103)SMax =
∫
V

� · A d3x, SSch=
∫
V

Ψ ∗Ψ d3x, Sgauge=
∫
V

ΘΦ d3x.
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The calculus of variations leads to the following dynamical equations:

(104)
∂2SMax

∂πmM∂anN
ȧnN = ∂H

∂πmM
or MmM,nN ȧnN = ∇πmMH,

(105)
∂2Sgauge

∂θI∂φL
φ̇L = ∂H

∂θI
or NILφ̇L = ∇θIH,

(106)
∂2iSSch

∂ψ∗
I∂ψL

ψ̇L = ∂H

∂ψ∗
I

or iCILψ̇L = ∇ψ∗
I
H,

(107)− ∂2SMax

∂anN ∂πmM
π̇mM = ∂H

∂anN
or −MT

nN ,mMπ̇mM = ∇anNH,

(108)− ∂2Sgauge

∂φJ ∂θK
θ̇K = ∂H

∂φJ
or −NT

JKθ̇K = ∇φJ H,

(109)− ∂2iSSch

∂ψJ ∂ψ∗
K
ψ̇∗
K = ∂H

∂ψJ
or − iC∗

JKψ̇∗
K = ∇ψJ H,

which are of the Hamiltonian formωη̇ = ∂H/∂η. The summation convention is used
throughout. These equations may be written more compactly as

Mȧ = ∇πH, −MT π̇ = ∇aH,

Nφ̇ = ∇θH, −NT θ̇ = ∇φH,

(110)iCψ̇ = ∇ψ∗H, −iC∗ψ̇∗ = ∇ψH

and can be cast into matrix form as

(111)


iC 0 0 0 0 0
0 −iC∗ 0 0 0 0
0 0 0 0 −MT 0
0 0 0 0 0 −NT

0 0 M 0 0 0
0 0 0 N 0 0




ψ̇

ψ̇∗
ȧ

φ̇

π̇

θ̇

 =


∂H/∂ψ∗
∂H/∂ψ

∂H/∂a

∂H/∂φ

∂H/∂π

∂H/∂θ

 ,

where the matricesM, N , andC and defined in(104)–(109). This symplectic form almost
has the canonical structure of(44). In a basis of rankN , the contractions involvinga and
π run to 3N while the contractions involving the remaining dynamical variables run toN .
This is becausea andπ are spatial vectors that have(x, y, z)-components whereas the
remaining dynamical variables are scalars.

With the choice of representation in(98) and the choice of basis in(99) all approx-
imations are specified. The equations of motion in(111) are the basis representation of
the coupled Maxwell–Schrödinger equations. They are automatically obtained by apply-
ing the time-dependent variational principle to the Lagrangians(100)–(102). In the limit
of a complete basis these equations are exact.
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The complex phase space that carries the associated dynamics is endowed with the Pois-
son bracket

(112)

{F,G} =


∂F/∂ψ∗
∂F/∂ψ

∂F/∂a

∂F/∂φ

∂F/∂π

∂F/∂θ



T 
iC 0 0 0 0 0
0 −iC∗ 0 0 0 0
0 0 0 0 −MT 0
0 0 0 0 0 −NT

0 0 M 0 0 0
0 0 0 N 0 0



−1
∂G/∂ψ∗
∂G/∂ψ

∂G/∂a

∂G/∂φ

∂G/∂π

∂G/∂θ

 .

Even though the symplectic form is not canonical, its inversion is simple. The matrix ele-
ments inω involve Gaussian overlap integrals like

〈GI |GK〉 =
∫
V

〈GI |x〉〈x|GK〉 d3x.

3.2. Maxwell–Schrödinger theory in a real basis

As was done previously, each dynamical variable may be expanded into a complete basis
of functionsGK as

Q(x, t) =
∑
K

GK(x)qK(t), P (x, t) =
∑
K

GK(x)pK(t),

Ak(x, t) =
∑
K

GK(x)akK(t), Πk(x, t) =
∑
K

GK(x)πkK(t),

(113)Φ(x, t) =
∑
K

GK(x)φK(t), Θ(x, t) =
∑
K

GK(x)θK(t),

where the indexK runs over the basis and the indexk runs over 1, 2, 3 orx, y, z. Unlike in
(98), the coefficients in(113)that carry the dynamics are all real-valued. In this basis, the
real Lagrangian densities become

(114)LMax =
∑
KM

1

2

[
(∂/∂amM)ȧmM − (∂/∂πmM)π̇mM

]
SMax −HMax,

(115)LSch=
∑
K

1

2

[
(∂/∂qK)q̇K − (∂/∂pK)ṗK

]
SSch−HSch,

(116)Lgauge=
∑
KM

1

2

[
(∂/∂φK)φ̇K − (∂/∂θK)θ̇K

]
Sgauge−Hgauge

with integrals

(117)SMax =
∫
V

� · A d3x, SSch=
∫
V

PQd3x, Sgauge=
∫
V

ΘΦ d3x.

Applying the calculus of variations to the above Lagrangians leads to the equations of
motion:

(118)
∂2SMax

∂πmM∂anN
ȧnN = ∂H

∂πmM
or MmM,nN ȧnN = ∇πmMH,
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(119)
∂2Sgauge

∂θI∂φL
φ̇L = ∂H

∂θI
or NILφ̇L = ∇θIH,

(120)
∂2SSch

∂pI∂qL
q̇L = ∂H

∂pI
or CILq̇L = ∇pIH,

(121)− ∂2SMax

∂anN ∂πmM
π̇mM = ∂H

∂anN
or −MT

nN ,mMπ̇mM = ∇anNH,

(122)− ∂2Sgauge

∂φJ ∂θK
θ̇K = ∂H

∂φJ
or −NT

JKθ̇K = ∇φJ H,

(123)− ∂2SSch

∂qJ ∂pK
ṗK = ∂H

∂qJ
or − CT

JKṗK = ∇qJ H,

which are of the Hamiltonian formωη̇ = ∂H/∂η. These equations may be written more
compactly as

Mȧ = ∇πH, −MT π̇ = ∇aH,

Nφ̇ = ∇θH, −NT θ̇ = ∇φH,

(124)Cq̇ = ∇pH, −CT ṗ = ∇qH,

and can be cast into matrix form as

(125)


0 0 0 −MT 0 0
0 0 0 0 −NT 0
0 0 0 0 0 −CT

M 0 0 0 0 0
0 N 0 0 0 0
0 0 C 0 0 0




ȧ

φ̇

q̇

π̇

θ̇

ṗ

 =


∂H/∂a

∂H/∂φ

∂H/∂q

∂H/∂π

∂H/∂θ

∂H/∂p

 ,

where the matricesM, N , andC and defined in(118)–(123). Again they are the basis
representation of the coupled Maxwell–Schrödinger equations of motion.

The real phase space that carries the associated dynamics is endowed with the Poisson
bracket

(126)

{F,G} =


∂F/∂a

∂F/∂φ

∂F/∂q

∂F/∂π

∂F/∂θ

∂F/∂p



T 
0 0 0 −MT 0 0
0 0 0 0 −NT 0
0 0 0 0 0 −CT

M 0 0 0 0 0
0 N 0 0 0 0
0 0 C 0 0 0



−1
∂G/∂a

∂G/∂φ

∂G/∂q

∂G/∂π

∂G/∂θ

∂G/∂p

 .

Even though the symplectic form is not canonical, its inversion is simple once again. The
matrix elements inω involve Gaussian overlap integrals like

〈GI |GK〉 =
∫
V

〈GI |x〉〈x|GK〉 d3x.
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3.2.1. Overview of computer program

The equations of motion(125)are coded in FORTRAN 90. The computer program is called
Electron Nuclear Radiation Dynamics or ENRD. Each matrix element in the symplectic
form and in the forces is performed analytically. The program is flexible enough to handle
a rankN basis ofs-Gaussians, each with an adjustable width and an arbitrary center. A nu-
merical solution to(125) is determined once the initial value data is specified forηb. The
forces∂H/∂ηa are constructed from this data. The symplectic formωab is then inverted
with the LAPACK [76] subroutine DGESVX, which is the expert driver for theAX = B

solver DGESV. This establishes a first order system of differential equations of the form
η̇b = ω−1

ab ∂H/∂ηa which may be solved, for example, with an Euler stepping method.
That is

(127)ηb(t +∆t) = ηb(t)+ (∆t)η̇b(t) = ηb(t)+ (∆t)
[
ω−1
ab ∂H/∂ηa

]
(t).

In practice, the Euler method is not accurate enough so the more sophisticated RK4 method
[77] is implemented in the code. The equations of motion are advanced at a fixed stepsize
of 10−3 au. For typical basis function widths and centers, the estimated condition number
reported by DGESVX is about 30.

Lastly, it should be pointed out that the equations of motion(125)are numerically im-
plemented in terms of the electric fieldE ≡ −4πc� rather than the momentum�. It
was found that working in terms of this new (scaled) coordinate provides a more balanced
set of dynamical equations. Nevertheless, the electromagnetic radiation is still quite small
compared to the dynamics of the matter. An overview of the ENRD program is presented
in Fig. 4.

