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Preface

Serials such a&dvancesin Quantum Chemistry have traditionally been a forum for articles

that can be slightly longer, more review like, or more speculative than those found in jour-
nals. This gives us an advantage in attracting in depth studies that are, perhaps, less suitable
for space limited journals. In this issue we continue this tradition with seven articles on a
variety of topics.

The first article in the volume, by Wladyslawski and Nooijen, is an extended and in
depth discussion of the calculation of analytical first derivatives of the energy in a similarity
transformed equation-of-motion couples-cluster method, and explicit, algebraic formulae
are given for the analytic first derivatives of excitation energies, double ionization poten-
tials, and double electron affinities. They utilize the automated symbolic algebra package
to accomplish this, and give some emphasis to that implementation.

The father and son team of John and James Avery, frequent contributors to Advances
over the past few years, author the second article in this volume, which deals with calcu-
lation of energies of energies of doubly excited, autoionizing states of atoms. This is done
using generalized Sturmians. Several general properties and approximations with more
wide ranging applicability are discussed.

The third contribution, by Carbo6-Dorca, treats the formal structure and mathematical
properties of electronic density functions (eDF’s). In this paper it is demonstrated that they
connect to a rich source of problems leading up to an imaginative set of algorithms and
techniques. The discussion reports on recent developments from the author’s laboratory.
Even though this paper might appear highly abstract and mathematical, some surprising
links and unforeseen relationships are revealed.

Capozziello and Lattanzi address the problem of molecular chirality from an algebraic
point of view in the fourth article in this volume. Starting from a tetrahedral model, they
derive a chirality index from a general O(4) algebra, then predict chirality of tetrahedral
chains using a molecular aufbau principle.

Molecular Quantum Monte Carlo calculations are the subject of the fifth contribution
to this volume. Aspuru-Guzik and Lester compare the computational resources necessary
for molecular calculations carried out using Quantum Monte Carlo methods with more
conventional methods, and rehearse the advantages of Quantum Monte Carlo in terms of
resources and accuracy of the results.

Masiello and colleagues present methods for dealing with the coupled non-linear
Maxwell-Schrédinger partial differential equations in our sixth contribution. A solution
to the Maxwell-Schrédinger equations is presented, and the dynamics of a single spinless
hydrogen atom interacting with the electromagnetic field in a cavity is discussed.

In the final contribution to this volume, Sabin and Oddershede discuss the state of the
art of computation and experiment for the problem of energy deposition by swift ions in

Xi
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materials. They suggest several places where the physics has not yet been fully explored
and where further work could produce interesting results.

This volume thus addresses a diverse set of topics which will, we hope, make it of
interest to a large audience. Have a good read!

Erkki Brandas and John R. Sabin
Editors



Analytical Energy Gradients for Excited-State
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Abstract
The equation-of-motion coupled-cluster (EOM-CC) and similarity transformed equation-of-motion coupled-
cluster (STEOM-CC) methods have been firmly established as accurate and routinely applicable extensions of
single-reference coupled-cluster theory to describe electronically excited states. An overview of these methods
is provided, with emphasis on the many-body similarity transform concept that is the key to a rationalization of
their accuracy. The main topic of the paper is the derivation of analytical energy gradients for such non-variational
electronic structure approaches, with an ultimate focus on obtaining their detailed algebraic working equations.
A general theoretical framework using Lagrange’s method of undetermined multipliers is presented, and the
method is applied to formulate the EOM-CC and STEOM-CC gradients in abstract operator terms, following
the previous work in [P.G. Szalaint. J. Quantum Chem. 55 (1995) 151] and [S.R. Gwaltney, R.J. Bartlett,
M. Nooijen, J. Chem. Phys. 111 (1999) 58]. Moreover, the systematics of the Lagrange multiplier approach
is suitable for automation by computer, enabling the derivation of the detailed derivative equations through a
standardized and direct procedure. To this end, we have develop8eI&RT (Symbolic Manipulation and Re-
grouping of Tensors) package of automated symbolic algebra routines, writtenhtathematica programming
language. Th&MART toolkit provides the means to expand, differentiate, and simplify equations by manipu-
lation of the detailed algebraic tensor expressions directly. The Lagrangian multiplier formulation establishes a
uniform strategy to perform the automated derivation in a standardized manner: A Lagrange multiplier functional
is constructed from the explicit algebraic equations that define the energy in the electronic method; the energy
functional is then made fully variational with respect to all of its parameters, and the symbolic differentiations
directly yield the explicit equations for the wavefunction amplitudes, the Lagrange multipliers, and the analytical
gradient via the perturbation-independent generalized Hellmann—Feynman effective density matrix. This system-
atic automated derivation procedure is applied to obtain the detailed gradient equations for the excitation energy
(EE-), double ionization potential (DIP-), and double electron affinity (DEA-) similarity transformed equation-
of-motion coupled-cluster singles-and-doubles (STEOM-CCSD) methods. In addition, the derivatives of the
closed-shell-reference excitation energy (EE-), ionization potential (IP-), and electron affinity (EA-) equation-of-
motion coupled-cluster singles-and-doubles (EOM-CCSD) methods are derived. Furthermore, the perturbative
EOM-PT and STEOM-PT gradients are obtained. The algebraic derivative expressions for these dozen methods
are all derived here uniformly through the automated Lagrange multiplier process and are expressed compactly in
a chain-rule/intermediate-density formulation, which facilitates a unified modular implementation of analytic en-
ergy gradients for CCSD/PT-based electronic methods. The working equations for these analytical gradients are
presented in full detail, and their factorization and implementation into an efficient computer code are discussed.

ADVANCES IN QUANTUM CHEMISTRY, VOLUME 49 © 2005 Elsevier Inc.
ISSN: 0065-3276 DOI: 10.1016/S0065-3276(05)49001-2 All rights reserved
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1. INTRODUCTION

Similarity transformed equation-of-motion coupled-cluster (STEOM-CC) th§br20]

has recently emerged as a powerful and accurate method for calculating a large number of
singly excited electronic states simultaneously at moderate cost. The STEOM-CC method
has its roots in the early “transform-then-diagonalize” formulation of Fock-space coupled-
cluster (FSCC) theory by Stolarczyk and Monkhdiai—24] Referencd25] resolved

some long-standing difficulties (with the inverse of the normal-ordered exponential opera-
tor) and elucidated the fundamental relationship between the conventional Bloch-equation
wave-operator formulatiof26—29]of FSCC and the alternative similarity transformation
approach. The STEOM-CC method brings to fruition the similarity transformation method-
ology and yields an elegant and independent formulation that is equivalent to conventional
FSCC for the lowest sectors (singly ionized or attached) and is somewhat different for the
higher sector§3]. Formulated in terms of independent eigenvalue calculations rather than
the numerically less stable solution of coupled non-linear equations, the STEOM method
avoids the intruder state problef30,31] that earlier plagued FSCC, and the conceptual
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simplicity of the theory rationalizes difficult aspects of Bloch-equation-based FSCC the-
ory.

The STEOM-CC method builds on equation-of-motion coupled-cluster (EOM-CC) the-
ory [32—-42] The EOM-CC method presents a unified approach to extend single-reference
ground-state coupled-cluster (CC) theopg( referenced43-46) to excited, ionized,
and electron-attached states. An alternative derivation of EOM-CC theory is provided by
coupled-cluster linear response theory (CCLRI?-50] and the methods are fully equiv-
alent for excitation energies. Likewise, the coupled-cluster Green’s function mgthed
53] starts from a Green’s functioansatz but eventually reaches the same equations us-
ing diagrammatic re-summation techniques. The symmetry-adapted-cluster configuration-
interaction (SAC-CI) approacfb4-57] by Hirao and Nakatsuiji is also closely related,
although some additional approximations are invoked compared to EOM-CC and CCLRT.
More approximate methods related to EOM-CC include QCISD linear resjbBge9]
and CIS(D)[60—62] The STEOM-CC method rivals EOM-CC in accuracy and improves
upon EOM-CC in efficiency and generality in the types and number of states that can be
treated.

The philosophy underlying the EOM and STEOM methods is rather different than many
conventional electronic structure approaches, which focus on optimizing the wavefunction.
In the EOM and STEOM methods, instead, a sequence of many-body similarity transfor-
mations[25] is performed on the Hamiltonian itself, with the purpose of simplifying the
transformed eigenvalue problem. In this work, we take a simple and (we think) intuitive
viewpoint to understand the effects of these similarity transformations, namely in terms
of the modification of the second-quantized Hamiltonian elementary operator amplitudes
and the resulting change in the block structure of the Hamiltonian matrix elements (over
singly, doubly, triply, and quadruply excited determinants). This perspective in terms of
second-quantized many-body elementary operators is perhaps somewhat different and less
well known than more familiar approaches to EOM-CC theory, which can be phrased com-
pletely in terms of the projected CC equations and the associated parameterization of the
wavefunction.

In the EOM and STEOM methods, the electronic states are obtained by standard
truncated configuration-interaction-like diagonalization, but of a correlated effective
Hamiltonian created through a many-body similarity transformation. By means of these
similarity transformations, elementary operators in the transformed Hamiltonian are elim-
inated that couple determinantst of the truncated diagonalization subspace, that is,
operators that connect thHacluded lower-excitation-level determinants to the higher-
excitation-level determinants, which aeecluded. The effects of these eliminated elemen-
tary operators are implicitly incorporated into the lower-level transformed Hamiltonian
amplitudes/matrix-elements, thereby providing increased accuracy with smaller diagonal-
ization subspaces.

The EOM-CCSD method diagonalizes the similarity transformed HamiltoHiayen-
erated from a coupled-cluster singles-and-doubles (CCSD) reference trefdi®.@,
where the one- and two-body pure-excitation operatotd gland Z:2p) are eliminated.
The two-body pure-excitation operator is the primary elementary operator that would cou-
ple singly excited determinants to triply excjted determinangsthe leading elementary
operator that would participate in th@}fﬂﬁ |®3) singles-to-triples matrix elements).
This same two-body pure-excitation operator also represents a significant portion of the
coupling from doubly to quadruply excited determinants. By eliminating these operator
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components, the similarity transformation implicitly incorporates the associated higher-
excitation contributions into the singles- and doubles-level transformed Hamiltonian ma-
trix elements. The EOM-CCSD method thus gives greatly improved results compared to
the corresponding configuration-interaction (Cl) diagonalization obtre Hamiltonian

in the same singles-and-doubles b§3&-35,50,63,64]

Furthermore, EOM-CCSD excitation energies are additively sepajab|e5,66]for a
localized single excitation, an important feature absent in truncated-Cl approaches (with
the exception of Cl singles). This additive separability means that the excitation energy
obtained for an isolated system separated from non-interacting ground-state systems is
identical whether the calculation is performed on the components separately or performed
on the combined supersystem. The lack of this property artifactually degrades the accu-
racy of excitation energies with increasing molecular size, even if the added units are well
removed from the excitation region. Additionally, Stan{éi] analyzed the superiority of
EOM-CC (and by analogy STEOM-CC) over traditional CC and other methods for treating
strongly interacting potential energy surfaces, such as in pseudo-Jahn—Teller interactions
and conical intersections.

The accuracy and ease of use of the EOM-CCSD method has facilitated its widespread
utilization in a variety of interesting systems. The excitation energy (EE-) EOM-CCSD
variant[34] has recently been applied, for example, to exciton formation rates in conju-
gated polymer LED$68], to NMR spin—spin coupling constants as a function of dihe-
dral angle in model peptidg$9], and to a novel treatment of bond breaking in terms
of spin-flipping EE-EOM excitation§70,71] The ionization potential (IP-) EOM-CCSD
variant[39,52] has recently been applied to resolve some discrepancies in the vertical ion-
ization potentials of the prototypical molecule ethyl¢n2] and to examine the geometry
and vibrational frequencies of the ground state of the vinyl radical by deletion of an elec-
tron from the closed-shell anion refereri@@]. The electron affinity (EA-) EOM-CCSD
variant[36] has been applied, for example, to core-excitation spgctfpby adding an
extra electron to the core-ionized state and to the excitation spectrum afi &drms of
single electron attachment to the closed-shejl Adference determinafit5].

In STEOM-CCSD theory, aecond similarity transformation is employed to eliminate
the chief remaining net-excitation operator&1p and 31k) and thereby allow further
reduction in the size of the approximate diagonalization subspace, while at the same time
maintaining or even improving accuracy. For “singly excited” physical states, the STEOM-
CCsD transformed Hamiltonian is diagonalized accurately and efficiently in a subspace of
singly promoted determinants only, rather than triples as would be appropriate for Cl or
doubles for EOM-CC. The excitation operators in the transformed Hamiltonian coupling
the singly excited determinants to more highly excited configurations have mostly been
eliminated and their effects incorporated implicitly into the singles-level matrix elements.
In fact, the STEOM-CCSD method can be considered a rigorous correlated equftalent
of the Cl-singles (CIS) method, but using a fully correlated and connected effective Hamil-
tonian. Conceptually, the method offers immediate interpretation of excited states in terms
of single excitations in a correlated molecular-orbital picture. Practically, the cost of the
final CIS-like diagonalization is trivial compared to the rest of the calculation, and a large
number of eigenstates can thus be computed simultaneously, and in a balanced manner, for
little additional cost. In one of its earliest applications, for example, the STEOM-CCSD
method was used to compute a staggerir0 excited states of free base porphin us-
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ing a large ANO basis set extended in two different ways with diffuse and polarization
functions[5].