3.2.2. Stationary states: s- and p-waves

The ENRD program was first tested with a stationary state of the hydrogen atom. In a
basis of six Gaussians ans-wave was constructed as well as the corresponding basis rep-
resentation of the Coulombic scalar potential and the Coulombic electric field. In fact, any
spherically symmetric distribution of charge along with the corresponding Coulomb fields
would suffice. This delicate balance of charges and fields proved to be a stationary state
of the combined system. No electromagnetic radiation was produced. The total charge
q = ∫

V
ρ(x) d3x remained constant. Apx-wave and its associated Coulombic fields were

also created in the same basis. This again is a stationary state.

3.2.3. Nonstationary state: Mixture of s- and p-waves

After identifying some stationary states, a nonstationary state that is a mixture ofs- andpx-
waves was constructed in the same rank six basis. Both the Coulombic scalar potential and
the Coulombic electric field that are associated with this charge distribution were created as
well. Electromagnetic radiation was produced as the electron oscillated between stationary
states. Energy, momentum, and angular momentum were exchanged between the electron
and the electromagnetic field. It was shown that the total energy and total Hamiltonian are
conserved to four decimal places. The total chargeq = ∫

V
ρ(x) d3x remained constant.

The phase space contours for the electromagnetic field, matter field, and gauge field are
presented inFigs. 5, 6, and 7, respectively.
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Fig. 4. Schematic overview of ENRD computer program.
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Fig. 5. Phase space contour for the coefficients of the vector potentialA and its momen-
tum�.

Fig. 6. Phase space contour for the coefficients of the real-valued Schrödinger fieldQ and
its momentumP .

3.2.4. Free electrodynamics

Lastly a free electromagnetic field was constructed. In this case no charge was created.
Energy, momentum, and angular momentum were exchanged only between the electro-
magnetic and gauge degrees of freedom. The total energy remained constant.
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Fig. 7. Phase space contour for the coefficients of the scalar potentialΦ and its momen-
tumΘ.

3.2.5. Analysis of solutions in numerical basis

The solutionsη(t) of the equations of motion(125) are further analyzed by expansion
into the basis eigenstatesηM. The Schrödinger eigenstates are found by diagonalizing the
time-independent Schrödinger equation

(128)HC = SCε,

whereH is the basis representation of the HamiltonianH = −∇2/2m+V , C is the matrix
of basis expansion coefficients,S is the basis overlap matrix, andε is the matrix of energy
eigenvalues. Similarly, the Maxwell eigenstates are found by diagonalizing the free wave
equation∇2φ − φ̈/c2 = 0, whereφ can be the scalar potentialΦ or any component of the
vector potentialA. Fourier inversion of the free wave equation results in−c2∇2φ̃ = ω2φ̃,
whereω is the frequency. In a basis this equation turns into the matrix equation

(129)HC = SCω2,

whereH is the basis representation of the Hamiltonian-like quantityH = −c2∇2, C is the
matrix of basis expansion coefficients,S is the basis overlap matrix, andω2 is the matrix
of frequencies squared. Recall that energy is related to frequency byE = h̄ω, so that in
atomic units energy is equivalent to frequency.

Both of these basis equations(128) and (129)are recognized as belonging to the gen-
eralized eigenvalue problemAη = Bηλ, which can be inverted with the LAPACK routine
DSYGV. The ENRD program employs DSYGV to solve both(128) and (129)for their
corresponding eigenvaluesλM and eigenvectorsηM.

With the eigenvectorsηM, the evolving state vectorη(t) can be expanded according to

(130)|η(t)〉 =
∑
M

|ηM〉〈ηM|η(t)〉,
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Fig. 8. Real part of the Schrödinger coefficientsCM(t) ≡ 〈ηM|η(t)〉, whereη(t) is a
superposition ofs- andpx-waves.

Fig. 9. Imaginary part of the Schrödinger coefficientsCM(t) ≡ 〈ηM|η(t)〉, whereη(t) is
a superposition ofs- andpx-waves.

whereCM(t) ≡ 〈ηM|η(t)〉 are the basis expansion coefficients. The real and imaginary
parts of the Schrödinger coefficients for a superposition ofs- andpx-waves are plotted ver-
sus time inFigs. 8 and 9, respectively. The squares of these coefficients are plotted versus
time inFigs. 10 and 11. Notice inFigs. 8 and 9that there are three frequencies involved in
the dynamics, which correspond to excitations of thes-, px-, anddy2−z2-waves.Figure 10
suggests that the electron decays frompx to s in under 10 au of time. However, due to the
finite size of the basis, the electron is excited back to thepx-state as the electromagnetic
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Fig. 10. Probability for the electron to be in a particular basis eigenstate.

Fig. 11. In the rank 8, 14, and 28 bases, the probability for an atomic electron to be in
a particular Schrödinger eigenstate is presented. The lowests andpx atomic stationary
states are largely responsible for the dynamics. The amplitudes are very small for all other
stationary states.

fields reflect off of the artificial basis boundaries. In this sense, the numerical results are
more descriptive of an atom in a cavity than an atom in free space. To check the conver-
gence of these results, the Schrödinger probabilities are recomputed inFig. 11 for three
larger bases. Bases of rank 8, 14, and 28 are used, where the dynamics has converged be-
tween the numerical and Coulomb bases. The rank 8 basis has Gaussian basis functions
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Fig. 12. Phase space of the Schrödinger coefficientsCM(t) ≡ 〈ηM|η(t)〉, whereη(t) is a
superposition ofs- andpx-waves.

centered on the corners of a cube with edges of 2 au in length. The rank 14 basis adds two
more Gaussians on each coordinate axis to the rank 8 basis. The rank 14 basis, therefore,
has 14 basis functions uniformly arranged on the surface of a sphere of radius

√
3 au. The

rank 28 basis adds a second sphere of radius 2
√

3 au around the inner rank 14 basis. Phase
space contours of the Schrödinger coefficients are presented inFig. 12.

3.3. Symplectic transformation to the Coulomb reference

Recall the basis representation of the Maxwell–Schrödinger equations of motion in(125).
They are

(125)


0 0 0 −MT 0 0
0 0 0 0 −NT 0
0 0 0 0 0 −CT

M 0 0 0 0 0
0 N 0 0 0 0
0 0 C 0 0 0




ȧ

φ̇

q̇

π̇

θ̇

ṗ

 =


∂H/∂a

∂H/∂φ

∂H/∂q

∂H/∂π

∂H/∂θ

∂H/∂p

 ,

where

(131)MKM ≡ ∂2〈�|A〉
∂πK∂aM

, NKM ≡ ∂2〈Θ|Φ〉
∂θK∂φM

, CKM ≡ ∂2〈P |Q〉
∂pK∂qM

and where the integrals〈·|·〉 involve only Gaussian functions.
In analogy to the transformation(T−1)T in (63) that was defined on the vector fields

∂/∂η in function space, a basis representation of(T−1)T can be made. This basis represen-
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tation is defined in terms of the coefficients according to

(132)


∂/∂ã

∂/∂φ̃

∂/∂q̃

∂/∂π̃

∂/∂θ̃

∂/∂p̃

 =


∂a/∂ã 0 0 0 0 0

0 ∂φ/∂φ̃ 0 0 0 0
0 ∂φ/∂q̃ ∂q/∂q̃ ∂π/∂q̃ 0 0
0 0 0 ∂π/∂π̃ 0 0
0 0 0 0 ∂θ/∂θ̃ 0
0 ∂φ/∂p̃ 0 ∂π/∂p̃ 0 ∂p/∂p̃




∂/∂a

∂/∂φ

∂/∂q

∂/∂π

∂/∂θ

∂/∂p



so that the symplectic form in(125)transforms as


0 0 0 −MT 0 0
0 0 0 0 −NT 0
0 0 0 0 0 −CT

M 0 0 0 0 0
0 N 0 0 0 0
0 0 C 0 0 0



(133)→


0 0 −MÃQ̃

−M
ÃΠ̃

0 −M
ÃP̃

0 0 0 0 −NΦ̃Θ̃ 0
M

Q̃Ã
0 0 0 −N

Q̃Θ̃
−C

Q̃P̃

M
Π̃Ã

0 0 0 0 0
0 NΘ̃Φ̃ N

Θ̃Q̃
0 0 N

Θ̃P̃

M
P̃ Ã

0 C
P̃Q̃

0 −N
P̃Θ̃

0

 ,

where the new matrix elements are:

MX̃Ỹ
≡ ∂π

∂X̃
M

∂a

∂Ỹ
= ∂π

∂X̃

∂2〈�̃ + �C |Ã〉
∂π∂a

∂a

∂Ỹ
= ∂2〈�̃ + �C |Ã〉

∂X̃∂Ỹ
,

N
X̃Ỹ

≡ ∂θ

∂X̃
N

∂φ

∂Ỹ
= ∂θ

∂X̃

∂2〈Θ|Φ̃ +ΦC〉
∂θ∂φ

∂φ

∂Ỹ
= ∂2〈Θ̃|Φ̃ +ΦC〉

∂X̃∂Ỹ
,

(134)C
X̃Ỹ

≡ ∂p

∂X̃
C
∂q

∂Ỹ
= ∂p

∂X̃

∂2〈P |Q〉
∂p∂q

∂q

∂Ỹ
= ∂2〈P̃ |Q̃〉

∂X̃∂Ỹ

for X andY an arbitrary dynamical variable. The remaining elements are determined by
transposition. Again the extra terms inω̃ add new time-dependent couplings to the theory.
These new terms can all be performed analytically. The resulting equations of motion are