Although the diagonalization subspace includes only singly excited determinants,
through the similarity transformations, the STEOM-CCSD method incorporates a selec-
tion of connected doubly and triply excited configurations implicitly. (Moreover, if these
higher configurations are very prominent, as in “doubly excited” systems, the diagonaliza-
tion subspace can be expanded to include doubly promoted determérgintetly—and
implicitly more triples and even quadruples—as is done in the extended-STEOM-CCSD
approactj12,13]) Connected triples contributions are absent from standard EOM-CCSD,
and such corrections can be particularly important in valence excited gt&te&] Note
that standard EOM-CCSD theory can be augmented to incorporate connected triples con-
tributions in various ways, such as through a dressing of the §&fgsor by extending
the method to include triples corrections approximately, such as in the EOM-CCSDT-3 or
EOM-CCSD{) methods[80] (or the closely related linear response CC3 metfid]),
or even by including triply promoted determinants completely, in the full EOM-CCSDT
method[81-83] These expanded EOM approaches, however, are quite expensive.

Also related to triples, STEOM-CCSD, unlike standard EOM-CCSD, satisfies the com-
plete definition of additive separability for single excitatig8g5,66] In addition to the
separability of adocal excitation on a single subsystem, STEOM-CCSD also possesses
charge-transfer separability, meaning that the energy of a charge-transfer exditation
tween two otherwise non-interacting closed-shell subsystems is equal to the ionization
potential of one plus the electron affinity of the other. The STEOM-CCSD theory is fully
linked in a diagrammatic sense and is rigorously size-exteri3i6&,66] These separa-
bility properties are not needed simply for the treatment of such separated systems, but
rather their inclusion ensures proper behavior for all systems and increases the accuracy
of the method. A careful overview of such scaling properties and the extension to a con-
cept of generalized-extensivity is presented in the refeststhrift celebrating the work of
Rodney J. Bartlett on the occasion of his 60th birthf&6).

The STEOM method incorporates both dynamic and non-dynamic correlation effects
and can be applied to certain systems that have traditionally required a multi-reference de-
scription[3,4,14-17] such as many difficult classes of transition states and biradicals. In
addition to singlet and triplet excited states of a single-determinant closed-shell reference
system by the excitation energy (EE-) STEOM varidn8], states related to a closed-shell
parent by the removal or addition of two electrons can be considered by the double ioniza-
tion potential (DIP-) STEOM or the double electron affinity (DEA-) STEOM varid8is
respectively. (The STEOM-CCSD treatment of states with one less or one more electron
than the closed-shell reference has been shown to be equivalent to the corresponding IP- or
EA-EOM-CCSD treatment3].) For example, the DIP-STEOM-CCSD method has been
straightforwardly applied to such difficult cases as the vibrational frequencies of [#one
and the symmetry-breaking states in the§\l®tion[15], while DEA-STEOM-CCSD has
recently been applied to the weakly interacting and highly multi-configurational ground
and low-lying excited states of the dimer (NO)L7]. For such systems, the STEOM
method is appealing for accurate blackbox-type calculations by non-specialists because
it is single reference (in the sense that it is based on one reference determinant), treats
the open-shell configurations on a balanced footing, is automatically spin-adapted, and
involves relatively few choices on the part of the user, unlike other highly accurate, but
user-input intensive, multi-reference based methods.
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Because of the efficiency with which a large number of eigenstates can be computed, the
STEOM-CCSD method also offers several advantages for tracking electronic states. In vi-
brational frequency calculations, the small geometrical distortions typically cause the state
of interest as well as other nearby states to fall into lower symmetry groups. Calculating
the manifold of nearby states of a variety of symmetries allows the state of interest to be
picked out based on a nearest-in-energy, rather than symmetry, criterion. Furthermore, due
to the general proximity of excited states, it is common to encounter state crossings during
the geometry optimization of an excited state. Rather than specifying an excited state by
its symmetry and (ill-defined) energy ordering, the desired diabatic state of a particular
orbital character can instead be followed through a crossing by computing its approximate
overlap with the set odll nearby states (of appropriate symmetry) at the next step in the
optimization. We have implemented this electronic state-tracking algorithm into our local
version of the ACES Il suit§84] of electronic structure programs, and the procedure was
applied in examining the conical intersection regions in thgrlmcited—state manifold by
the DIP-STEOM-CCSD methdd5].

Lastly, the computational cost of the STEOM-CCSD methods can be reduced sub-
stantially by replacing one of the most intensive steps, the calculation of the reference
CCSD amplitudes, by the first-order perturbative treatmeant feferencd45]), yielding
the STEOM-PT methodg]. The perturbative reference amplitudes also lead to simplifi-
cations in the analytical derivative expressions, and thus the STEOM-PT method can be
useful as a cheaper “pre-optimization” tool, which can subsequently be improved upon by
a more-accurate STEOM-CCSD gradient calculation if so desired.

The utilization of analytical formulations for the energy gradient began some decades
ago with the pioneering work of Pulay on self-consistent-field (SCF) gradi@bswWhile
it is conceivable that the energy landscape can be explored through numerical differentia-
tion, it is quite inefficient and only feasible for small systems. For a variety of fundamental
as well as technical reasons, single-point energy calculations of excited states have lagged
behind ground-state treatments, and even more so for excited-state analytical gradients. Yet
excited-state gradients play a critical role in explaining the adiabatic and dynamic features
of experimental spectra and in understanding photochemical processes.

The most familiar use of gradients is the determination of stationary points on electronic
potential energy surfaces. The location (nuclear configuration and energy) of minima and
transition states is essential for examining structures, adiabatic 00 transitions, intermedi-
ates, and barriers and provides insight into stability and reaction pathways. Less familiar
features of potential energy surfaces that nonetheless play critical roles in excited-state and
photochemical processes are avoided crossings and conical intersections. Since the non-
crossing rule only applies to diatomics, the closely-spaced excited states of polyatomics
can become degenerate along selected hypersurfaces in nuclear coordinate space, and the
orbital character of the states can change rapidly in regions of genuine and avoided cross-
ings. To study these ubiquitous features, it is important that the electronic structure method
provide a number of excited states straightforwardly, efficiently, accurately, and in a bal-
anced manner. The ability to calculate a manifold of economical but accurate excited states
is valuable in the development of intelligent search procedures on the excited-state sur-
faces, in order to avoid missing the features of interest. With the ability to monitor the
system during the course of an optimization, such as with the state-tracking algorithm de-
scribed above, the STEOM method is well-suited to these tasks.
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In addition to simply (!) locating the interesting features on potential energy surfaces,
gradients also play a vital role in the description of the dynamics on the surface(s) and their
spectroscopic consequences. The most familiar example is their use in basic vibrational
frequency calculations through the second derivative (typically calculated as numerical
derivatives of the analytical gradient). The gradient is essential in treating the dynamics of
photochemical processes, where the reactants start and evolve on the excited-state mani-
fold. In arecent review, Robdt al. [86] considered some practical computational strategies
to investigate photochemical processes, and the importance of surface features such as
conical intersections and gradients is clear. The use of gradients is evident in the “direct
dynamics” methodseg(g. referencd87]), where dynamical quantities are calculated with-
out explicit construction of the surfaces but rather on-the-fly from the electronic structure
computations directly. The dynamics are often non-Born—Oppenheimer and require cal-
culations on multiple surfaces simultaneously, such as the “multiple spawning” method of
Martinezet al. [88,89] The strength of the non-adiabatic coupling between surfaces can be
computed from matrix elements of the differentiated Hamiltonian between the interacting
adiabatic states, a concept closely related to the analytical gradient. In our own recent work,
the STEOM and EOM methods are being employed to tackle complicated electronic ab-
sorption spectra in conjunction with either sophisticated Franck—Condon appr¢2@hes
or a non-adiabatic vibronic coupling methodoldd,19]

In an even more general application, appropriate derivatives of the energy can be used
to calculate first-order properties through the generalized Hellmann—Feynman (GHF) the-
orem[90-92] In contrast to the standard Hellmann—Feynman thed83w95] for exact
and fully variational formulations, fanon-variational electronic structure methods the en-
ergy gradient and the expectation value of the Hamiltonian responsetadentical; the
gradient additionally contains “relaxation” terms accounting for the response of the non-
variational wavefunction parameters. The gradient therefore typically represents first-order
properties more accuratd§6]. In particular for CC-based methods, the gradient approach
to property calculations is generally preferred because an expectation value agpreach
99] does not have a simple natural truncation.

In their raw form, however, the derivatives contained in the gradient of the non-
variational wavefunction parameters would be rate limiting in a calculation, since they must
be recomputed separately for each perturbation and degree of freedom. These expensive
terms can be avoided, however, if a GHF relation can be constructed: For non-variational
wavefunctions, the GHF theorem is said to apply if the gradient can be written as the trace
of the Hamiltonian derivatives with an effective (relaxed) density mdiix100-104]

This elegant form of the gradient completely separates the perturbation dependence from
the electronic structure approximation of the wavefunction. The perturbation dependence
is isolated in the response of the Hamiltonian amplitudes only. The relaxation terms that
account for the response of the non-variational wavefunction parameters are contained in
the effective density matrix. The effective density matrixridependent of the perturba-

tion; its expression is completely defined by the electronic structure method, and it in turn
determines the method’s analytical gradient.

The problem of course is how to derive the expression for the effective density matrix,
namely how to restructure the raw analytical gradient expressions to avoid the perturbation-
dependent non-variational parameter derivatives. A major bottleneck in the derivation of
practical analytical gradient expressions for new electronic structure methods has been
the difficulty and tedium of this elimination. Traditionally, the non-variational parameter
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derivatives have often been eliminated through the Dalgarno—Stewart interdi@age

also called thez-vector method. The method was first applied to eliminate the molecular-
orbital coefficient derivatives in Cl gradients by Handy and Schd&6#]. This technique

was also used, for example, in the original derivation of the EOM-CCSD/PT analytical gra-
dients[37—-42] the gradient for SAC-CI theor}p6,57], and the gradient for ground-state
CC theory][103,104,107-110]The procedure can be quite cumbersome, however, and the
details depend greatly on the particular electronic structure method being considered.

In the present work instead, the non-variational parameter derivatives are eliminated
systematically through Lagrange’s method of undetermined multiglldrs—115] In this
well-defined procedure for obtaining the derivative of an expression subject to constraints,
a functional is first constructed from the electronic method’s energy expression together
with all supplementary equations that define the non-variational energy parameters, each
supplementary equation multiplied by an undetermined coefficient. These so-called La-
grange multipliers are then determined digfining the functional to be variational with
respect to thaon-variational energy parameters. The Lagrange multipliers provide exactly
the flexibility needed to impose this remaining stationarity. The expensive perturbation-
dependent parameter derivatives are thereby avoided and are replaced by this coupled set of
linear equations that is independent of the perturbation and degrees of freedom. With their
solution, the energy functional becomes stationary with respedt its wavefunction pa-
rameters, and the simplifications associated with fully variational energy formulations then
apply[113]. In particular, the variational2+ 1 rule[112-114]implies that the expensive
non-variational parameter derivatives will be avoided and that the first derivative of the
energy can be obtained through the GHF relation, in terms of a perturbation-independent
effective density matrix that contains all the parameter response. Indeed, the Lagrange
multiplier method incorporates the Dalgarno—Stewart interchange to all orders of deriva-
tive, eliminating the unnecessary non-variational parameter derivatives wherever possible.
The Lagrange multiplier approach has been applied, for example, to write the analytical
gradient expressions for ¢113,116] MP-MBPT [114], CC[117-120] EOM-CC[111],
P-EOM-MBPT(2)[121], and other method4.11].

In addition to its elegance and generality, the Lagrange multiplier formulation defines a
systematic derivation procedure that can be adapted to computer automation. Traditionally,
equations for the analytical energy gradient are first derived by hand in abstract operator
terms. Through algebrajd22,123]or diagrammati¢26,27,124—-126¢xpansion, the ab-
stract derivative expressions are subsequently translated into explicit algebraic working
equations. This expansion is also often performed by hand. The explicit expansion pro-
cedure is relatively straightforward but can be subtle, for example, in the symmetries and
permutations (numerical factors, siges;.). As the number of possible terms increases,
the process quickly becomes tedious and error-prone. It would be desirable, instead, to take
the (much simpler) algebraic expressions that define the electronic method and differentiate
them by computer to obtain the explicit derivative expressrectly in algebraic terms.

This direct algebraic manipulation has been hindered by the lack of a suitable computer
package capable of handling the detailed algebraic expressions, particularly in treating
symmetry and the so-called “dummy” summation indices. To this end, we have created
the SMART (Symbolic Manipulation and Regrouping of Tensors) package of automated
symbolic algebra tools. Beginning with the Lagrange multiplier energy functional in alge-
braic terms as input, th8VIART toolkit is used to expand, differentiate, and simplify the
algebraic expressions to obtain the explicit derivative equations directly and systematically.
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Although developed with the specific case of STEOM-CCSD/PT gradients for the present
work, this general package can treat a variety of tensor algebraic expressions originating
from second-quantized methods. The toolkit is written inNrahematica programming
languagd127], and its features will be considered here.