(135)


0 0 −M

ÃQ̃
−M

ÃΠ̃
0 −M

ÃP̃

0 0 0 0 −NΦ̃Θ̃ 0
M

Q̃Ã
0 0 0 −N

Q̃Θ̃
−C

Q̃P̃

M
Π̃Ã

0 0 0 0 0
0 NΘ̃Φ̃ N

Θ̃Q̃
0 0 N

Θ̃P̃

M
P̃ Ã

0 C
P̃Q̃

0 −N
P̃Θ̃

0





˙̃a
˙̃
φ

˙̃q
˙̃π
˙̃
θ
˙̃p

 =


∂H/∂ã

∂H/∂φ̃

∂H/∂q̃

∂H/∂π̃

∂H/∂θ̃

∂H/∂p̃

 .
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3.3.1. Numerical implementation

Recall that the forces appearing in the canonical transformed equations(76)could be sim-
plified by substituting these equations among themselves. As a result,

(136)ω̃ →


0 0 −MÃQ̃

−M
ÃΠ̃

0 −M
ÃP̃

0 0 0 0 −NΦ̃Θ̃ 0
0 0 0 0 0 −CQ̃P̃

M
Π̃Ã

0 0 0 0 0
0 NΘ̃Φ̃ N

Θ̃Q̃
0 0 N

Θ̃P̃

0 0 C
P̃Q̃

0 0 0

 .

Note that(136) is not a symplectic form. After making this substitution, the Hamiltonian
structure is lost. However, the numerical implementation is greatly facilitated with the
simplified equations(76) instead of those in(75). Since the ENRD program does not rely
on a symplectic integrator scheme to advance the dynamics, the symplectic structure is not
numerically important anyway.

The equations of motion(76)has been added to the ENRD code. The Coulomb reference
can be conveniently turned on or off (resulting in(51)) with an optional flag. As before, the
program is flexible enough to handle a rankN basis ofs-Gaussians, each with an adjustable
width and an arbitrary center. A solution to(76) may be obtained once the initial value
data is specified for̃ηb. The forces∂H/∂η̃a are constructed from this data. The new terms
appearing on left-hand side of(76)are coded analytically. Notice that these terms make up
the elements of a matrix that is not a symplectic form. Nevertheless, the resulting matrix
equations are integrated with the same RK4 stepping method and the DGESVX subroutine
of LAPACK. For typical basis function widths and centers, the condition number reported
by DGESVX is on the order of 103.

3.3.2. Stationary states: s- and p-waves

The ENRD program with the Coulomb reference was first tested with a stationary state
of the hydrogen atom. In a basis of six Gaussians ans-wave was constructed. The corre-
sponding basis representation of the Coulombic scalar potential and the Coulombic electric
field were not needed. All Coulombic properties are treated analytically once the Coulomb
reference is chosen. Again, it was found that any spherically symmetric distribution of
charge will suffice to produce ans-wave that is a stationary state of the combined system.
No electromagnetic radiation was produced. The total chargeq = ∫

V
ρ(x) d3x remained

constant. Apx-wave was also created in the same basis. This again was a stationary state
of the combined system.

3.3.3. Nonstationary state: Mixture of s- and p-waves

After identifying some stationary states, a nonstationary state that is a mixture ofs- and
px-waves was constructed in the same rank six basis. Both the Coulombic scalar poten-
tial and the Coulombic electric field that are associated with this charge distribution were
done analytically by the canonical transformation to the Coulomb reference. Electromag-
netic radiation was produced as the electron oscillated between stationary states. Energy,
momentum, and angular momentum were exchanged between the electron and the electro-
magnetic field. It was shown that the total energy and total Hamiltonian are conserved to
two decimal places. The total chargeq = ∫

V
ρ(x) d3x remained constant.
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Fig. 13. Real part of the Schrödinger coefficientsCM(t) ≡ 〈ηM|η(t)〉, whereη(t) is a
superposition ofs- andpx-waves.

Fig. 14. Imaginary part of the Schrödinger coefficientsCM(t) ≡ 〈ηM|η(t)〉, whereη(t)
is a superposition ofs- andpx-waves.

3.3.4. Free electrodynamics

Lastly a free electromagnetic field was constructed. In this case no charge was created.
Energy, momentum, and angular momentum were exchanged only between the electro-
magnetic and gauge degrees of freedom. The total energy remained constant.
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Fig. 15. Probability for the electron to be in a particular basis eigenstate.

Fig. 16. Phase space of the Schrödinger coefficientsCM(t) ≡ 〈ηM|η(t)〉, whereη(t) is a
superposition ofs- andpx-waves.

3.3.5. Analysis of solutions in Coulomb basis

As done previously, the evolving state vectorη̃(t) in the Coulomb basis is expanded in
terms of the stationary eigenbasisη̃M ≡ ηM according to

(130)|η̃(t)〉 =
∑
M

|η̃M〉〈η̃M|η̃(t)〉.

As before, the real and imaginary parts of the Schrödinger coefficients for a superposition
of s- andpx-waves are plotted versus time inFigs. 13 and 14, respectively. The squares of
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these coefficients are plotted versus time inFig. 15. Notice inFigs. 13 and 14that there
are again three frequencies involved in the dynamics, which correspond to excitations of
thes-, px-, anddy2−z2-waves.Figure 15suggests that the electron decays frompx to s in
under 15 au of time. However, due to the same aforementioned basis effects, the electron
oscillates between thes- andpx-states. Lastly, the phase space contour of the Schrödinger
coefficients are presented inFig. 16.

3.4. Asymptotic radiation

It has been demonstrated that the dynamics of the hydrogen atom’s electron in the presence
of the electromagnetic field was quasiperiodic. This unphysical behavior is due to the fact
the electromagnetic radiation produced by the electron cannot escape to infinity and carry
away energy, momentum, and angular momentum. Rather, the radiation reflects off of the
artificial boundaries of the finite spatial basis and reexcites the electron.

The asymptotic problem, be it electromagnetic radiation or free (ionized) electrons, has
posed a difficult numerical challenge. Free electromagnetic radiation in vacuum does not
spread in time, since there is no dispersion, but does travel at the speed of lightc ≈ 137 au.
However, the velocity of the sources of charge and current,e.g., the electron in the hydro-
gen atom, is on the order of 1 au. This drastically different velocity scale makes a numerical
description of the time-dependent theory in direct space quite demanding.

On the other hand, the description of the free nonrelativistic electron is made difficult
by a combination of its large velocityv (v < c), the spreading of its wavepacket, and the
rapid oscillation of its phase. Even in vacuum, the Schrödinger equation is dispersive so
that the electronic wavepacket width grows proportionally with time and its phase grows
quadratically with the distance from the center of the wavepacket. Several techniques have
been developed to partially treat these problems. In 1947, Wigner and Eisenbud[78] devel-
oped theR-matrix method, which provides a technique for matching the solutions on some
surface separating the inner bound state region and outer scattering state region. More re-
cently, masking functions, repetitive projection and complex rotation methods, and Siegert
pseudostates are common theoretical tools. These techniques are discussed by Yoshida,
Watanabe, Reinhold, and Burgdörfer in[79] and by Tolstikhin, Ostrovsky, and Nakamura
in [80]. A scaling transformation method that eliminates the rapid phase variation and
wavepacket expansion and requires no matching at infinity has been presented by Sidky
and Esry in[81]. Lastly, McCurdy and collaborators[82–84]have effectively implemented
an exterior complex scaling method[85] in the time-independent formulation of scattering
theory. The exterior complex scaling method maps all coordinates beyond a certain radius
to a contour that is rotated by some fixed angle into the complex plane. This technique
damps all purely outgoing scattered waves to zero exponentially which permits a numeri-
cal treatment on a finite domain or grid.

A formulation of the asymptotic numerical problem that falls more in line with the
canonical treatment presented in this paper would begin at the Lagrangian level with a
Lagrangian of the form

(137)L = LENRD + Lcoupling+ Lfree.

The ENRD LagrangianLENRD would be the Maxwell and Schrödinger Lagrangians in(17)
and (18). The dynamics of this system would be described by two different types of basis
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Fig. 17. Schematic picture of the local and asymptotic basis proposed for the description
of electromagnetic radiation and electron ionization. The amplitude from the asymptotic
basis is dumped into the free fieldφ, which acts as a storage tank for energy and probability.

functions. As pictured inFig. 17, the atomic or molecular system would have a local basis
representation in terms of real Gaussian basis functions of the form

(99)GK(x) = G∗
K(x) = NK exp

(− K[x − rK]2
)
.