To be clear, the primary function of tHMART package is deriving and manipulating
the algebraic derivative equations, whereas their implementation into the computer code of
an electronic structure program is still performed here by hand. The fledgling field of au-
tomated equation derivation and implementation has progressed rapidly since a prototype
of the SMART package was first presented in a poster at the 1999 Sanibel Symposium. For
instance, Kallayet al. have cleverly adapted string-based Cl algorithms and diagrammatic
many-body perturbation theory to automate the derivation and implementation of single-
referencg128] and state-selective multi-referend®29] CC and Cl equations of arbitrary
truncation; the methods have even recently been extended with analyticfl3id$and
second131] derivatives. An important area of research is devising efficient factorization
and optimization algorithms, particularly taking into account computer resources and the
requirements of the chemical system being examined. (Topiynal factorization is an
NP-complete problem.) In recent work in our group, the Automatic Program Generator
(APG) packagg132,133]was developed to construct the algebraic formulas for general
many-body methods, efficiently factorize them employing a heuristic algorithm, and pro-
duce FORTRAN code for compilation into the ACES Il program. The APG work has been
superseded by our fruitful multi-disciplinary collaboration with the groups of Sadayap-
pan and Baumgartner at The Ohio State University, Bernholdt and Harrison at Oak Ridge
National Laboratory, Ramanujam at Louisiana State University, Hirata formerly at Pacific
Northwest National Laboratory and now at the Quantum Theory Project of the Univer-
sity of Florida, and others in the development of the general-purpose Tensor Contraction
Engine (TCE)[134-141] The TCE work endeavors to develop a high-level language for
the automated symbolic derivation of many-body electronic structure theory formulas and
an optimizing compiler to implement the resulting equations in high-performance paral-
lel computer code. A first generation TCE has been created by Hirata and applied to the
automated derivation of a range of Cl, MBPT, and CC energy expressions and their au-
tomated implementation in operation- and memory-efficient serial and parallel computer
codes[134] (interfaced with the UTCherfil42,143]and NWChemnm144,145]computa-
tional chemistry suites). Development continues on this first generation TCE, with the re-
cent automated implementation of EOM-CC excitation energies and properties, the related
CC A equation solvers, and various combined CC and MBPT theories, in codes that take
advantage of spin, spatial (real Abelian), and permutation symmetries simultand@&sly
136]. Moreover, work progresses on the automatptiimization of the implemented com-
puter code (the so-called optimizing TCE), in order to maximize performance and parallel
scalability over a broad range of computer system architectures by tailoring to the specific
platform’s speed, communication, and resource characteristics; for a recent overview, see
referencg141]. The power of these automated derivation and implementation programs is
that rapid progress can be made, once the overhead of developing the general toolkit has
been paid. Modifying an electronic method to incorporate additional/different corrections,
arbitrary-order derivatives, new computer architectures/algoriteimsnay be a matter of
simply pressing a button, allowing quantum chemists and physicists to shift focus to the
theoretical approximations rather than the tedious details of equation expansion, factoriza-
tion, and implementation.
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Returning our focus to th@MART package, the symbolic differentiation can be per-
formed here with respect to a single term or can be performed as a chain rule using the
bare {) or transformedHl) Hamiltonian amplitudes as intermediate variables. These chain
rules respectively lead to a natural definition of the GHF effective density m&Xyiar{d an
intermediate density matrixD). Unlike the full effective density matri®, which contains
all of the electronic method’s GHF gradient information, the intermediate density matrix
D removes the common parts associated with the underlying CC/PT reference treatment,
which are shared by all CC- or PT-based methods. The intermediate density matrix contains
just the post-CC/PT information that is unique to each method. Thus, after computing the
appropriateD, the gradient calculations can otherwise proceed identically for nearly any
electronic method based on, for example, a CCSD reference treatment. Moreover, these
sameD define the gradients for the PT-based variants, as the simplifications associated
with a perturbative reference treatment are isolated outsi@e of

In the present work, the general automaSART derivation toolkit is applied to de-
rive the specific spatial-orbital equations for the EE-, DIP-, and DEA-STEOM-CCSD/PT
analytical first derivatives in explicit algebraic terms. These detailed gradient expressions
are derived systematically in the Lagrange multiplier formulation and directly through the
straight symbolic algebraic treatment. Moreover, the gradient equations for these various
methods are expressed compactly and uniformly in the chain-rule/intermediate-density
formulation, allowing reuse of much computer code in implementation. Although the
derivation procedure here is fully algebraic (starting from the input algebraic Lagrange
multiplier energy functionals), for completeness and to thoroughly understand the process,
the abstract STEOM-CCSD/PT energy theory is reviewed, as well as Lagrange multiplier
theory in abstract terms. Furthermore, Lagrange multiplier theory is applied to write the
STEOM-CCSD/PT analytic gradient expressions in abstract operator form, expanding on
the previous abstract derivation by Gwaltney, Bartlett, and No¢ijéh

Since (besides the method-depend2xihe remaining expressions needed for STEOM-
CCSD/PT gradients are identical and since STEOM theory builds on the theory of EOM,
it is convenient to first derive the EOM-CCSD/PT gradient expressions in the present
chain-rule/intermediate-density formulation. We note that analytical EOM-CCSD/PT gra-
dients were first derived by Stanton and Gal8$s-42]in abstract operator form through
the Z-vector method and subsequently in explicit algebraic terms through diagrammatic
expansion. A Lagrange multiplier formulation for the abstract gradient expressions was
presented soon after by Szalgiyi1]. In the present work, the EE-, IP-, and EA-EOM-
CCSD/PT explicit algebraic gradient expressions are obtaiirectly by automated sym-
bolic differentiation of the input algebraic energy expressions that define these methods.
These EOM gradient expressions are presented here to unify their implementation with
the STEOM-CCSD/PT gradients. The differences between the original and current EOM
gradient formulations are discussed.

The algebraic STEOM-CCSD/PT gradient expressions were implemented by hand into
a local version of the ACES Il suite, and the existing program for EOM-CCSD/PT gradi-
ents was revised to conform to the present intermediate-density formulation. The modular
chain-rule construction systematizes all these methods, as well as any future additions of
CCSD/PT-based methods, to otherwise use the same unified computer code for the an-
alytical gradient, once the particular metho®sis calculated. The implementation was
tested thoroughly against numerical gradients for a variety of test cases as well as at in-
termediate points in the evaluation. There is one small part of the STEOM gradient that
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has not been treated in the current work, which relates to the rotation between active and
inactive orbitals. In practice, inclusion of the active/inactive orbital response would lead to
very minor changes in the gradient, and in most cases the omission is not expected to be
numerically relevant.

In the first example of their use, the analytical gradient of the DIP-STEOM-CCSD
method was applied in examining the photoelectron spectrum of the rdical [15].
The STEOM method avoids artifactual symmetry breaking of the wavefunctions by start-
ing from the symmetry-correct closed-shell nitrate anion §)Orbitals as the reference.
By deleting two electrons in all possible ways, the approach provides a balanced treat-
ment of the multi-configurational character of the cation {yGtates. In addition to
geometry optimizations and vibrational frequency calculations of the ground and several
singlet and triplet excited states of IglOregions of conical intersection in the excited-state
manifold were pinpointed by minimizing the energies on the two intersecting surfaces
simultaneously. Additionally, the above-described electronic state-tracking algorithm was
implemented to correctly follow an individual diabatic state through regions of intersection.
This first example is illustrative of many of the potential advantages of the STEOM method
and its analytical gradient, namely the accurate and balanced treatment of dynamical and
non-dynamical correlation effects in some difficult multi-configurational problems and the
ease and efficiency with which a large number of states can be calculated and tracked. As
part of a comparative study of multi-configurational methods, the analytical gradient in
the DEA-STEOM-CCSD method was also recently applied to geometry optimizations and
vibrational frequency calculations in the prototypically difficult (N@jmer systenjl17].

For completeness, we note that an analytic linear response fd&dhas been available
for some years in the closely-related FSCC method due to Pal and co-wir#érs438]
but in the basic formulation where the non-variational wavefunction response terms are
included explicitly and must be re-solved for each mode of the perturbation. The approach
may be sufficient for molecular electronic properties, where there are only three indepen-
dent degrees of freedom, but it is less practical for nuclear gradients. Applications have
been restricted primarily to dipole moment calculations in th¢14D,150] EA [151],
and EE[152] sectors. Additionally, the analytic molecular-orbital relaxation response was
not included, although by comparison to numerical gradients was shown at times to be
substantial. AZ-vector construction was later appligth3,154]that was only partly suc-
cessful; the elimination relied on certain approximations and only removed the response
of the highest-order amplitudes. In the IP-sector example considered, theamplitude
derivatives were successfully eliminated, whereas the lower, ground&t&eamplitude
derivatives were not. Independently and some years befor&-ector treatment, Sza-
lay [111] examined the structure of FSCC gradients using a Lagrange multiplier approach
and in principle eliminated both the ground as well as higher-order amplitude responses in
the abstract expressions. Just recently, during review of the present manuscript, Pal and co-
workers publishedll55] a generalization of Szalay’s treatment and in particular presented
diagrammatic “equations” for the Lagrange multipliers of ¢Bel), (1, 0), and(1, 1) sec-
tors, a large step towards implementing fully simplified analytical gradient expressions for
FSCC theory.

To summarize, the principal objectives of the current paper are:

1. to review carefully the EOM- and STEOM-CCSD/PT excited-state energy theories, the
general theory of deriving analytical energy gradients through Lagrange’'s method of
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undetermined multipliers, and the application of Lagrange multiplier theory to EOM-
and STEOM-CCSD/PT gradients, all in abstract terms;

2. to discuss the automation of a systematic fully algebraic derivation procedure through
our newSMART toolkit of symbolic manipulation routines;

3. to apply théeMART package to derive in full detail the spatial-orbital working equations
for the closed-shell-reference EE-, DIP-, and DEA-STEOM-CCSD/PT, and also the
EE-, IP-, and EA-EOM-CCSD/PT, analytic first derivatives in explicit algebraic terms;

4. to describe the general chain-rule/intermediate-density formulation, facilitating a uni-
form and compact organization of the explicit gradient equations for CCSD/PT-based
electronic methods.

The material of this paper is divided roughly into two halves,abstract analysis (Sec-
tions2 and 3 and theexplicit algebraic analysis (Sectiond and 5. In the first half, the
EOM- and STEOM-CCSD/PT energy theories are reviewed in Segfithre general the-
ory of the energy gradient and Lagrange multipliers is introduced in Se8tipmand the
formulation is applied in Section3.2 and 3.30 obtain the EOM-CC/PT and STEOM-
CCSD/PT intermediate and effective density matrices for the analytical gradient in abstract
operator form. The second half of the paper, Sectibaad 5 somewhat parallels the ab-
stract gradient derivations of Secti@nbut in explicit algebraic terms. In Sectiagh an
overview of theSMART package is presented, along with extensive examples of the auto-
mated derivation procedure. Sectibmpresents and examines the individual components
of the explicit EOM- and STEOM-CCSD/PT gradient equations. Much of the discussion
in Section5 explains detailed features that arise in the algebraic expressions, which might
be difficult to organize manually but here are handled automatically in the direct algebraic
derivation. Also described are the factorization approach and certain general efficiency as-
pects applicable to the implementation of the working equations. The full set of algebraic
derivative expressions, contained in the tables of Se&jamere generated and checked
using ourSMART package and should thus be free of mathematical and typographical er-
rors. Additionally, the extensive captions of the tables in Sedipnovide a synopsis of
the current work. In Sectiof, the main features of this work are summarized.

2. THE EOM-CCSD/PT AND STEOM-CCSD/PT ENERGY METHODS

Let us first establish the notation. In the abstract expressions of Se2tams3 all indices

refer tospin molecular orbitals; in the explicit algebraic expressions of Sectdoasd 5

all indices refer tospatial molecular orbitals. The molecular orbital space is partitioned
into occupied (also called hole @) and unoccupied (also called virtual, particle, ;9r
subspaces, based on a closed-shell reference determinant. Generic occupied orbitals are la-
beledi, j, k, I, k1, k2, k3, andk4, while generic virtual orbitals are labeledb, ¢, d, c1, ¢,

c3, andc4. Each occupation subspace is further divided into active and inactive subspaces.
Occupied orbitals that are explicitly active are labeted:, andm; virtual orbitals that

are explicitly active are labeled f, ande;. Explicitly inactive orbitals are given primed
labels, such a& for occupied inactive and’ for virtual inactive. The labelg, g, r, s, t,

andu are used when neither the occupation nor the active character is specified, and these
labels run over the entire molecular orbital space. Groups of indices are denoted by the
Greek characterg, v, andy. In the spin-orbital expressions only, so as to minimize the
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appearance of numerical factors and signs, indices related by antisymmetry are restricted
(eg.i < j), and the Greek group indices should likewise be interpreted as including re-
strictions to unique indices. Terms are writtencﬂrf notation, where upper indices usually

refer to creation operators and lower indices refer to annihilation operators with respect
to the true vacuum; expressions obtained by differentiation, sudh,aand D,,, follow

the opposite convention, in the sense that the upper and lower indices are exchanged rela-
tive to the differentiating term. This standard facilitates a consistent tensor notation where
summed indices appear once above and once below. In case of typographical arbitrariness,
all three-index terms have the paired indices in the second position. Bold capital letters
refer to the set of elementary coefficients/amplitudes of the associated second-quantized
operatorge.g. H refers to the set of coefficients, of the normal-ordered elementary oper-
ators ofH in second quantization. (Note that the amplitudes of the bare Hamiltéhiare
denoted ago, f,, andV, but are collectively referred to &, andH.) In this work, clear
distinction is made between these second-quantized elementary operator amplitudes and
the associated matrix elements of the total operator between determinants. Although often
interchangeable, the difference will be apparent for the perturbative variants, where certain
matrix elements are not precisely the same as the “associated” elementary coefficients, due
to the participation of residual pure-excitation terms in the matrix elements. Lastly, sym-
bols with an under-tilde, such gsor R, are temporary quantities needed briefly to further

the discussion. A

2.1. The (ST)EOM-CCSD methods

The EOM and STEOM methods, collectively referred to here as (ST)EOM, can be based
on any truncated coupled-cluster (J&%,46]or many-body perturbation theojg5s] treat-

ment of the reference state. In this discussion, we will focus on a coupled-cluster singles-
and-doubles (CCSD) treatmét3] of the reference, but the analysis can be extended to
other CC truncation schemes. The reference system may instead be treated perturbatively,
and the perturbative amplitudes used in the CC-based (ST)EOM expressions. In particular,
we will consider the simplifications associated with using first-order Mgller—PIEESg}
amplitudes in place of the full CCSD amplitudes, yielding the (ST)EOM-PT methods.

We begin with a single closed-shell Slater determinép} as the reference determinant.
Although | @) is typically taken to be comprised of Hartree—Fock (HF) or canonical HF
orbitals, the CC-based expressions will be derived here for the general case of non-HF
orbitals; the PT-based (ST)EOM methods will instead employ only canonical HF orbitals,
and the simplifications will be discussed in Sectib@& The normal-ordered spin-orbital
electronic Hamiltonian is given in second quantizatieq.(referencd46]) by

H=ho+ Y fFpfay+ Y. vENpTr"s), (1)
p.q

p<q,r<s

where the constarity = (@o|H|®o) is the energy of the reference determinant, }ﬁe
are the amplitudes of the corresponding Fock operator/fffeare antisymmetrized two-
electron integrals, and the curly brackets { } denote normal-ordg@fgywith respect to
the reference determinant.

Note that the Hamiltonian of expressi¢l) contains two-electron pure-excitation oper-
ators{a'ib'j}. Such operators excite a given determinant to determirteotsxcitation
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levels higher, and their participation implies that at ledsto additional excitation lev-
els above the state of interest must be included in a reasonable truncated-CI description.
In particular, to adequately approximate states dominated by single excitations in Cl, the
Hamiltonian should be diagonalized in a subspace including at least up to (a selection of)
triply excited determinants. To better understand these statements, the block structure of the
matrix obtained by mapping over the reference determinant and singly, doubly, triply,
and quadruply excited determinants is presenteflign 1L The {aTi5T j} operators yield
sizeable matrix elements in the singles-to-triples blo® bc|1LAI|<I>ia> of the Hamiltonian,
and thus a diagonalization subspaceiofor singly excited states should include (the most
important of) these matrix elements. should include triply excited determinants, as in-
dicated by the dashed line kig. 1

In (ST)EOM-CC theory, a many-body similarity transformat@s] (X lHX) is first
performed on the so-called “bare” Hamiltoniahabove, with the purpose of eliminating
the major elementary operators that couple between different excitation levels and thereby
reducing the minimum reasonable subspace needed in the approximate diagonalization.
A similarity transformation changes the matrix elements and eigenfunctions of an operator
but, in the (impractical) case of @mplete diagonalization space, leaves the eigenval-
ues unchanged. Intauncated diagonalization subspace, the transformation can be chosen
to eliminate the most important (net-) excitation operators that excitef the diago-
nalization subspace. At the same time, the effects from the higher-level matrix elements
(excluded from the diagonalization) are incorporated implicitly into the lower-level matrix

A |Po) |®2) |®20) @39 | |3
(Dol ho X X o ! o0
(@3 fi‘l{&:ri} ) ) ) x ) - X X 10
(@1 | vihatibtjy  featiy, viPNiBTj) vebatebtyy x o x X
(@3 0 vibiatibtj) X X 1 X
(@2 0 0 X X X

Fig. 1. Block structure of the bare Hamiltonian H matrix elements. The matrix elements

are partitioned intuitively in bIock$<I>,,|I-?|<I>,L), where the left- and right-hand determi-
nants are of a particular excitation level. Xnindicates sizeable matrix elements, wtile
indicates rigorously vanishing matrix elements (sités at most a two-body operator).
CertainX of interest have been replaced by the actual second-quantized elementary oper-
ators that participate in the block. Diagonalization of fiienatrix over up-to a particular
excitation level is the truncated-Cl method. In order to reasonably approximate “singly
excited” electronic states, that is to say, states dominated by singly excited determinants
|®{), a truncated-Cl diagonalization subspace should include at least up to (a selection
of) triply excited determinants. This up-to-triples diagonalization subspace is indicated by
the dashed line, and its necessity is a simple consequence of the sizeable matrix elements
(<I>abC|(V”b{a sz jH1@f) that couple singly excited determinants to triply excited deter-
mlnants (To avoid confusion, note that all index labels in the three parts of the preceding
expression should be considered as dissimilar.)
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elements (thaare included in the diagonalization). The transformed Hamiltonian matrix
can then be diagonalized approximately in a smaller, more economical, subspace with in-
creased accuracy. Equivalently, for a given diagonalization subspace (say up-to-doubles),
diagonalization of an appropriately similarity transformed Hamiltonian should yield better
results than diagonalization of the bare Hamiltonian over the same subspace.

The similarity transformation of CC and EOM-CC theory is performed through the ex-

ponential operatoa*T and defines a new, transformed, Hamlltonlvan

A=eThe
=ho+ Y hytp'ay+ Y hApTRGS)
s p<q,r<s
+ Y RS @

p<q<r,s<t<u

with new elementary amplitudés, that are (diagrammatically connected) tensor products
of the original bare-Hamiltonian amplitudes with theperator amplitudes; as seen above,
theseh,, are defined as the coefficients of the second-quantized elementary operafors of

written in normal-ordered form. ThE operator is composed of connected pure-excitation
operators and, in the CCSD method, contains only one- and two-body components,

T=T+T=> a'iy+ Y a'ib'j). 3)

i,a i<j,a<b

The explicit algebraic expressions for the CCSD one- and two-ligdgmplitudes are

well documented in the literature, as spin-orbitag(referencg110]) or spatial-orbital

(e.g. reference[157]) quantities; the spatial- orbitaﬂ expressions needed in this work

are collected in expanded form irables 5 and ®f SectlonS (These expressmns can be
obtained by diagrammatic evaluatifit6,27,124—126pf the definitione=7 He’ in con-
junction with the Hausdorff expansi¢h58] or by algebraic evaluatigi22,123]of Wick’s
theoren{124,159]to combine the product of the three normal-ordered operators—actually
many more elementary normal-ordered operators due to the Taylor-series expansion of
the exponentials—into aingle normal-ordered operator, followed by collection of like
elementary coefficients.) In contrast to the bare Hamiltofian expressiorf1), the trans-
formed Hamiltoniarff now contains three- and higher-body operators, up to six in the case
of CCSD, but their amplitudes are typically smadlg; referenceg3,6]). Moreover, the
limited determinantal subspaces employed here in the diagonalizations and supplementary
equations will prevent all four- and higher-body terms from contributing to the (ST)EOM-
CCSD/PT methods. Finally, since th€ operator is not unitary, the similarity transformed

HamiltonianH is non-Hermitian.

So far, we have done little more than rearrange the elementary coefficients in the Hamil-
tonian. The simplification of the eigenvalue problem arises by setting some of these co-
efficients to vanish, thereby eliminating their associated elementary operators. In CCSD,

the one- and two-body pure-excitation operat@s} and{a'ib'j} in H are eliminated
by setting their associated coefﬁmehf‘sandh“b to zero. This yields the familiar CCSD
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equationg110,157]

RS = (@8 H|do) =0 Vi,a,
e = (<I>“b|H|q§0) =0 Vi<j,a<b (4)

that determine the amplitudds The 7' transformation operators in expressi@®) were
intentionally chosen to have the exact same form as the excitation operators in the trans-
formed Hamiltonian that would be made to vanish, and there are an equal number of
(non-linear) equations above as there Bramplitude unknowns. With the solution of the
CCSD equation§4), the reference determinant becomes the ground-state eigenfunction of

H truncated at doubles, with the CCSD energy given by
ho = (@o| H|®o). (5)

While the CCSD method focuses on the ground state, the EOM-CCSD mgg&ked
35] considers excited states by matrix diagonalization of the transfogethmiltonian
(or more precisely, by iterative solution for individual eigenvectors). With the removal of
the pure-excitatioia'i} and{a'ib' j} elementary operators, through the vanishing CCSD
equations, the transformdd matrix attains the approximate block structure presented in
Fig. 2 The two-body pure-excitatiof: 75T j} operators would have been the primary
operators inH that coupled singly excited determinants to triply excited determinants,
i.e. the most important participants in the singles-to-tripd@ifﬂl—?@?) block of ma-
trix elements. With their removal, the only remaining couplings in this singles-to-triples
block are due to new three- and four-body operators, whose coefficients tend to be small in
magnitude. The vanishing of the two-body pure-excitation operators thus implies that the
diagonalization subspace &f need extend onlgne excitation level beyond the level of
interest to achieve adequate accuracy. For states dominated by single excitations, the exci-
tation energy (EE-) EOM-CCSD meth@#] yields accurate results with a diagonalization
subspace including singly 1 p) and doubly (22p) excited determinants only. This mod-
erately sized diagonalization subspace is indicated by the dashed kig.iBand is in
contrast to the much less practical up-to-triples subspace appropriatedin &g ( 1). This
alternative many-body-operator viewpoint—and the subsequent simplification of the block
structure before matrix diagonalization—is a straightforward, though perhaps less famil-
iar, explanation of the accuracy of the EOM-CCSD and related methods, ahsitze
are often phrased in terms of just the wavefunction parameterization and Hilbert-space
projections over determinants, or the action of a wave operator.

Furthermore, in this second-quantized many-body-operator formalism, the approximate
(i.e. incomplete) decoupling in the transformed Hamiltonian applies immediately to all
sectors of Fock spad@1,25,29]involving determinants with a different number of elec-
trons. In the ionization potential (IP-) EOM-CCSD varigd®,52], H is diagonalized over
the subspace ofiiland Z1p configurations, giving principal ionizations relative to the
closed-shell reference system. ConversHlys diagonalized over and 2»1k configura-
tions in the electron affinity (EA-) EOM-CCSD varigi®6]. As in the EE- diagonalization,
elimination of the two-body pure-excitatidaTib'j} operators greatly reduces the cou-
pling to determinants outside of the dlagonallzatlon subspace in particular the IP- or

EA- “singles”-to-“triples” matrix elements{® ”k C|H|®;) or (<I>ajt|’f|H|<I>a), respectively.
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Fig. 2. Block structure of the singly transformed Hamiltonian A matrix elements. A sim-

ilarity transformation changes the matrix elements of an operator but, in the complete di-
agonalization limit, leaves the eigenvalues rigorously unchangedtrimeated-subspace
diagonalization, the similarity transformation can be chosen to eliminate the major elemen-
tary operators that couple between the included and the excluded configurations, thereby
allowing increased accuracy with a smaller diagonalization subspace. In the CCSD and
EOM-CCSD methods, th& = ¢~7 He! similarity transformation is performed with the
purpose of eliminating thgi i} and{a'ib'j} elementary operators. These pure-excitation
operators couple a given determinant to determinants respectively one and two excita-
tion levels higher. The operators are eliminated by setting their associated elementary
coeﬁicients}_z“ =0 andﬁ’”’ = 0, and theT amplitudes introduced by the similarity
transformauon provide exactly the free parameters needed to perform this elimination.
With their removal,(¢f‘|H|q§0) = 0, (<I>ab|H|q>o) = 0, and<q>0|H|q>0) = ho, yielding

CCSD theory for ground states. In the EOM-CCSD methre}ds then matrix diagonal-

ized over singly and doubly excited determinants, to approximate singly excited electronic
states. The eliminated two-body pure-excitatjghib' j} operators provided the primary
coupling between singly and triply excited determinants, and with their removal, the sin-
gles-to-triples bIock(<I>ab°|H|<I>a) of the matrix is greatly reduced. Singly excited elec-
tronic states are thereby obtained accurately in this diagonalization that isdopkies

only. This smaller, more economical, diagonalization subspace is indicated by the dashed
line and is in contrast to the up-toiples subspace reasonably required in €fl Fig. 1).