Further away, a set of complex basis functions of the form

(138)Gk(x) =
∑
lm

ClmYlm(x̂)
eikr

r
exp

(−ar2)
would be used, where the wavevector magnitudek = ω/c could be chosen to lie in some
rangekmin � k � kmax and most likely only a fewl would be necessary. These complex
basis functions will require the calculation of new matrix elements. The free Lagrangian
Lfree would be the free particle Lagrangianiψ∗ψ̇ − {i∇ψ∗ · −i∇ψ}/2m or the free field
Lagrangian∂αφ∗∂αφ. The solutions of the free equations of motion derived from these free
Lagrangians are known analytically and are of the form exp(i[k · x − ωt]). The coupling
Lagrangian should be a Lorentz scalar that is made up of a certain combination or product
of dynamical variables ofLENRD and ofLfree. If amplitude is put into the coefficients of
the asymptotic basis functionsGk, then the amplitude will transfer to the free solutionsψ

or φ. This amplitude will provide an initial condition for the free fields, thereby defining
ψ or φ throughout space–time. The free fields will store the energy and probability (and
momentum and angular momentum) radiated at infinity, which is needed to maintain the
various conservation laws.

3.5. Proton dynamics in a real basis

The previous complex Schrödinger Lagrangians may be written in real form by taking
the electronic wavefunctionΨ = [Q + iP ]/√2 and the protonic wavefunctionΩ =
[U+iW ]/√2. In terms of these real dynamical variables the Hamiltonian density becomes
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H = [−4πc�]2 + [∇ × A]2 − [4πcΘ]2
8π

− c∇Φ · � − cΘ∇ · A

+ [∇Q+ qAP/c]2 + [−∇P + qAQ/c]2
4mq

+ qΦ
Q2 + P 2

2

(139)+ [∇U + q̄AW/c]2 + [−∇W + q̄AU/c]2
4mq̄

+ q̄Φ
U2 +W2

2
.

As in (98), each of the dynamical variables may be expanded into a basis. In particular,
the real and imaginary components ofΨ andΩ are expanded as

Q(x, t) =
∑
K

GK(x)qK(t), U(x, t) =
∑
K

GK(x)uK(t),

(140)P(x, t) =
∑
K

GK(x)pK(t), W(x, t) =
∑
K

GK(x)wK(t).

The basis functionsGK are chosen to be simples-Gaussians. The Hamilton equations of
motion associated with these real dynamical variables are

(125)



0 0 0 −MT 0 0 0
0 0 0 0 −NT 0 0
0 0 0 0 0 −CT 0
0 0 0 0 0 0 −KT

M 0 0 0 0 0 0
0 N 0 0 0 0 0
0 0 C 0 0 0 0
0 0 0 K 0 0 0





ȧ

φ̇

q̇

u̇

π̇

θ̇

ṗ

ẇ


=



∂H/∂a

∂H/∂φ

∂H/∂q

∂H/∂u

∂H/∂π

∂H/∂θ

∂H/∂p

∂H/∂w


,

where

MKM ≡ ∂2〈�|A〉
∂πK∂aM

, NKM ≡ ∂2〈Θ|Φ〉
∂θK∂φM

,

(141)CKM ≡ ∂2〈P |Q〉
∂pK∂qM

, KKM ≡ ∂2〈W |U〉
∂wK∂uM

and where the integrals〈·|·〉 involve only Gaussian functions.

4. CONCLUSION

Nonperturbative analytical and numerical methods for the solution of the nonlinear
Maxwell–Schrödinger equations have been presented including the complete coupling of
both systems. The theory begins by applying the calculus of variations to the Maxwell and
Schrödinger Lagrangians together with a gauge fixing term for the Lorenz gauge. Within
the Hamiltonian or canonical prescription, this yields a set of first order differential equa-
tions in time of the form

(142)ωabη̇
b = ∂H/∂ηa.

These Maxwell–Schrödinger equations are closed when the Schrödinger wavefunction is
chosen as a source for the electromagnetic field and the electromagnetic field acts back
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upon the wavefunction. Moreover, this system of equations forms a well-defined initial
value problem. That is, the entire dynamics is known in principle once the initial values
for each of the dynamical variablesη are specified. The resulting dynamics enjoys conser-
vation of energy, momentum, angular momentum, and charge between the matter and the
electromagnetic field.

In practice, the Maxwell–Schrödinger equations are represented in a finite basis of
Gaussian functionsGK(x) and solved numerically. That is, each dynamical variable is
expanded in this basis according to

(143)η(x, t) =
∑
K

GK(x)ηK(t),

where the time-dependent coefficientsηK(t) carry the dynamics. As a result, a hierarchy
of approximate equations of motion are generated that basis-represent the exact Maxwell–
Schrödinger equations and can be made systematically more and more accurate by enrich-
ing the basis. In the limit of a complete basis, these approximate equations would be exact
since the Gaussian functions spanL2.

The basis representation of the Maxwell–Schrödinger equations of motion has been nu-
merically implemented in a FORTRAN 90 computer program. This program allows for
an arbitrary rank basis ofs-Gaussians of varying widths and centers. It has been used to
explore the dynamics of the hydrogen atom interacting with the electromagnetic field. In
particular, stationary states of the combined atom-field system have been constructed as
well as nonstationary states that radiate. This radiation carries away energy, momentum,
and angular momentum from the hydrogen atom. A series of plots are presented to docu-
ment the radiative decay of hydrogen’s electron from a superposition ofs andpx states to
thes ground state.

In order to improve numerical convergence, a canonical transformation was performed
on the Maxwell–Schrödinger equations to isolate the Coulombic or electrostatic contri-
bution to the scalar potentialΦC and electric fieldEC . This portion of the fields can be
performed analytically once the sourceρ is specified by solving the Poisson equation
∇2ΦC = −4πρ and then calculatingEC = −∇ΦC . By removing the burden of describing
both the Coulombic and radiative contributions to the electrodynamics, the efforts of the
basis are focused entirely on the description of the radiation. The canonical transformed
equations of motion have been represented in a Gaussian basis as done previously and
have been added to the existing FORTRAN 90 computer program. With an optional flag
the Coulomb reference can be used. Otherwise the raw numerical basis is used by default.
As before, a series of plots are presented to document the dynamics of the hydrogen atom
interacting with the electromagnetic field. The results in both cases are analyzed.

The work presented in this paper is particularly applicable to physical situations where
the dynamics of the sources of charge and current occurs on the same timescale as the
dynamics of the electromagnetic field. In these situations, adiabatic and perturbative ap-
proaches may be insufficient to describe the strongly coupled matter–field dynamics. Pos-
sible applications of the Maxwell–Schrödinger theory lie in photon–electron–phonon dy-
namics in semiconductor quantum wells[10], spontaneous emission in cold atom collisions
[11,12], atom–photon interaction in single atom laser cavities[14,15], and photon–exciton
dynamics in fluorescent polymers[16].
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Abstract
The purpose of this chapter is to review the current limits of our understanding of the slowing down of charged
particles traversing matter. We discuss some of the effects often omitted in contemporary calculations and inter-
pretation of stopping power data, and we discuss some of the challenging new physics that may be obtained from
experimental setups yet to be built. We emphasize the symbiosis between theory and experiment in this endeavor.
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1. INTRODUCTION

From the earliest discussions of the slowing down of charged particles as they traverse
matter, there has been a significant interplay among the early experimental and theoretical
[1–7] investigations of the phenomenon. As is usual in physics, the effort to compare a cal-
culated to a measured quantity is hampered by the necessity of assuring that the same thing
is being calculated as is measured. Otherwise put: “Experiments—what do they measure?”
and “Theories—what do they calculate?”

Since these early times, the bulk of the discussion of the energy deposition of a swift
particle in matter per unit path length,−dE/dx, referred to as thestopping power of the
material, has been made in the context of a model where energy is transferred from a heavy
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ion projectile to the electrons, and, to a lesser extent, to the nuclei of the target material,
leading to excitation and ionization of the target[8,9]. Theories of this sort have been
tremendously successful[10,11], as have those which treat energy loss as a continuous
slowing down of the projectile in an extended medium[12–16]. In both of the foregoing
cases, projectile energy is transferred to the target electrons, and perhaps to target nuclear
recoil, leading to a slowing of the projectile.

Parallel to theoretical developments, experiments and their analysis have also progressed
rapidly, leading to several very useful compilations of stopping properties[17–22].

Theory typically deals with individual collisions between a projectile and a single atom
or molecule or model of a solid while experiment deals typically with measurements fol-
lowing multiple collisions. The connection between the two has been clearly enunciated
by Inokuti [23] when he answers the rhetorical question “What do we mean by stopping
power?”

His answer[23]: “An experimentalist naturally thinks of the stopping power as the mean
energy loss of an energetic particle per unit path length in a given material. Suppose that a
particle of given kinetic energyT passes through a thickness�x and emerges with kinetic
energyT ′. Repeated trials will result in a distribution ofT ′ values. The mean ofT − T ′
is �T , the stopping power is the limit of�T/�x as�x → 0. The limit�x → 0 is an
idealization; in practice it means that the length is sufficiently short. We should ask what is
meant by “sufficiently short”. We should also recognize that the above definition presumes
that a particle travels virtually along a straight line, without appreciable deflection. This
picture indeed applied to any particle of very high energy, but it becomes progressively
more unrealistic with decreasing energy, especially for a light particle such as an electron
or a positron.

“A theoretician usually evaluated the stopping power from the cross section for a single
collision. Consider a material consisting ofn structural units per unit volume. For brevity,
let us call the structural unit a molecule. Suppose that[dσ(T ,E)/dE] dE represents the
cross section for a collision of a particle with kinetic energyT with a molecule, result-
ing in energy transfer betweenE andE + dE. Then, the stopping power is evaluated as
n
∫
dE E dσ(T ,E)/dE.