The individual matrix elements are changed by the similarity transformation, indicated
by the bar over the normal-magnitude elemeXtsmoreover, three- and higher-body el-
ementary operators are introduced, but these terms are typically small and are indicated
by the~. In this second-quantized approach, the same one- and two-body pure-excitation
elementary operators also couple between determinants of a different fixed number of elec-
trons, and so this same approximate block structure applies in the IP- and EA- variants of
EOM-CCSD as well.

Recently, we have reported the first results aloable ionization potential (DIP-) EOM-
CCSD variant[15], where H is diagonalized over/2and 3:1p configurations, giving
doubly ionized states relative to the closed-shell reference system.

In the STEOM-CCSD methofl—3], the process is pushed one step furthesegond
similarity transformation is performed in order to eliminate the primary net-excitation op-
erators that couple between singly admlibly excited determinants and thereby further
reduce the minimum size of the approximate diagonalization subspace. This second trans-
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formation is performed through a normal-ordered exponential Opeﬁ‘ﬁiDI[ZS,ZG]. The
doubly transformed STEOM-CCSD Hamiltonian becomes

G = {5) A )
=go+y ayiplar+ D ofpTFTS + - (6)
P.q pP<q,r<s
with new elementary coefficients, andgo = ho. The § operator consists of two parts,
§=28+ 8%, with

ST=87+8; = Zs{f’{n%*f’} + Z S,-’;’b{nffﬁf},

i’\m m,b,i<j

~ N ~ I A SN

ST=8+87 =) siqa'Tey+ Y sehiateb' ). (7)
a’e e,j,a<b

These elementary operators Srhave precisely the same form as the elementary opera-
tors in the doubly transformed Hamiltonighthat will be made to vanish. For the double
ionization potential (DIP-) STEOM variafi8], the St operator is not used, as the match-
ing elementary operators in the Hamiltonian cannot participate in thed{@8gonalization;
contrariwise, for the double electron affinity (DEA-) STEOM variBit, the 8- opera-

tor is not used; for the excitation energy (EE-) STEOM metfh8], both S~ and S+

are needed. Unlike the pure-excitatidhin the first transformation, thd operators do

not commute, due to theit ' or ¢ g-annihilation components (annihilation operators with
respect to the quasi-particle vaculy)), but the overall normal-ordering is included in
{e3} to prevent the non-commuting components from contracting among themselves and
thereby streamline the resulting expressions. Note that contractions are still possible
between thdeS} operator and its inverse in the similarity transformation.

Again, this second similarity transformatiday itself does little more than rearrange
the elementary coefficients in the doubly transformed Hamiltonian. But it does serve to
introduce the free paramete®s which are then used to eliminate the coefficients of the
unwanted net-excitation operatorsGh To begin with, this second similarity transforma-
tion preserves the zeros of the fif85], so that the decoupling due to the CCSD equations
remains true,

9¢=h"=0 Via,
b _ fab S

g?j:h?jzo Vi<j,a<b (8)
(where the first equation has been used in the second). These zeros are independent of the
value of theS coefficients, and so th€é similarity transformation does not interfere with
the pure-excitatioria'i} and{a'ib' j} eliminations achieved in the precedifgtransfor-
mation. The equations that determine the STEOM-CCS&mplitudes are analogous to
those of the CCSD and EOM-CCSDamplitudes, namely they set the matching operator
coefficients of the resulting transformed Hamiltonian to zero. The equations that determine
S~ for EE- and DIP-STEOM-CCSD are

g% = —(P1|G|Py) =0 Vi'.m,

g = —(@1G|®u) =0 Vm.b, i <], ©)
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and these vanishing}; and g’”b coefficients eliminate the associateé’i’} and net-

excitation {m le]} elementary operators i6. Likewise, the equations that determine
S* for EE- and DEA-STEOM-CCSD are

g¢ = (@“1G|o9) =0 Ve,
b b A e .
g4 = (@|G|9¢) =0 Ve, j, a<b, (10)

and these vanlshmge and g“b coefficients eliminate the associatéd Té} and net-

excitation{a'éb'j} operators |nG (Note that satisfaction of the pure-excitation equa-
tions(8) is needed to simplify the matrix elements in equati(@sand (10)o be the same

as the associated elementary operator coefficients, an issue to which we will return later in
the PT-based discussion.) These eliminated elementary operatGreame precisely the
same form as thé operators of expressior{g), and there are an equal number of equa-
tions as there ar&amplitude unknowns. Additionally we note that in equati¢@sand

(10), only a selection of thg,, operator coefficients are made to vanish, and this selection
defines the active partitions ande of the orbital spaces, respectively. The role of the
active space in STEOM will be examined in detail later in this section.

Besides the pure-excitatioéi’i} operators eliminated in the first transformation,
the eliminated two-body(/TibTj} and {atéb' ]} net-excitation operators are the pri-
mary operators that would couple singly excited determinants to doubly excited de-
terminants. In the EE-STEOM-CCSD method, these are the most important opera-
tors that would participate in the singles-to- doub[dﬁab|G|<I>a) block of matrix ele-
ments. To be completely explicit, the only possible contributions to this block of the
G matrix are of the form(q§“b|{bT]}|¢>“) <¢>“b|{szbU}|q>a> (@”b|{a ety of), 0
(q§“b|{szachTj}|q> ). Ellmlnatlng the{aTz} operators eliminates the first Contr|but|on
above, and eliminating thenTisTj} and{atéb' j} operators greatly reduces the magni-
tude of the second and third contributions above, leaving mgﬂ{k”zb’ﬁ}@“) and
(¢“b|{a 6/bTJ}|d5C) involving an inactive orbital and the final three-body term above.
(These remaining three-body and inactive two-body couplings from singly to doubly ex-
cited determinants are part of the residual contributions that are neglected by the singles-
only diagonalization subspace.) Analogously, the sdéié} and {'ib"j} operators
present the primary eliminated coupling in the DIP- “singles™-to- “doubK@"k|G|<I>.J)
matrix elements, and thg'i} and{atéb' j} operators are the primary ehmmated partici-
pants in the DEA- “singles”-to- “doublea%abc|G|<I>ab> matrix elements. Note that these
eliminated second-quantized operators also reduce a large portion of the couplings between
higher excitation blocksg(g. doubles-to-triples) as well.

With the removal of the most important pure-excitation and net-excitation operators
through equationg8), (9), and (10}-and the implicit incorporation of their contribu-
tions into the lower-level matrix elements through the transformed amplitudes of the
Hamiltonian—the doubly transformed STEOM-CC$DHamiltonian matrix attains the
approximate block upper-triangular structure presentédgn3. Each subblock on the di-
agonal corresponds to a particular excitation level and is approximately decoupled from all
more highly excited determinants. As discussed above, the only remaining couplings that
can excite out of a subblock involve inactive or three- and higher-body operators. Most
notably, singly excited electronic states can now be obtained accurately by diagonalizing
G over the subspace aingle excitations only, as indicated by the dashed linedFiy. 3
Moreover, this same block structure applies in the DIP- or DEA-STEOM-CCSD variants,
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Fig. 3. Block structure of the doubly transformed Hamiltonian G matrix elements. In

STEOM-CCSD, a second similarity transformatiah,= {¢°}"1H{e’}, is performed to
eliminate the major remaining elementary operators that couple from sindbutdy ex-

cited determinants and thereby further reduce the size of the approximate diagonalization
subspace. This second transformation preserves the zerosifttaasformationfig. 2),

and furthermore, the introduc&lamplitudes set th& elementary coefﬁmentg’"b =0

andg“” =0 (with m ande indicating active orbitals). These new zeros respectlvely elim-
inate the net- excitatiofi TiHT j} and{a febT j} operators, the primary remaining partici-
pants in the singles-to- doubleo” |G|<I>;"‘) block. The only residual operators left in this
block are the corresponding inactive two-body operators and typically-small three-body
operators. With the elimination of the primary singles-to-doubles and singles-to-triples
coupling operators (and the implicit incorporation of their effects into the singles-level
matrix elements through the transformed Hamiltonian amplitudes), singly excited elec-
tronic states can now be obtained accurately by diagonalizingver the subspace of
singly excited determinants only, indicated by the dashed line. This reduction represents
an enormous savings over the reasonable diagonalization subspace in CI (up-to-triples,
Fig. 1), or even EOM (up-to-double§jg. 2), and allows a large number of singly excited
states to be computed at essentially no additional cost. The STEOM-CCSD method can be
considered a rigorous correlated equivalent of the Cl-singles method, using the fully cor-
related effective Hamiltoniaw. Additionally, due to the second-quantized nature of the
eliminated elementary operators, this same approximate block upper-triangular structure
applies in the DIP- and DEA- variants of STEOM-CCSD as well. Finally note that the
matrix elements are again changed by the second similarity transformation, indicated by
the additional overbar iX, as are the typically-small residual elemexts

and the methods can accurately describe open-shell systems with two less or two more
electrons respectively (than a closed-shell parent) with a singlesil@ 2p diagonal-
ization subspace only. The cost of these final Cl-singles-like diagonalizations is trivial,
and a large number of eigenstates can thus be computed simultaneously for essentially no
additional cost.

We now consider some detailed features of STEOM-CCSD theory. In equéijoausd
(10) that define the eliminate@ components, it is in fact not necessary that the one-body
g andge coefficients be made to vanish, since the assoc{a”iéd} and{a’Té} operators
do not increase the excitation level of a determinant and thus their removal does not aid
in decoupling excitation blocks af. However, doing so exploits the relationsti#?25,



Analytical Energy Gradients for Excited-State Coupled-Cluster Methods 21

160,161]between STEOM-CC, EOM-CC, and FSQZl1-24,26—-29}heories, allowing
the coupled set of non-linear (i) equationg9) and (10)to be re-cast into a series of
independent EOM-CCSD eigenvector problems (one for each active onbited), which
is numerically more stable. The STEOM-CCSD andS+ amplitudes have been shown
to be the same as the amplitudes obtained in the FSCC solution for the IP and EA sectors,
respectively, and can in turn be computed by solving for a selection of active IP- and EA-
EOM-CCSD eigenvectors, along with an additional normalization condition that depends
on the size of the STEOM active spd&g.

Although needed to calculate tiBamplitudes, the diagonalization 6f, on the other
hand, does not require the one-bdtlycomponents. The eigenvalues®tan equivalently
be obtained from

Ga = {%2) T H{e). (11)

As long as the diagonalization is performed over the full set of orbitals (active plus inactive)
in the chosen truncation, the eigenvalue spectrumiaf identical 3] to that of the fullG:
Since

fe} = fe¥r ) = (e%){e) (12)
by Wick’s theoren{124,159]and the fact that thimactive g-creation operators (diagram-

matically at the top) o1 cannot contract with the explicitigctive g-annihilation operators
(at the bottom) ofS2, then

G = {55) a5 = R o) T e ()
= {81 71Go{eM), (13)

and thusG and G, are related by a similarity transformation and have the same eigenval-
ues. To summarize therefore, the equations foStamplitudes require the fuif, whereas
the diagonalization only requireég. Amplitudes ofG, will be denoted typographically
asg,., whereas amplitudes of the fudl will be denoted ag,. In this work, nearly all the
explicit algebraic expressions will be written in terms of tag amplitudes, unless noted
otherwise.

The explicit algebraic expressions for tBe(and G) amplitudes in terms ofl andS
amplitudes cannot readily be obtained from the definitioa;of expressior(6), though,
due to the unknown mvers{es} L. In a key development, it was sho@b] that the linear

(in G) set of equat|0n$e5}G = H{es} can be organized into a block form soluble by
backward substitution and leads to

G =(H{e*))c — (e’ - 10), (14)

where the subscrigi means that, in diagrammatic language, the terms must be connected
(share one or more summation indices through contractions in Wick’s theorem such that
the terms cannot be factored into disjoint pieces). Expreqdidphas been evaluated di-
agrammatically for the needds andG, amplitudes, and referengg] lists their explicit
spatial-orbital formulas, which are reproduced here in expanded fomatles 5 and of
Section5 (with some typographical corrections).

Once theS amplitudes are obtained and tiB& amplitudes are calculated.€ the
second similarity transformation is performed), the final transformed Hamiltd®jais
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diagonalized over the appropriate singles determinants to compute the energies of inter-
est. Despite this small singles-only diagonalization subspace, however, through the second
similarity transformation the STEOM-CCSD method includes implicit “connected” dou-
bles and triples contributions in the wavefunction. To make this statement more concrete,
Table 1compares the individual excitation levels of the EOM-CCSD and STEOM-CCSD
approximate final wavefunctions (of the bat® in relation to the straightforward CI pa-
rameterization. Th€, R, andR in Table lrepresent operators corresponding to the Cl,

EOM-CCSD, and STEOM-CCSD diagonalization subspace of{, and G», respec-

tively (as well as include the reference element), and the individual excitation levels of
these diagonalization operators (constant, singles, doubles, triples, or quadruples) are indi-
cated by their subscripted number (0, 1, 2, 3, or 4, respectively). The diagonalization oper-
ators can be taken as pure excitations1(d, 2h2p, ...), as ionizations (4, 2hlp,...),

as attachments (i 2plh,...), as double ionizations {2 3k1p,...), or as double at-
tachments (2, 3p1x, ...), and the “excitation” level (“singles”, “doubles?, .) likewise
redefined. Note that the EOM-CCSD method explicitly includesRheand R, operators

in its diagonalization, whereas the STEOM-CCSD method only explicitly inclties

To facilitate comparison within a given Cl excitation level, the analogous components be-
tween the EOM-CCSD and STEOM-CCSD methods are written on the same line. The
table entries can be obtained through abstract examination of the (ST)EOM-CCSD wave-
functions by Taylor-series expanding the exponentials and collecting operators of equal
excitation rank. (For the most part, the information is also contained algebraically in the
full expansion of the EOM- and STEOM-CCSD energy expressions of Segjion

We shall now examine the excitation leveldable lindividually. Both the EOM-CCSD
and STEOM-CCSD wavefunctions include the reference element, and both methods give
a total treatment of the singles contributions, through the inclusion oRther Ry singles
operators in their diagonalization subspaces, respectively. The first difference between the
two methods occurs in the doubles-level components. Whereas the EOM-CCSD method
includes the doubly excited determinaseiglicitly through theR, operator in the diag-
onalization, the STEOM-CCSD method incorporates the doubles contribuipiisitly
through the second similarity transformation. In other words, rather than the full, indepen-
dent treatment of doubles as in EOM-CCSD, the STEOM-CCSD method approximates the
doubles contributions as the connected productRloﬁvlth Sz The connecte(dSZRl)c
plays the role of an approximate connectd&3™in STEOM, and as previously discussed,
the STEOMS amplitudes can be computed from the IP- and EA-EOM- CCZ&Ddez
amplitudes.