“Are the definitions of the experimentalist and the theoretician equivalent? The answer is
certainly yes, if the material is so thin that a particle collides with a molecule only once at
most. Indeed, cross section measurements are carried out for this circumstance, and then a
distribution of energy loss is called the energy-loss spectrum. However, when the material
is thick enough to cause multiple collisions, the question warrants some discussion.”[23].
(There is some discussion of the question of taking the zero thickness limit of a target in
Refs.[24], [25], and[26].)

This is the point of view we espouse here.
Both theory and experiment have been most successful at treating stopping at projectile

energies above the stopping maximum in the stopping curve (∼100 keV/amu), but have
been less successful at lower energies. It is the results of calculations and experiments in
this energy range that tempt one to say that all there is left to do in the field is to refine the
numbers[27].

Several issues now become apparent, in terms of both calculated and measured stop-
ping properties of matter. There are, in fact, many problems which are theoretically open,
and many effects which have yet to be experimentally deconvoluted from stopping power
measurements. To wit:
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• Present day calculations of stopping power, based on cross sections extracted from col-
lision theory, allow much more detailed understanding of the partition of the transferred
energy among the available degrees of freedom, in both projectile and target, than do tra-
ditional experimental methods. Further, such calculations are not, in principle, restricted
to higher projectile energies.

• Traditional methods do not allow for excitation and ionization of a dressed projectile.
• Normally, it is assumed that electron number is separately conserved in both target and

projectile, and charge changing events and their consequences are frequently ignored.
• It is difficult to measure low energy stopping, that is, stopping with projectile energies

lower than that at the peak in the stopping power curve, or to calculate it using traditional
methods.

• Many of the theoretical methods used today have their origins in perturbation theory.
It is, however, difficult to treat higher order processes sufficiently accurately with tradi-
tional methods. The Barkas effect[28], traceable to polarization effects and proportional
to Z3

1, is a particularly good example.
• Traditionally, gas and liquid targets have been considered as collections of randomly

ordered target molecules. With present methods, these molecules can be specifically
oriented, and directional effects can be discussed.

• Except for cases where channeling is important, traditional methods generally ignore
orientational effects in the target.

• Traditionally, the Bragg Rule[29–31] is assumed when dealing with larger target sys-
tems such as those of biological interest. In fact, deviations from the Bragg Rule, arising
from molecular bonding, need to be understood more deeply. We note that with the
advent of cluster and cluster ion projectiles, a projectile-Bragg-Rule might also be ap-
propriate.

• Traditional methods do not do well with complex or cluster projectiles, as they ignore
projectile structure.

• Traditionally, target phase effects are considered small, and ignored[32,33].
• In traditional approaches, negative stopping powers, corresponding to projectile accel-

eration, are not expected.
• In traditional methods, relativistic effects, both those associated with the speed of the

projectile and those associated with the quantum mechanical description of a target con-
taining heavy atoms, are seldom addressed.

• Collision induced radiation, from either projectile or target, is generally ignored.

Considering that knowledge of the details of energy deposition is necessary both in order
to understand the details of energy deposition and to design experiments probing specific
questions, a desirable situation, especially in the biological arena, the above-mentioned
issues need to be understood. These problems are discussed below.

2. WHAT IS STOPPING POWER?

Bohr’s early writings on energy deposition are quite clear[6] when he writes “. . . we
shall assume that the atom consists of a central nucleus carrying a positive charge and
surrounded by a cluster of electrons kept together by the attractive forces from the nucleus.
The nucleus is the seat of practically the entire mass of the atom and has dimensions
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exceedingly small compared with the dimensions of the surrounding cluster of electrons.
If an α or β particle passes through a sheet of matter it will penetrate through the atoms,
and in colliding with the electrons and nuclei it will suffer deflexions from its original path
and lose part of its kinetic energy. The deflexions will give rise to the scattering of the rays,
and the second effect will produce a decrease in their velocity. On account of the intense
field around the nuclei the main part of the scattering will be due to the collisions of the
α or β particles with them; but on account of the great mass of the nuclei the total kinetic
energy lost in such collisions will be negligibly small compared with that lost in collisions
with the electrons. In calculating the decrease of velocity we shall therefore consider only
the effect of the latter collisions.”

Bohr’s view is, then, that the incoming particle collides with a target atom giving up
some of its kinetic energy to the atomic electrons which are excited or ionized in the
process, with the result that projectile slows down. The result is a conversion of projec-
tile kinetic energy to target electronic energy. This view of the energy loss process has
continued to be held over the past hundred years[7], but with an increasingly sophisticated
quantum picture initially formulated by Bethe[10,11]supplanting the semi-classical treat-
ment of Bohr. Authors continue to calculate stopping powers from projectileenergy loss,
but energy loss is interpreted to mean kinetic energy loss in most cases (see Refs.[8], [34],
and[35] among others).

However, it has long been clear that projectile kinetic energy loss, and by this is meant
the kinetic energy of the center of mass of the projectile, is not the only way a projectile can
lose energy. Perhaps the most important other process contributing to energy loss is charge
exchange between projectile and target, leading to a time dependent projectile charge. This
was noticed early on by Bethe[36,37], but, presumably due to computational difficulties,
has not been incorporated into most traditional theory.

Other energy loss mechanisms are also possible and include radiation losses, magnetic
interactions[38], and transfer of energy to the target nuclei (nuclear stopping). If the tar-
get is a molecule, rather than a simple atomic gas, there can be energy transferred to the
vibrational and rotational states of the target and target fragmentation as well.

The final complication that we mention here is that the projectile can also be complex:
it could be a dressed ion[39] in either the ground or an excited state, or it could be either
a molecule or a cluster or cluster ion in a particular electronic, vibrational, and rotational
state. In any case, the projectile kinetic energy could be influenced by internal interconver-
sion of kinetic and other sorts of energy.

3. METHODOLOGY

3.1. Theory

In order to discuss stopping power, let us first review several standard formulations of
stopping power. In general, the formulas for stopping power are derived from a differential
cross sectiondσ/dΩ.

Bohr states[7] that the energy deposited by an ion beam when transiting a target of
thickness�x and with a scattering center density,n2, is given by

(1)−�E =
N∑
i

�Ein2σi�x,
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where�Ei is the kinetic energy deposited by the projectile (energy loss) for each colli-
sion i in the path length�x with a cross sectionσi . The minus sign on the left-hand side
of equation(1) assures a positive energy loss. In the limit when�x → 0, the energy loss
per unit path length (stopping power) for a projectile becomes:

(2)−dE

dx
= n2

∫
�E dσ = n2

∫
�E

dσ

dΩ
dΩ.

The energy loss per unit path length per scattering center or stopping cross section, which
contains all the physics of the process, can then be written:

(3)S = − 1

n2

dE

dx
=
∫

�E
dσ

dΩ
dΩ.

Note that in the above, the path length,�x, is the physical path length of the projectile, not
the penetration depth. Also, in these equations, the projectile velocity dependence of the
stopping has been suppressed.

Stopping power is most commonly understood in the context of perturbation theory.
(Many reviews of energy deposition are available such as those found in Refs.[40],
[41], [42], [43], and[44] among others, many of which are slanted towards a particular
application.) In a time-independent approach based on the First Born Approximation such
as that of Bethe[10,11], the scattering cross section is usually obtained through Fermi’s
golden rule. This formulation leads to the Bethe formula for the stopping:

(4)−�E(v)

�x
≈ −dE

dx
= nS(v) = 4πne4Z2

1Z2

mev2
L0(v),

whereZ1 andZ2 are the (fixed) projectile charge and target electron number, respectively,
andL0 is the Bethe stopping number (including relativistic terms):

(5)LBethe
0 = ln

2mev
2

I0
+ ln

(
1

1− β2

)
− β2 − δ/2.

As usual,β = v/c, and δ is the a density term[18,45] which corrects for relativistic
polarization effects when projectile velocities become comparable to the projectile rest
mass. The density correction was first computed by Sternheimer[46,47], and it reduces the
Bethe stopping power for relativistically fast projectiles.

Here I0 is the mean excitation energy of the target system, which is the first energy
moment of the dipole oscillator strength distribution of the target[8], written:

(6)ln I0 =
∫ df

dE
lnE dE∫ df

dE
dE

,

where{f } is the dipole oscillator strength distribution of the target.I0 is a materials con-
stant which is a good indicator of the ability of the target to absorb energy. There are several
sources of mean excitation energies. A mean excitation energy can be calculated directly
from the definition using an atomic or molecular wavefunction[48]. However, the quality
of the wavefunction can cause a large effect on the calculated value ofI0 [49], with mean
excitation energies varying by nearly 30% between Hartree–Fock and correlated calcula-
tions. One can also extract mean excitation energies from experimental data by fitting an
ansatz stopping model to the data, and using the mean excitation energies as one of the
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fitting parameterscf. e.g. Refs.[9,18–20]. Here one must be careful as the mean excita-
tion energy so calculated is no longer the quantity given by equation(6), but will contain
contributions from all terms left out of the fitting ansatz[50].