The most important difference between the EOM-CCSD and STEOM-CCSD treat-
ments occurs in the triples-level components. In the EOM-CCSD method, all the triples
components are diagrammatically “disconnected” products (meaning tired R share
no summation indices). In contrast, the STEOM-CCSD method includes the connected
({ S }Rl)c contribution, which acts as an approximate connecﬂ%gi triples compo-
nent in STEOM. This implicit inclusion ofonnected triples typically favors the STEOM
approach, particularly for valence excited std&$,12,13] Discarding these connected
triples terms from STEOM-CCSD often gives valence results more similar to EOM-
CCSD[3]. For Rydberg states, where the effects of triples are less important, STEOM-
CCSD offers little if any improvement over EOM-CCSD energies, but transition moments
can be sensitive to these included triples eff¢8s As noted in the Introduction, accu-
rate connected triples corrections to EOM-CCSD, such as through EOM-GG $)
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Table 1. Individual excitation levels in the EOM-CCSD and STEOM-CCSD approxi-
mate H final wavefunctions. The C, R, and R correspond to the Cl, EOM-CCSD, and

STEOM-CCSD diagonalization subspacesi#f H, and G, respectively. The EOM-
CCSD method explicitly includes the singles and doubiRasand R, operators in its
diagonalization, whereas the STEOM-CCSD method only explicitly inclutie®espite

this singles-only diagonalization subspace, the STEOM-CCSD method implicitly includes
“connected” doublesS,R1)c and triples({3 5,2} R1)¢ contributions in the wavefunction.
This implicit inclusion ofconnected triples typically favors the STEOM-CCSD approach
over EOM-CCSD, particularly for valence excited stdt&$,12,13] Separately, note the
implicit approximate inclusion of configurations beyond the truncation level (in fact all the
way up to the fully excited determinants) favors the EOM-CC and STEOM-CC methods
over the like-truncated Cl method.

Cl EOM-CCSD STEOM-CCSD
@) = Cldo) @) = T R|bo) @) = e (52} R|bo)
Co Ro Ro
C1 T1Ro T1Ro
+ 7%1 + 1%1
éz (fz + %flz)ﬁo (fz + %flz)léo
+ 7’\"1721 + fllél
+Ra + (82R1)c
CA‘3 (fzf"l—i- %713)7%0 (f2f1+ %ff’)ﬁo
—i—(fz—i—%ff‘)']@l +(f2+%ff)1é1
+ 1R + T1(S2R1) ¢
182 p
+ ({252 }Rl)c
Ca (375 + 31217 + 11 Ro (373 + 31217 + 4 17) Ro

+ (fzfl + %713)7%1

+ (T2 + 3T R>

+ (2T + 3T Ry
+ (T2 + 272)(S2R0)c

+ 11({352%} Re)
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or CC3[78], can be quite expensive. For many non-trivial organic molecules, the singly
excited states given by STEOM-CCSD are found to be comparable in accuracy to the
EOM-CCSD{/) or CC3 results, but for a fraction of the computational ¢6st2,13] To

give some perspective, an entire EE-STEOM-CCSD calculation, yielding a large number
of singly excited states, ionization potentials, and electron affinities of the system, even
including property calculations and the analytical gradient, is cheaper than calculating just
one excitation energy in EE-EOM-CCSID).

For the quadruples-level components and higher, both the EOM-CCSD and STEOM-
CCSD methods include only disconnected contributions. Because of the exponential oper-
ators in the similarity transformations, the EOM and STEOM wavefunctions include such
disconnected contributions all the way up to the fully excited determinants (given by the
total number of electrons). It is this approximate treatmera lofxcited determinants that
makes ground-state truncated CC theory superior to the like-truncated CI treatment (which
does not include any contributions beyond the truncation). Ground-state CCSD theory is
recovered fronTable 1by keeping only the components involving the reference configu-
ration (the first line in each excitation level). We should note that if all level ofere
included, this ground-state “full” CC theory would be equivalent to full Cl (but compu-
tationally more expensive). Furthermore, eventfoncated 7', due to the exact nature of
similarity transformations, a full diagonalization space (all level&adr R) would make
EOM-CC or STEOM-CC equivalent to full CI for excited states.

The quality of the STEOM-CCSD approximations for singly excited states can be ex-
plored through comparison with the extended-STEOM-CCSD apprda;h3] By ex-
tending the diagonalization subspace to incladebly excited determinantexplicitly,
through the inclusion oR; in the G diagonalization, the extended method gives a full
treatment of doubles and a more complete treatment of implicit connected triples (as
well as implicit connected quadruples if desired). In gendaalstates dominated by sin-
gle excitations, the original STEOM-CCSD results are typically unchanged in going to
extended-STEOM-CCSD, with shifts often less than 0.09[E2/13] This convergence
substantiates the approximation of using a singles-only diagonalization subsgaderof
singly excited states, indicating that the remaining non-vanishing three-body and inactive
two-body operators that couple singles to doubles;éthethe<<1>fj‘b|(§|<l>f‘) block inFig. 3

and given explicitly several paragraphs above) are indeed negligible, in such typical appli-
cations. Furthermore, the STEOM-CCSD results for dominantly singly excited states are
usually accurate to within 0.1 eV or so compared to experimental or full Cl rgSyts
12,13} (This same 0.1 eV accuracy is generally also found for doubly excited states in
extended-STEOM-CCSI12,13]) However, convergence of the STEOM and extended-
STEOM resultsalone does not necessarily guarantee accuracy relative to full Cl. Just as
in CCSD and EOM-CCSD, large amplitudes in the similarity transformation can indicate
that significant contributions are present outside of the treatment. For exg@rapline first

117g state of N or the first1B, state of CH are found to involve an orbital whose corre-
sponding IP- or EA-EOM-CCSD eigenvector has a significant double-excitation character,
yielding large associate®, amplitudes. Although the STEOM and extended-STEOM re-
sults for these particular singly excited states are found to agree, the results do not agree
especially well with full CI ¢0.3 eV errors), implying that the larg® may have induced

a substantiatlirect singles-totriples coupling through the similarity transformation, by
inflating the three- and higher-body (net-double-excitation) operatos (the = in the
(<I>i"j‘|‘2°|é|<l>?) block in Fig. 3). To better understand and identify when results should be
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considered suspect or reliable, let us examine the accuracy indicators in STEOM in more
detail, in particular with regard to the selection of the active space.

As seen in equation@®) and (10) the active space defines the selection of two-body
net-excitation operators that are eliminated through the second similarity transformation,
and the selection that are not. The inactive two-body net-excitation operators comprise
part of the remaining coupling that is disregarded by the truncated diagonalization. But
the active space also determines the extent of the three- and higher-body operators that are
modified/created in the second transformation, which too are neglected in the truncated
diagonalization. The active space thus plays a dual role in STEOM. Certainly, it serves to
reduce computational expense by reducing the number of amplitudes/equations in expres-
sions(9) and (10) But it also enables the restriction of the transformation amplitGdés
those that are relatively small in magnitude. This warrants some further discussion.

An underlying assumption of the STEOM-CCSD approach is thaSghend T ampli-
tudes are small and account primarily for dynamical correlation effects. If these trans-
formation amplitudes are indeed small, then the resulting higher-rank operators in the
transformed Hamiltonian can also be expected to be small, and the approximation in
STEOM to neglect these operators, through the limited diagonalization subspace, is valid.
If the transformation amplitudes are large, however, the accuracy of the results becomes
rather unpredictable. In such cases, there will likely be higher-rank operatGrshiat at-
tain large amplitudes, and they may well be important for the excited states of interest. In
practice, we find that results from STEOM-CCSD calculations can be trusted if

1. theT andS; transformation amplitudes are relatively small,

2. the %active character in the STEOM eigenvectors is sufficiently high,
3. the STEOM states of interest are predominantly singly excited, and
4. the basis set is adequate, in agreement with standard considerations.

If any of these criteria cannot be met (to be defined more precisely below), results should
be regarded with suspicion. In particular, as in thedd CH, states mentioned above, it

may be that some specific orbital is important for the excited state of interest, but the corre-
spondingS, amplitudes (IP/EA-EOM eigenvector) have some large values. In such a case,

the STEOM approach simply breaks down, and there is no easy way to circumvent the
problem. This is a relatively rare occurrence for well-behaved Hartree—Fock molecules at
their ground-state equilibrium geometry, but it can readily become apparent as the geome-
try is distorted. Let us consider the individual criteria more carefully.

The T amplitudes will be small (in absolute value) if the reference state is qualitatively
well described by a single Hartree—Fock determinant. The requirement that the parent state
is well described at the single-reference level is essential for both the EOM and STEOM
methods. As a rule of thumf, amplitudes are small enough if there are a limited number
of them between 0.1 and 0.15 in magnitude. If such amplitudes are plentiful, or if some
amplitudes exceed 0.15 in absolute value, the results are suspicious (the permanganate an-
ion is an example of a situation where many intermediately [&rgmplitudes are present,
and EOM and in particular STEOM are not very accufagg).

The S, amplitudes in STEOM will be small when the associated IP/EA-EOM states
are well described by the principal configurations, when the doubles components of
the included IP/EA-EOM eigenvectors are small. For the IP-EOM situation, this is gener-
ally the case for the valence ionized states, but the deeper-lying ionized states are typically
poorly described by just theiddeterminants, or in other words, Koopmans’ approximation
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progressively breaks down. Typically, the deeper-lyingahd certain 21p determinants

will approach degeneracy, which leads to configurational mixing between the two and a
concomitant rise of the associat8&g amplitudes. For the EA-EOM amplitudes, the situ-
ation is somewhat less straightforward. Valence attached states typically have significant
2p1h character, whereas Rydberg attached states often revert bagldesdriptions. The
coupling between the diffuse Rydberg tleterminants and spatially more-compapii2a
determinants is often minor, and a breakdown of the one-particle picture is only observed
for relatively high attachment energiesg. higher than 10 eV). Eventually the breakdown
does occur, and this defines a clear limit to the extent of the virtual active space that should
be used in STEOM. Let us emphasize that all of these attached states are usually unbound
states, and they would at best approximate resonances in electron scattering experiments.
For both the IP- and EA-EOM eigenvectors, there is typically an energy window in which
all states are relatively well described by the principal configurations. This is how the ac-
tive space is chosen in STEOM, usually with about 10-20 occupied and 20-30 virtual
orbitals, extending from about20 to 410 eV orbital energies. The quality of the active
space (the magnitude of ti8 amplitudes) is monitored by the %singles character in the
IP/EA-EOM eigenvectors. Ideally, all EOM eigenvectors included in the second similar-
ity transformation would have a %singles character above 90%. By default, EOM states
that have a %singles character below 70% are discarded from the second transformation,
as they may deteriorate the accuracy of the results rather than improve it. Certainly the
accuracy would not be predictable if they were included.

Somewhat opposing the %singles character of the included EOM states is the %active
character of the resulting STEOM eigenvectors. (The STEOM diagonalization is per-
formed over all orbitals active plus inactive.) The convergence of the energy with the size
of the STEOM active space has been observed in pradiger¢ferencd3]), and ideally
the active space component of the STEOM eigenvectors should exceed 98%, although in
actuality we often may need to be satisfied with something like 95%. The STEOM %ac-
tive character cannot be improved indefinitely as the %singles character of the included
IP/EA-EOM eigenvectors would drop too low, and this is considered more of a liability.