In order to get better agreement with experiment, one normally adds additional terms to
the Bethe logarithm to compensate for the approximations introduced in the Bethe deriva-
tion. The most egregious of these is that the target electrons are stationary—or at least
moving slowly with respect to the projectile. A correction, called the shell corrections[51],
written−C/Z2 is thus added before comparing with experiment. If one adds other terms
(which is seldom done) one can see thatL0 consists of the sum of terms proportional to
theZ2

1 [45] and one can write a series

(7)L0(v) =
∑
j

L0j (v).

Thus in the Bethe caseL00 = ln 2mev
2

I0
, L01 = −C/Z2, etc.

A further improvement can be made by avoiding the fast projectile assumption altogether
rather than attempting to correct for it, and calculating the entireL0 directly. In that case,
the generalized oscillator strength (GOS) distribution is needed[52,53]. Results are good
when compared with experiment, but the method is numerically viable for only the smallest
atomic targets.

In the same vein as the foregoing, the energy loss and stopping can be calculated in
higher orders of perturbation theory. Going beyond first order perturbation theory, the stop-
ping number can be expanded in a Born series in the fixed projectile chargeZ1:

(8)L(v) =
∑
i

Zi
1Li(v),

wherei labels both the power of the projectile charge and the order of perturbation theory
in each term. Each of the termsLi has been developed, typically motivated by an experi-
mental observation. Thus, one refers to the Bethe/Born(i = 0), Barkas(i = 1), and Bloch
(i = 2) terms. In addition, even higher level and relativistic terms[43] can be included.

While the Bethe approach is best suited for gaseous targets where the projectile can
be assumes to interact with a single target atom or molecule at a time, an approach more
suitable to study of solid state targets was developed by Lindhardet al. [12,54]in the 1950s
and 1960s. This method is based on electron gas considerations, but, like the Bethe theory,
is a perturbation treatment. Note that many other formulations for stopping power can be
cast into the form of equations(4) and (8), but that each has a unique expression forL0
corresponding to the specific physics of the development. For example, the Bohr theory
leads to:

(9)LBohr
00 = ln

Cmev
3

Z1v0h̄ωj

+ ln

(
1

1− β2

)
− β2

2
− δ/2,

whereC = 1.1229 andωj is a harmonic oscillator resonant frequency[35]. However,
the Lindhard, Scharff and Schiøtt (LSS)[15] formulation does not have a leading term
proportional toZ2

1, and can be brought only formally to this form.
We emphasize that in all of the foregoing formulations, the energy transfer is assumed to

be kinetic energy loss of the projectile, and is obtained as the energy gained by the target by
conservation of energy in the collision. All other processes such as charge exchange, pro-
jectile electronic excitation, vibrational and rotational energy exchangeetc., are neglected.
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Another approach, which is computationally more intensive, calculates energy deposi-
tion properties directly from cross sections obtained from scattering theory.

In this case, one considers the simple case of an ion with some velocityv, not neces-
sarily stripped, impacting on a target at an impact parameterb. For each trajectory, one
can calculate the projectile kinetic energy loss and the angle of deflection,θ , leading to a
deflection functionΘ(b). For such a system, the stopping power, or energy loss per unit
length for a projectile, is given by

(10)S(Ep) = − 1

n2

dE

dx
= −

∫
�E(Ep,Ω)

dσ

dΩ
dΩ,

where againn2 is the density of target scattering centers,�E is the kinetic energy loss of
the projectile, anddσ/dΩ is the direct differential cross section. By using the deflection
function,Θ(b), the integral in equation(10) can be transformed to the impact parameter
representation, yielding

(11)S(Ep) = −
∫

b�E(Ep, b)db dϕ.

Such a scheme is non-perturbative and thus includes all the terms in the Born expansion. It
has the additional advantage that it restricts neither the projectile trajectory, possible charge
exchange, nor energy transfer to and from all energy degrees of freedom in both projec-
tile and target, and thus includes all of these processes. If not artificially restricted, the
outcome of the collision is restricted only by quantum mechanics. To include these non-
adiabatic effects clearly requires a time dependent analysis of the binary collision. Such
schemes are beginning to come into use by various groups, notably those of Schiwietz and
Grande[55,56], Arista [57], and Trujillo et al. [58–60], among others. Their use encour-
ages the development experimental techniques that can distinguish among all channels for
energy transfer.

3.2. Experiment

What is, in fact, measured? In order to compare calculations with experiments, or to de-
sign new experiments or calculate new properties, one must be certain that the calculated
quantities correspond to those measured. In particular, to calculate a reliable stopping cross
section, one must obtain accurate energy losses,�E, and scattering cross sections,dσ/dΩ,
for the collision, and precisely which energies are considered must be clearly defined.
Should this energy be the kinetic energy loss of the projectile[61,62]or the energy gained
by the target, which, considering the foregoing discussion, can be somewhat different. The
purpose to which the stopping power is being put is thus important—clearly the latter in
the case of tumor therapy, while it is the former that is important in ion implantation during
microelectronics manufacture.

For purposes of this discussion, we consider a model stopping power experiment to
begin with the production of a low fluence particle beam with all projectiles having a par-
ticular initial charge, in a specific electronic state (normally the ground state), and having
a delta-function velocity distribution. The beam impinges on a differentially thin, low den-
sity target, and emerges after suffering a single collision with the target system, wherein
energy, momentum, and charge may be exchanged. Finally, a measurement is carried out
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on the exiting projectile. Although this scenario is certainly oversimplified, it is heuristi-
cally useful. In fact, in a measurement, the target will be of finite thickness, which will
open the possibilities of charge fluctuation (multiple charge exchanges), multiple scatter-
ing and thus energy and charge straggling. Measurement of the energy loss of the projectile
and the thickness of the target (usually as areal density), be it solid, liquid, or gas, gives
the stopping power directly when extrapolated to zero target thickness[63]. These experi-
ments may then be compared with the theoretical predictions mentioned above which lead
to changes in the electronic energy of the projectile.

In fact, there seem to be two approaches in the methods of measurement of energy loss.
The simplest method, at least conceptually, of measuring the energy of the exiting pro-

jectile is based on measuring the projectile time-of-flight (TOF). Here, the time necessary
for the ion to transit a fixed distance is recorded, giving the laboratory frame center of
mass kinetic energy of the projectile directly. Thus the stopping power calculated from
this measurement will be purely the kinetic energy version, in consort with the classical
definitions. Although giving precise measurements of projectile kinetic energy, TOF based
energy loss measurements thus will not take into account changes in non-kinetic energies
such as charge exchange, projectile electronic excitation, rovibrational energy changes, or
any of the other effects mentioned above.

A similar result is obtained by using a proportional counter, either gas or solid state, to
measure the energy of the exiting projectile. In this case, collisions of the projectile ion
with the detector produce a current pulse, the magnitude of which is proportional to the
projectile kinetic energy. Again, the result is dependent on the projectile kinetic energy
only, and on neither either charge or electronic state.

A quite different approach to the measurement of ion energy was proposed by Ander-
sen[64–66]in the 1960s. The method is based in thermometric compensation techniques,
where the measured energy is that of an ion brought to rest in a stopping block at liquid
helium temperature. In the experiment, the projectile transits the sample foil and then is
brought to rest in the stopping block. As the ion energy is converted in macroscopic time
to heat energy in the block, which is subsequently measured, it is to be assumed that the
projectile comes to rest in its ground, neutral state, and that all of the energy, kinetic and
electronic (and rotational and vibrational if the projectile is polyatomic) is deposited in the
block. Thus, this method measures something different than does the TOF measurement,
namely it measures the sum of the total energy of the projectile above ground. What the
method cannot do is to distinguish among the various sorts of energy that are present.

4. OTHER PROCESSES

The question then arises as to what contributions to the energy loss there might be in a
stopping power measurement, what the magnitudes of such contributions might be, and
whether such contributions might be interesting, useful, or possible to study.

Starting with the ultimate point, it seems clear that it is advantageous to know as much
as possible about the details of energy deposition. In terms of nano-fabrication, interaction
with biological systems, and radiation hardening of electronics, to name but a few exam-
ples, such knowledge might have great significance. For example, the ability to break a
specific bond in molecule located deep within a sample is a possibility if the details of
energy deposition in chemical bonds were known. It is, in fact, a well-exploited fact that



Stopping Power—What Next? 307

energy deposition from ions can be carried out with much less ancillary damage with ions
than with electro-magnetic radiation due to the shape of the stopping cross sectionvs.
projectile energy curve.

4.1. Stopping at low projectile energy

Many of the first principles methods used to study energy deposition invoke the approx-
imation that the projectile is moving much faster than are the target electrons. Such an
assumption restricts calculations to projectile velocities corresponding energies above that
of the maximum in the stopping power curve, that is, above energies of something like 100
keV/amu. Such restrictions clearly do not apply to the schemes that primarily fit data to
an ansatz stopping formula. Other schemes are somewhere in between, for example, that
of Sigmund and Schinner[67] which relies on a combination of Bohr and Bethe stopping
with added shell corrections, projectile excitation, and relativistic corrections. Although it
is not explicitly stated what the lower velocity limit of this scheme is, results are reported
for stopping powers down to 1 keV/amu with good agreement for several projectile solid
target combinations.