As a final check on the accuracy of the results, we calculate the %singles character of
the STEOM excited states (in the EOM picture). In other words, we calculate the singles
and doubles vector; pIUS(S‘zﬁl)c, and monitor the singles component. The %singles
character of a STEOM state is considered satisfact@ythe state is truly dominated by
single excitations, if the character lies above 90%. If not, it is an indication that the state’s
correlation is not quite “dynamical”, and the user should regard the STEOM results with a
healthy suspicion. In particular, the system may have low-lying doubly excited states that
interfere, and as long as the other indicators are all adequate, results should improve by
moving to the extended-STEOM method, although at a substantial increase in computa-
tional cost versus regular STEOM. A new and useful intermediate approach is to use a
perturbative correction to the STEOM energies, called STEOM+D (unpublished), which
incorporates the dominant doubles corrections and which is only slightly more expensive
than STEOM itself. The STEOM+D approach cannot access “true” doubly excited states
as it is simply a perturbative correction to regular STEOM, but the method does provide a
convenient gauge for the accuracy of the STEOM results. For well-behaved singly excited
states, STEOM and STEOM+D tend to deviate by less that 0.05 eV, and if the deviation is
larger, it provides a fair indication that a more extended treatment may be warranted. The
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only published results on the STEOM+D correction at present can be found in Table IV of
referencd66].

All of the criteria discussed above can only be guidelines; it is a gray boundary between
reliable and suspect. Giving robust error bounds or reliability criteria in this field is diffi-
cult, but it is appropriate to say that the STEOM-CCSD method provides an efficient means
to calculate a large number of singly excited states with a substantial degree of accuracy.
However, the method is not highly systematic, in the sense that it is hard to systematically
improve results. On the other hand, there are good, albeit somewhat complicated, internal
estimators to judge the resultant accuracy. If the indicators are all clear-ciit éatipli-
tudes smaller than 0.1 in absolute value, %singles in IP/EA-E©M0%, %active in
STEOM > 98%, and %singles in STEOM 90%), it is safe to trust the result. If some of
the indicators are questionable, the user must exercise judgment, depending on the degree
of accuracy needed to provide a reasonable understanding of experimental results. There
is only one knob to turn in STEOM-CCSD, the number of states included in the active
space, and the results are not especially sensitive to this choice (within reason). Moreover,
the knob typically has a clear limit, as the %singles character in the EOM eigenvectors
will go down rapidly if too many states are included. In this sense, the lack of systematic
improvement in STEOM has its advantages for the user. Most often, it is easy to obtain
reliable results. If not, there is no need for endless experimentation with parameters in the
calculation. Try another method (or another project) instead.

In general, then, for the manifold of states dominated by singly excited determinants
and whose reference state is reasonably well described at the single-reference CCSD level,
which comprises a large number of typical systems of interest to quantum chemists, the
STEOM-CCSD method is expected to give results accurate to within a few tenths of
an eV, often less than 0.1 eV errors, relative to the full Cl results. The magnitude of the
transformation amplitudes, percent active character, and STEOM percent singles charac-
ter are useful internal criteria in evaluating the reliability of the STEOM-CCSD results
[3,6,12,13]

The STEOM method is most suitable for excitation energies, and this has been the focus
of our discussion. The approach can also be used to describe certain multi-reference situa-
tions using the DIP- and DEA- variants of STE(Q®&4,14—17] However, the orbitals used
in these approaches are optimized for the parent state having two more or two less electrons
than the actual states of interest, and therefore orbital relaxation effects can be expected to
be quite important. These are not treated particularly well in STEOM, a3 thed S
amplitudes are obtained for states with a different number of electrons, while the diagonal-
ization space in STEOM is too small to include relaxation effects. It typically does not help
to redefine the reference orbitals such that they are more suitable for the final states of in-
terest. The preliminary CCSD calculation would then typically yield largemplitudes,
effectively rotating the orbitals back to describe the parent state, and this is generally more
deleterious than using orbitals optimized for the parent state in the first place. Despite their
clear drawbacks, the DIP- and DEA-STEOM approaches can give easy access to a mani-
fold of multi-configurational states and can be expected to yield semi-quantitative accuracy.
This type of approach is typically most suitable if the parent state is neutral or carries one
unit of charge. In such instances, the parent state itself is generally a physical state, and the
DIP- and DEA- methods can be expected to work satisfactorily if the STEOM criteria dis-
cussed above are satisfied. For example, various states of hetion and their potential
energy surfaces have been studied using the DIP-STEOM approach, starting from the well-
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behaved ground state of the §@nion as the pareit5]. In addition, some applications

of DIP-STEOM have been presented in which the parent statdiigaion €.g. the vibra-

tional frequencies of ozone have been obtained in this fagBipnSuch an approach can

only work in relatively small basis sets that do not have much diffuse character. Otherwise,
the orbitals for the di-anion would describe free electrons at infingyauto-ionization,

and the DIP-STEOM approach would break down. Such problems do not occur for the
DEA-STEOM approach, but our experience with this method has been very lifgiteg.

Often, di-cation parents are highly correlated as they typically have compact low-lying vir-
tual valence orbitals. In such cases, Theamplitudes can be large, again deteriorating the
results. Even though the DIP-STEOM and DEA-STEOM methods are of somewhat limited
use in studies that require spectroscopic accuracy, they are important precursor methods to
multi-reference approaches that use similar parameterizations, or generalizations thereof,
but in which the orbitals and transformation amplitudes are optimized precisely for the
states of interest. The theoretical framework for such approaches has been discussed in
referencg162], and initial promising applications of these “internally contracted state-
selective multi-reference coupled-cluster” methods have been preg@B8&d33] These
internally contracted multi-reference theories tend to be rather complicated, although they
can be made quite efficient computationally. The need to develop these methods triggered
our use of computer-aided implementations, and these methods have been implemented
largely in an automated fashion using the Automatic Program Generator (APG) developed
by Lotrich and Nooijen (see, for example, refereficg2]).

2.2. The (ST)EOM-PT methods

We end this energy discussion by considering the simplified EOM-PT and STEOM-PT

methods. In constructing the first similarity transformation that genedtesolving the
reference CCSD equations fércomprises a significant portion of the overall computa-
tional cost in a (ST)EOM-CCSD energy calculation (scaling as iterathé; see Sec-
tion 3.3.1). The full-order CCSDI amplitudes can instead be approximated and replaced
by thefirst-order T™® amplitudes obtained from Mgller—Plesset (MR56] many-body
perturbation theory (MBPT)g(g. referencg45]), which are much cheaper to calculate.

These first-order perturbative®® amplitudes are then used in ti& similarity transfor-
mation,

H=e

7@ A P
He

(15)

i.e. rather than th@ values obtained from solving the CCSD equations, the perturbative
T® values are instead plugged into the detailed CEB&xpressions. Note thahy sim-
ilarity transformation preserves the eigenvalues (in the complete diagonalization limit),
and choosing the perturbatiié? values yields a sound compromise between efficiency
and the accuracy of the full CCSD solution. Unlike the CCSD method, though, the

perturbativeT D values do nofully eliminate the pure-excitation amplitudes &fin ex-
pression(15); instead, theT @ are defined byi(e. eliminate) only thestrictly first-order
component of the CCSD equations. Additionally, the (ST)EOM-PT energy definition is re-
formulated in terms of a commutator, to exclude the non-vanishing residual pure-excitation
components of expressigh5) and thereby make the PT-based expressions consistent with
the CCSD-based formulation. These modifications will be examined thoroughly below.
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Besides these changes to the numerical values dfitamplitudes and the defining equa-
tions forT® (and the energy), all other parts of (ST)EOM-PT theory are the same as the
(ST)EOM-CCSD theory already described.

This perturbative replacement of tAeamplitudes inH is of course not the only way
to impose simplifying perturbative approximations on the (ST)EOM-CCSD methods. But
the approach yields accurate results and is quite simple. For pyfitligl for example,
the (ST)EOM-PT excited-state energies are typically within a few tenths of an eV of the
corresponding (ST)EOM-CCSD energies. Moreover, the difference between the CCSD-
based and PT-based (ST)EOM treatments tends to be highly systematic, meaning that all
states shift by a similar amoufit,6]. In free base porphin, whose reference state is more
highly correlated and thus whose first-ordéP amplitudes differ more substantially from
the full-order CCSDT amplitudes, the differences are found to be somewhat larger and
less systematic but are nevertheless reasonable, yielding essentially the same ordering of
states in the dense excitation specti@in Rather than replacing! the CCSD amplitudes
by their first-order analogs, hybrid (ST)EOM methods can also be dejdid¢dvhere the
less importanT amplitudes are treated perturbatively while the more important amplitudes
are treated to full order, although such methods will not be considered here.

More formal perturbative expansions are also possible, but the additional rigor does not
necessarily translate into the same consistent accuracy as above. The CIS(D)[@@thod
61], for instance, can be viewed as a second-order perturbative approximation to the
EOM-CCSD method. Despite the formal purity, geometry optimizations and frequency
calculations have showj2] that the CIS(D) method can yield erratic results.

Stanton and Gauss have described a general order-by-order hierarchy of MBPT-based

EOM methods by submittingd to a rigorous perturbative expansip#2]. The simplest
and most practical of these EOM-CCSp(methods, the EOM-CCSD(2) method, em-
ploys the same first-order MP® amplitudes as here. The singles-and-doubles EOM-PT
formulation of the present work is in fact equivalent to this EOM-CCSD(2) mef#2H
Although thehg element of the present work is given precisely to second order (the MP2
energy), the rest of thiel amplitudes of expressigi5) are formally of mixed order here;
on the other hand, the EOM-CCSD(R) amplitudes are all strictly up-to second-order.
Despite this apparent difference, the singles and doubles matrix elements in the energy
expressions of the two methods are ident[d&] (using the commutator formulation for
the energy here). Admittedly, the extension of the present approach to higher perturbation
orders of the reference treatment is not completely clear, but neither is the need for such
extensions.

We now consider the first-order equations that define the perturbBftemplitudes.
In MBPT, the bare Hamiltonian, expressi@h), is partitioned such that the constant and
one-body Fock operator are taken as the zeroth-order Hamiltéhi3rand the two-body
componentV is taken as the perturbing operator. Although this exact partitioning of the
electronic Hamiltonian does not require any particular style of orbitals, in this work we will
restrict ourselves to canonical Hartree—Fock orbitals in the perturbative variants, and this
choice defines the canonical or Mgller—Plesset variant of MBPT. For Hartree—Fock (HF)
orbitals, the Brillouin conditionf = f! = 0 is satisfied, and furthermore, foanonical
HF orbitals, the Fock matrix is diagonﬁ,f = £,8p4 (N0 summation implied op), where
thee, are the orbital energies.
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The equationsflj.‘(l) andﬁ?.b(l) that determine the first—ordé’r(ll) andTgl) amplitudes
are the first-order perturbative analogs of the CCSD equatienare the subset of terms
in the full-order CCSD}? andﬁ?}’ expressions that are strictly first-order in the perturba-
tion V. In the one-body CCSB{ expression, all the first-order terms vanish automatically
for HF orbitals due to the Brillouin condition, and thus the first-orﬂjé(fl) = 0 always.
For HF orbitals, then, thﬁ(ll) singles amplitudes are not needed (and are discarded every-

where from all the CCSD-baseédl expressions). In the two-body equation, the first-order
component is given by

h“jb(l)—O Vi<j,a<b,

hab(l) (¢ub|H(l) |q§0> _ ((plqu|[g(0)7 fz(l)]

o) (16)

where the square brackets denote a commutator. Rather than iteratively solving the coupled
non-linear CCSD equations fof { and) T, the two-body first-order MP analog, equation
(16), has an immediate solution fﬁr;l),

Vab Z Calcjb(l) btaC(l)) Z(fk b(1)+f]k f;cb(l))

= Vl.?b + (6q +6p —&i — s])tab(l),

ab
ab(l) _ —Vij
Y (a + &b — &1 — &)

Vi<j,a<b, a7

where the diagonal Fock matrix for canonical HF orbitals has been employed. Solution
for the MPtl.“jb(l) amplitudes thus amounts to simple division by an energy denominator.
(This same dramatic simplification will also occur in the analytical gradient equations, in
the solution for theZ, Lagrange multipliers associated with m§>

Note that in this formulation, only the first- ordl-zj‘(l) andh”b(l) expressions are made

to vanish, whereas the actuél and h“]b amplitudes of the (ST)EOM-PH, defined
by the similarity transformation in expressigh5), do not completely vanish. In other
words, the CCSD equations, equatidqd} or (8), are no longer rigorously satisfied, and

thus by using the perturbativié? values,H doesnot have its pure-excitation amplitudes
fully eliminated. The residual one-bodf amplitudes would then in principle allow the
pure-excitation{aTi} operators to participate in thd and G» energy diagonalizations;
likewise, these residual pure-excitation operators would also in principle participate in
the S* equations(9) and (10) These potential complications, however, are avoided by
formally introducing commutators everywhere that the residual pure-excitation operators
would contribute. The commutators have numerical effect in the CCSD-based formu-
lation, as the pure-excitation amplitudes that they exclude are always rigorously vanishing
anyway. In the PT-based methods, these formal commutators allow one to simply ignore

the residuaﬁ? andﬁ;ff’ amplitudes of the perturbativé, expressiorf15). The commutator
formulation is equivalent to the assumption that these residual pure-excitation amplitudes
are actually fully vanishing and need not be included in the detailed algebraic expressions.
The commutator form makes the PT-based expressions consistent with the CCSD-based
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expressions, by mutually forcing the absence of the pure-excitation terms, and the formu-
lation will be examined carefully in conjunction with the Lagrange multiplier functionals
later (Section8.2 and 5.3.1

The use here of the commutator form gives (singles and doubles) EOM-PT expressions
identical to the order-by-order treatment of the EOM-CCSD(2) mefd@ll The com-
mutator formulation also arises in other perturbative derivations, such as in diagrammatic
Green's function CC theorp1-53] where the pure-excitation terms cannot participate as
they would lead to diagrammatically disconnected contributions. The commutator arises
naturally in such theories that focus on the excitation energy, although these do not provide
an unambiguous definition of thetal energy, which is needed for the gradient. Exclud-
ing the residual pure-excitation amplitudes yields consistent CCSD/PT-based expressions
and moreovemaintains size-extensivity. We note, however, that by ignoring these residual
operators, the rigorous connection to the full ClI limit is lost for the PT-based methods,
in the sense that diagonalizing over the full Hilbert space no longer gives the exact re-
sult. This choice is made in the definition of (ST)EOM-PT, as the value of maintaining
size-extensivity upon truncated diagonalization of the transformed Hamiltonian is consid-
ered far more important than the formal exactness of the theory upon (a hypothetical) full
diagonalization.