Methods based on scattering theory do not have a low velocity cutoff in their ambit of
applicability, and thus may be used down to very low collision energies. Rather, calcula-
tions have been made down to proton projectile energies of<10 eV with good agreement
with experiment. In fact, the limitation on the projectile velocity is from above, as at high
velocity the Dirac rather than the Schrödinger scheme must be used to calculate the scat-
tering.

4.2. Higher order Born terms

The first term in the Born series (equation(8)), L0, has been the focus of attention since
the beginnings of stopping theory. It is, by far, the largest term in the series for projectile
energies above the maximum in the stopping curve but below the energies where rela-
tivistic effects become important, and produces stopping cross sections which agree with
experiments to±20% in most cases.

The second term in the Born series isL1, and results from the slight polarization of the
target electron cloud under the influence of the projectile. It is proportional toZ3

1, and is
approximately an order of magnitude smaller thanL0 [68]. This is the first term in the Born
series that distinguishes the sign of the projectile. It was first reported by Barkas[28] who
measured the differences in ranges ofΣ± baryons in emulsion, and is normally referred
to as the Barkas term or the Barkas correction. There have been several expositions ofL1,
for example, those in Refs.[57,69–74]and[75], all of which give approximately the same
value within about a factor of two.

The Lindhard form of the Barkas correction can be written[74]:

(12)L10 = 3πe2I0

2h̄mev3
ln

2mev
2

I0
.

As this formulation is derived with respect to a stationary target electron, there could,
presumably, be a shell correction type term,L11 to the Barkas correction as well. Although
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the complete Barkas correction has been calculated for a spherical harmonic oscillator[76],
the shell correction to the Barkas term for an atom or molecule has, to our knowledge, never
been investigated.

The term proportional toZ4
1, L2, was proposed by Bloch[77], and provides a transi-

tion from the semi-classical Bohr formulation to the purely quantum mechanical Bethe
formulation. The leading term in Bloch correction can be written:

(13)L20 = −
∞∑
 =0

( + 1)−3v
2
0

v2

plus higher order corrections in increasing even powers ofv−1 [74].
The only other term in the Born series that has been investigated, to our knowledge,

is L5, which gives a stopping power contribution proportional toZ7
1, and has been consid-

ered by Ahlen[78]. The effect arises from large velocity close collisions and effects the
stopping by a few percent[78].

In any case, in the spirit of the Born expansion, there is much yet to be understood in
terms of identifying and understanding terms forLi , i > 2, and calculating and under-
standing shell corrections for terms withj > 0.

4.3. Charge fluctuation

Passage of a charged ion through matter, even if there occurs only a single distant collision,
is likely to lead to charge exchange, and the likelihood increases directly with projectile net
charge and, on average, inversely with projectile velocity. That is, the projectile can gain or
lose electrons by interaction with the target, often several times as the projectile transits the
medium. After direct transfer of kinetic energy from a projectile to the electrons in a target
atom or molecule, this is probably the most important process in a stopping experiment.
As most of the traditional methods for treatment of stopping assume a fixed projectile
charge, they cannot address this situation. Dynamic methods, however, especially those
that allow unrestricted trajectories and unrestricted charge states, can. The simple case of
Heq+ → Ne [79] shown inFig. 1 gives a graphic representation of charge exchange. As
the collision occurs, the quantum mechanical electron hopping in the interaction region is
clearly illustrated. Note that the equilibrium charges show a net transfer of one electron
from Ne to He2+.

However, a more quantitative description of the exchange process is the charge exchange
cross section.

As an example, calculation of the charge exchange cross section[80] for proton pro-
jectiles on water shows strong peaks in the exchange cross section in the region of
Ep = 10 keV/amu[80], as shown inFig. 2, indicating energy transfer channels that are
not accounted in the kinetic energy transfer, if the calculations are to be believed. The ex-
perimental numbers of Ruddet al. [81] are also included, although they, unfortunately, do
not go to lower energies.

A better example of charge exchange is perhaps shown inFig. 3for the collision of N4+
with H yielding N3++H+ [82]. In this case, the projectile, however, is not stripped. Under
these circumstances it, too, can experience ionization, electron capture, and excitation[39].
Again the illustration here is from a scattering type calculation as described above, done
with END [39].
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Fig. 1. Mulliken population fluctuation in a He2+ → Ne collision at 10 keV[79].

Fig. 2. Charge exchange cross sectionσexch for protons impinging on H2O as a function
of proton velocity along with the experimental results of Ruddet al. (filled circles)[81].

Figure 3shows the charge exchange cross section for this process as a function of the
projectile energy. First note that the main electron transfer process is electron capture by
the projectile. Projectile electron loss has a low probability for the projectile energies of
interest in this work, due to the large net charge on the projectile. For larger projectile ener-
gies ionization becomes of importance and requires a description using proper continuum
states.

The largest contribution to the electron capture cross section comes from impact para-
meters in the rangeb ∼ 6–7 a.u.[82] for all energies. Thus the N4+ ion apparently captures
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Fig. 3. Total charge exchange cross section for N4+ colliding with atomic H as a function
of the projectile energy[82]. For comparison, we also show the theoretical coupled channel
results (dashed line) from Feickert[83]. The experimental data are from:� Huqet al. [84];
+ Crandallet al. [85]; × Seimet al. [86]; ∗ Folkertset al. [87].

an electron from hydrogen into an orbital approximately 6 to 7 a.u. from its center, thus
forming what we denote as a “diffuse ion” with the 3 core electrons having configuration
1s22s and the captured electron having highest probability in the 3s, 3p orbitals[87]. There
are two maxima in the charge exchange probability as a function of the projectile energy.
The first occurs aroundEp ∼ 0.1 keV/amu and the second one aroundEp ∼ 2 keV/amu.

In the same figure we present, for comparison, some experimental results[84–87]. Note
that the calculated charge exchange cross section vanishes for low energy projectiles. This
seems to agree with the experimental trend. For completeness, we also show the results
obtained by Feickertet al. [83] by means of a coupled channel theory and a fitted charge
exchange potential. Contrary to the results of Trujilloet al. [82], their results predict that
for lower energies, the charge exchange cross section will increase as the projectile en-
ergy decreases; the well known Langevin-type cross section for orbiting. Unfortunately,
experiment has nothing to say on the subject.

There has been some discussion of the problems associated with charge changing and
projectile excitation from a semi-classical point of view[88], but without concrete exam-
ples.

4.4. Projectile excitation and ionization

Traditional methods of calculating stopping properties assume a fixed charge projectile
and describe, in one way or another, only the excitation of the target due to collision.
Even if the projectile is not stripped, no energy is transferred to the electronic structure
of the projectile. That is to say, the mean excitation energy of the projectile is kept at in-
finity, so that there can be no energy transfer to the projectile (see equation(5)). In fact,
this process can be quite important in terms of the details of the stopping process, per-
haps second only to charge changes. In the spirit of the Bethe formulation of stopping,
it is possible to write down a formalism where both projectile and target have a mean
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excitation energy and may be excited[39], but this scheme has not been generally imple-
mented.

Again, methods arising in collision theory should be better suited to treat the problems
of projectile excitation. In those methods, the electronic structure of the projectile is not
restricted, and excitation is allowed. So far, little attention has been paid to this process.
However, it can also be treated by dynamical methods.

Some people use an effective charge to describe the fluxional charge state of a projectile
as it transits a target system. Several formulas for effective charge are extant, the most
prominent probably being those of Northcliffe[89,90] or of Brandt and Kitagawa[91].
The problem with this approach is that it is an attempt to force the concept of a static, al-
beit effective, charge on a fundamentally dynamic situation, so that a static charge analysis
can be used. It is clear that this approach does not properly represent the physics of the
situation: A dynamic approach should be used when projectile and target electron numbers
are not separately conserved.

4.5. Nuclear motion

At low projectile velocity energy can be transferred to nuclear motion by a collision. In ad-
dition to nuclear stopping, that is, projectile kinetic energy transferred to the center of mass
kinetic energy of the target, energy can be transferred to target internal nuclear degrees of
freedom such as rotational and vibrational degrees of freedom. As an example, consider
the case of proton projectiles on water. The orientationally averaged stopping cross sec-
tion curve calculated by Cabrera-Trujilloet al. [80] is shown inFig. 4. The curves are
calculated within a scattering formalism called Electron Nuclear Dynamics (END), of the
type outlined above[59], and they contain all of the non-translational contributions to the
energy loss.

Along with the total stopping cross section, the electronic, nuclear, and rovibrational
cross sections are included. As expected, the nuclear and rovibrational cross sections are
largest at lower projectile energies, where nuclear energy transfer is obviously greatest,
and at low projectile energy they make up a considerable fraction of the total stopping
cross section. As the projectile in this case is a proton, there cannot be direct electronic
excitation of the projectile. However, there is the possibility of capture of an electron into
an excited state of the projectile.

4.6. Negative stopping

The possibility of energy gain on collision of a projectile with a target has been specu-
lated upon since the early days of modern stopping theory. Fano, in his classic paper of
1963 [40] notes that “In plasmas or other systems, where many atoms are not in their
electronic ground state, a collision may bring these atoms to a lower energy level, with a
negativeEni .” Although Fano does not specify whether it is the projectile or target atoms
to which he refers, the result is the same: An atom or molecule in an excited state can give
up electronic energy to projectile kinetic energy, resulting in a larger projectile velocity
following the collision than it has before, and thus resulting in a negative stopping power.
We note that, in such a collision, both energy and momentum must be conserved.
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Fig. 4. Orientationally averaged total stopping cross sectionSt for protons impinging on
H2O as a function of proton velocity[80] along with the experimental results of Reynolds
et al. (filled circles)[92]. Se, Sn, andSrv represent the electronic, nuclear, and rovibrational
contributions to the stopping, respectively.

Such a process is not possible in traditional stopping theory, as it requires rather special
circumstances which traditional theories do not include, such as negative mean excita-
tion energies which, since they are calculated or measured from a ground state reference,
are, by necessity, positive. However, such a process is possible in collision theory based
treatments, and, theoretical negative stopping powers have been reported resulting from
both END[79,93] and Monte Carlo[94] type calculations. There is some skepticism in
the literature that such an acceleration could occur[88], and it should be noted that nega-
tive stopping has never been experimentally observed. The process has, however, much in
common with superelastic scattering of electrons, which has been observed[95] and with
certain studies involving collisions with highly charged ions.

4.7. Orientation

Present day interest in surface physics has led to the fabrication of many new systems
which consist of oriented overlayers on surfaces, which lend themselves to being probed
by various ion scattering techniques such as those performed in grazing incidence mode.
As many of these systems are highly oriented, traditional theories and experiments, which
are intended to describe amorphous samples, are not adequate.

There has been a formulation of Bethe stopping theory which considers oriented targets
[96] that utilizes mean excitation energies restricted to a particular polarization[97], as
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well as some full first Born approximation calculations[52,98]which require directionally
specific generalized oscillator strength distributions. However, problems[52] with satisfac-
tion of the Bethe sum rule[10] and computational overhead have kept the latter approach
from general use.

The collision theory approach does not suffer from the same problems. Although it is
also computationally intensive, it is easy treat oriented samples. As an example, we return
to protons on water[80].

In this case, the molecule is fixed in a lab fixed coordinate frame with a specific ori-
entation. The target water molecule was placed with the oxygen atom at the origin of a
Cartesian laboratory frame. Orientations are specified by the relation of the dipole moment
vector of water to the velocity vector of the incoming beam (along thez-axis).

There are three sets of orientations, each of which is depicted inFig. 5:

orientation a. The molecule is lined up with the dipole moment vector either parallel or
antiparallel to thez-axis. The molecule is rotated about thez-axis.

orientation b. The molecule is aligned with the dipole vector along thex-axis, and the
molecule in thexz-plane. The dipole vector is then rotated about thez-axis in thexy
plane.

orientation c. The molecule is aligned with the dipole vector along thex-axis and the
molecule in thexy-plane. The dipole vector is then rotated about thez-axis with the
dipole vector in thexy-plane.

Fig. 5. Orientations of molecules used for determining the stopping power of oriented
water.
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The total electronic stopping cross sections for the three independent directions in which
the water molecule has been oriented with respect to the beam axis are presented inFig. 6,
along with the experimental results of Reynoldset al. [92] for comparison.

The total stopping cross section, that which would be expected for a randomly oriented
sample such as found in liquid or vapor, would be obtained as an angular average of the
directional stopping curves. It should be noted that orientational effects of the same sort
would be expected if the projectile beam were of polyatomic particles and such that the
projectile were oriented.

The differences in stopping curves as a function of orientation are, again, most pro-
nounced at low projectile energies, and are certainly significant, up to 50%, at the largest
difference. Thus energy deposition might be developed into a probe for oriented molecules,
for example, on surfaces.

4.8. Fragmentation

When dealing with molecular targets or projectiles, traditional methods of treating stopping
have no facility for dealing with fragmentation of either of the collision partners. Collisions
at even keV/amu projectile energies can easily lead to fragmentation, which is frequently
combined with ionization and/or charge exchange. This is a stopping channel that offers
several opportunities.

Fig. 6. Stopping cross section for protons impinging on oriented H2O as a function of
proton velocity. SeeFig. 5for the definition of target orientations.
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As an example,Fig. 7shows the fragmentation cross sections as a function of projectile
energy for H+ → C2H6 at projectile energies below the stopping maximum[99], again
from calculations using END.

It is apparent here that there are considerable differences in the cross sections for the
fragmentation products: The dominant channel in this collision system is the charge ex-
change or electron capture channel, H+ → C2H6 ⇒ (H + C2H6)

+ [100], which has a
cross section atEp = 10 eV of approximately 46×10−16 cm2. This compares to the dom-
inant fragmentation cross section, for H+ → C2H6 ⇒ (C2H5 + 2H)+, hydrogen atom
abstraction combined with charge exchange, of about 11.5× 10−16 cm2, half an order of
magnitude less. The cross section is clearly highest at low impact energy and decays at
higher impact energies, with a resonance nearEp = 2 keV.

The only other fragmentation patterns with non-vanishing probabilities, which have
cross sections again an order of magnitude lower, are presented inFig. 7.

At 10 eV, the channel with highest cross section is H+ → C2H6 ⇒ (C2H5 + H2)
+,

similar to the high cross section channel H+ → C2H6 ⇒ (C2H5 + 2H)+, but with a hy-
drogen molecule formed. The cross section for this channel quickly falls to zero at impact
energies over 100 eV.

As the impact energy increases, other fragmentation channels become important, and
we see the H+ → C2H6 ⇒ (CH3 + CH3 + H)+, as well as the H+ → C2H6 ⇒
(CH3 + CH2 + 2H)+, and H+ → C2H6 ⇒ (CH3 + C + 4H)+ channels appearing at
impact energies of 100 eV–10 keV. These involve dissociation of the C–C bond. Channels
requiring specific orientations to occur, such as H+ → C2H6 ⇒ (CH3+CH4)

+, have very
small cross sections over the entire energy range, but might be accessible in a well-designed
experiment. This is presumably because such reactions are highly sensitive to the orienta-
tional relations of the collision partners, as well as to the energetics of the process. As the
total energy and momentum of the system must be conserved in any collision process, it is

Fig. 7. Energy dependence of the cross sections for several channels observed in the
H+ → C2H6 collision.
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more difficult to form new chemical bonds in the process than to fragment a projectile or
target and carry excess energy away as fragment kinetic energy.

Many of the fragmentation cross section curves shown inFig. 7 show some structure.
The structure is attributed to a complicated interplay of target orientation, charge exchange
and energetic resonance with the chemical bonds. We have not been able to deconvolute
these contributions.

4.9. Relativistic considerations

Effects of relativity enter stopping theory at a variety of levels. For the projectile, in the
simplest case the relativistic correction to the BetheL0 given in equation(5) is included.
In addition, the density correction can be added. For close collisions at extreme relativistic
velocities, that is, when the projectile kinetic energy is comparable to its rest mass, other
corrections such as radiative, kinematic (Mott[101,102]), bremsstrahlung, pair production,
nuclear structure and other effects must be introduced. Ahlen[43], and more recently Lind-
hard and Sørensen[103] have reviewed stopping for relativistic projectiles quite nicely.

However, little has been done with the other aspect of relativity in stopping, namely
stopping by heavy atoms that require a relativistic description for their electronic structure.
Even if one restricts to slow projectiles and the first few terms in the Born series, then for
atoms (or molecules or solids containing atoms) withZ2 � 10, a relativistic description
of the target should be used. Considering the well-known shifts of energy levels in heavy
atoms[104], one would expect considerable changes from a non-relativistic treatment in
the energy level structure and oscillator strength distribution, leading to significant modifi-
cation of the appropriate mean excitation energies for stopping. Although there are several
excellent treatments of the effects of relativity on atomic sum rules (cf. e.g. Refs.[105] and
[106]), there are few calculations of stopping powers for targets that use relativistic wave
functions.

5. SUGGESTIONS

So, where do we go from here? In the foregoing we have discussed several different aspects
of stopping theory that are interesting, at least to these authors, and which are yet to be fully
investigated. The common thread running through the discussion is that all of these effects
are small in magnitude with respect to the total stopping power. Thus we need to measure
small changes in large numbers. We set this as a challenge to experimentalists. Can an
experiment be designed that can measure all of the following simultaneously:

• Projectile center of mass kinetic energy to<0.5% over a wide projectile velocity range.
• Projectile and target charge state.
• Projectile and target electronic state.
• Projectile fragmentation patterns.

When such experiments can be made, then there will be impetus to drive theory forward to
determine and interpret the quantities discussed above.

It should also be noted that apparently there is no golden method that can be used on
all of the various problems discussed here. Although the scattering theoretical methods
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are esthetically pleasing, as they do not require the use of several unrelated assumptions,
they typically are difficult to apply to solid targets and do not deal well with relativistic
problems. A notable exception to the former problem is the method of Arista[107,108].
Similarly, the perturbation methods and those that are based on Bohr theory require use of
assumptions regarding calculation of mean excitation energies from schemes not necessar-
ily related to the stopping scheme, projectile charge states[62], as well as other unrelated
assumptions and corrections.
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