To summarize the present PT-based (ST)EOM energy formulation: Rather than solving
the expensive iterative CCSD equations Tgrthe perturbativel ¥ values are used in-
stead, wherd@ (11) = 0 (with HF orbitals) andr ;1) is given by equatioif16), the first-order
MP component of the CCSE_#;;’ equation, which has an instant solution, expresglat).
Additionally, the residual pure-excitation amplitudes in the transformed Hamiltonian are
assumed to vanish fully and are ignored (or rather are formally excluded by introducing
commutators); disregarding these residual pure-excitation amplitudes keeps the PT-based
expressions consistent with the CCSD-based expressions and maintains size-extensivity.

Equivalently, the pure-excitation amplitudes ifare taken as the strictly first-order per-
turbativefzf(l) andi_z??’ @ expressions, whereas the rest of thamplitudes are defined in
the standard way according to the similarity transformation of expre§s&n

From a practical standpoint relative to the CCSD-based (ST)EOM formulation, the
above (ST)EOM-PT summary thus amounts to

1. a simplification of the detailel expressions by removing all terms involvifig,

2. the elimination of the one—bod_yg‘ equation, and

3. the substantial reduction of tH_t%.b equation and its solution by expressiofi®)
and (17)

Besides these simplifications to the CCSIormulas, and the procedural bypass of the
expensive solution foff, all other parts of the (ST)EOM-PT energy theory are the same
as that of (ST)EOM-CCSD energy theory. (The PT-badesimplifications will also lead
to simplifications in the analytical gradient expressions, and a straightforward prescription
for identifying the (ST)EOM-PT components in the detailed (ST)EOM-CCSD gradient
equations will be described in Sectiéri.1)

In closing, we mention that throughout the paper, we have been careful to distinguish

between the general truncation of the CC equationsFamtiagonalization and the partic-
ular singles-and-doubles truncation. Unambiguously, EOM-CCSD, STEOM-CCSD, and
CCSD-based refer to the singles-and-doubles truncation both in the coupled-cluster equa-
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tions and in the diagonalization off. When we refer to EOM-PT, STEOM-PT, and
PT-based, we will always mean first-order MP-based MBPT to obtain the singles and dou-

blesT™ amplitudes, and also a single-and-doubles diagonalizatidi.dfinally, when
we refer to CC/PT, EOM-CC/PT, or STEOM-CC/PT, we are leaving unspecified the refer-
ence CC truncation schemed. CCSD, CCSDTgtc.) and the details of the perturbative

variant. The EOM-CC/PT diagonalization & would be of the same truncation level as

the reference CC/PT equations, and the classic truncation for the STEOM diagonalization
would be one excitation level less than the EOM-CC/PT treatment, but other truncations
(and additional net-excitation-operator eliminations) may also be reasdtahlé,63,64]

3. THE ENERGY GRADIENT AND LAGRANGE MULTIPLIERS
(ABSTRACT EXPRESSIONS)

3.1. Lagrange’s method of undetermined multipliers

Given the energy expression for a particular electronic structure metigd, C, T),
which depends on the set of Hamiltonian amplitube@vith elementsz,, ), the variational
wavefunction parametefS (with elements:, ), and the non-variational wavefunction pa-
rametersT (with elements,), a direct expression for the first derivative of the electronic
energy with respect to a perturbatignwvould be

VEM.C.T) | 5 OE Dy | 5~ DE Dey | 5~ OE ity

0x dhy dx > &8){ - ot, Iy
0

(Note that the derivative of thietal energy also includes the nuclear contributions, in the
Born—Oppenheimer approximation.)

By definition, the energy is stationary with respect to the variational parantetens
more precisely, the variational paramet€rare determined by making the energy station-
ary with respect to these parameters. The derivatiegdC (and thusaC/d ) vanish
immediately from the gradient.

The non-variational wavefunction parametérare determined from an equal number
of supplementary equations

(18)
m

gH, T)y=0 Vv, (19)

which do not depend on the variational paramet@rdhe gradient expressiafi8) re-
quires the derivatives of the non-variational paramet®rg x, which in principle could
be obtained by differentiating equatio(is9) with respect to the perturbation. However,
the resulting coupled set of linear equations would need to be re-solved separately for each
degree of freedom, and such a complication would be rate limiting and must be avoided.
A general technique to eliminate the obstacle of compulifgd x is through Lagrange’s
method of undetermined multiplief$11-115]

An energy functional is created

FH,C.T.Z)=EH.C.T)+ ) zqH. T, (20)
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consisting of the energy expression plus all the supplementary equations that determine
the non-variational parametefs each constraint equatiap tensor-multiplied by a sin-

gle undetermined parametgr called a Lagrange multiplier. Note there are precisely an
equal number of Lagrange multipliers as there are non-variational parametgrsThe
derivatives of the functional with respect to these new parameters simply yield the con-
straint equation$19), which vanish when satisfied. When the non-variational parameter
equationg19) are solved, therefore, the functional is automatically stationary with respect
to the Lagrange multipliers, regardless of their numerical values. Likewise, the numeri-
cal value of the functional is simply the energy itself. Finally, both the functional and the
energy have numerically equal perturbation derivatives,

—=—+ — +) z ) 21
ax ax 2; ax JQL Z; Yoy (21)
0 0

where the last term is zero by definition and determi#iego x (i.e. the constraint equa-
tions are defined to vanish for all perturbations, thereby determining the pertiirbed
parameters).

The so-far undetermined Lagrange multipliers can be chosen such that they precisely
eliminate the factors in the original gradient expresgis) that multiply the troublesome
derivativesdT /d x. In other words, the Lagrange multipliers provide the precise freedom
to define the energfunctional to be variational with respect to the non-variatioaadrgy
parameters. The equations that determine the Lagrange multiplamesthus chosen as

0F(H,C, T,2)
at,

Importantly, this coupled set of linear equationgidependent of the perturbation and the
number of degrees of freedom of the system. The troublesdrnigy are thus excluded,
and the energy gradient beconj&§1]

=0 Vv (22)

oF(H,C, T,Z 0F oh oF Oc JdF ot oF 0
¥:Z _”‘+Z__y+ _V+Z 9%y
"

dx dh, dx de, dx aty dx dz, Ay
14 —_— Vo~ ——
0 =0 gy =0
dF dh
=y =k (23)
m oh, dx

where the first zeré F /dc, reduces td E/dc,, = 0 because the constraint equati¢h8)

are independent o€, the second zero determines the Lagrange multipliers by equa-

tions(22), and the third zero is given by the satisfaction of the constraint equti®js
Although equivalent, as shown in express{gt), the gradient of the energy functional,

expressior{23), is a very different expression than the gradient of the bare energy, expres-

sion (18). The complication of calculating the perturbation-dependent derivaliVes x

of the non-variational parameters (as well asaldgd y of the Lagrange multipliers) has

been avoided, at the cost of solving a single set of linear perturbation-independent equa-

tions (22). (It might also be argued that, in some sense, the variational pararetats

as their own mutual Lagrange multipliers, eliminating the need to calca@té y. This

interpretation will be considered explicitly in the next section for the EOM functional.)
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With the solution of the Lagrange multiplier equations, the functional becomes varia-
tional with respect to all of its wavefunction parameters, and the generalized Hellmann—
Feynman (GHF) theorerf®90-92] applies. Expressiof23) for the gradient is the GHF
relation

9F(H,C,T.Z) _ dho afy

+Y DJ(C.T.2)
p.q

dx ax dx
, Vi
+ Y Dp(C.T.2) a”, (24)
pP<q,r<s
where the effective (relaxed) density matrix elemgais100-104]
oF oF
q — —

DY(C,T,Z) = o7 and (D}, (C.T,2)),_ ., = VT (25)

and Do = 1 are obtained as the derivatives of the Lagrange multiplier energy functional
with respect to the (bare) Hamiltonian amplitudes. Note that the upper and lower indices
onD, (and alsol_)ﬂ later) are exchanged relative to the Hamiltonian amplimgeorﬁu)

with respect to which the functional was differentiated. TheBg¢oH derivatives do not
containany dependence on the perturbation; their expressions depend only on the defi-
nition of the energy functional for the particular method. The effective density matrix is
not a true density; it containtsoth the fundamental (biorthogonal-) wavefunction density
(often called the reduced density) and the response contributions from the non-variational
parameters, through the Lagrange multipliers.

The GHF expressiofR4) has enormous appeal in that the analytical gradients of a va-
riety of electronic structure methods have been formulated in this unified way and can
subsequently use the same computer code for evaluation. In particulaH tldg deriv-
atives, which isolate all of the degree-of-freedom dependence, are treated efficiently by a
general procedurg00,101]that evaluates the GHF expressi@d) in the atomic orbital
(AO) basis. The process is identical for all SCF-based electronic methods, as it only de-
pends on the underlying Hartree—Fock equations. An overview of the conversion of expres-
sion (24) to the efficiently calculated AO-based expression is presented in Sécidh
and its three major steps are outlined here. The preliminary step is the combination of the
reference-determinant contributions containeflgrand fq” with the aboveD,, correlated
contributions from the electronic method intat@al effective density matrix, which is
contracted with the fundamental Hamiltonian-integral derivatives. Next, the Hamiltonian
derivative expressions are converted to the AO basis, eliminating the expensive molecular
orbital (MO) coefficient derivativefl63] by a Z-vector[101,108-110pr Lagrange mul-
tiplier [118,120]construction. Finally, the MO-based total effective density matrix, after
addition of the remaining MO-response contribution, is transformed to the AO basis and
is traced directly with the Hamiltonian-integral derivatives in their native AO form. This
AO-based evaluation of expressi(##) avoids the perturbation-dependent MO-coefficient
derivatives, the associated transformation of the AO Hamiltonian-integral derivatives to
the MO basis, and the storage of the Hamiltonian-integral derivatives. The above general
procedure has been implemented, for instance, in the ACES Il package by Gauss, Stanton,
and Bartlet{110] in conjunction with CCSD gradients, and the same module of computer
code is immediately applicable here. Likewise, for instance, the code available in ACES Il
for dropped-core gradienf$64,165]can be utilized directly as well.
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Except for the construction of the MO-based effective density méatriar each elec-
tronic method, the remainder of a (ST)EOM-CCSD/PT gradient calculation then proceeds
essentially identically in ACES Il to a ground-state CC/MBPT gradient. As will be shown
in the next two sections, the construction of the effective density matrix itself for each
method will also be formulated to maximize uniformity and the reuse of computer code,
through the definition of an intermediate density matrix.

3.2. The EOM-CC/PT intermediate and effective density matrices

In this section, we apply the Lagrange multiplier formalism to write the EOM-CC/PT in-
termediate and effective density matricesalvstract operator form. The corresponding
explicit algebraic spatial-orbital expressions for the closed-shell-reference EE-, IP-, and
EA-EOM-CCSD/PT variants are presented in SectioiRather than by expanding the
abstract derivative expressions presented in this section, however, we emphasize that the
algebraic derivative expressions of Sectiowere instead obtained directly, by automated
symbolic differentiation of the algebraic energy functional SNMART.

In the present formulation, chain-rule derivatives are constructed through the common,
transformed Hamiltoniahl amplitudes and yield a compact and uniform structure where
the EOM-variant dependence is isolated sooner in an intermediate density Bygtrior
to the full effective density matri®. The chain-rule/intermediate-density formulation sep-
arates out the parts of the gradient expressions that depend only on the underlying CC or
PT reference treatment, establishing otherwise method-indepertjelshgrange multi-
plier equations and method-independent conversion expressions to the findD @t
are the same for all the EOM variants. Besides the method-depebdevtiich isolate
the unique post-CC/PT information of each electronic method, these other components
of the EOM-CCSD/PT gradients will be identical to those needed for STEOM-CCSD/PT
gradients.

We begin with a definition for the EOM-CC/PT Lagrange multiplier energy functional
and will show that all of the equations that define the energy and the gradient are obtained
from appropriate derivatives. The (general excitation-level) EOM-CC/PT energy functional
can be constructed as

F = ho+ (Po|L[H, R1|Po) + (1 — (Po|LR|®0)) + (Pol Z H|Po), (26)

where the particular EE-, IP-, or EA- variant is determined by the diagonalization op-
erator R. Differentiating with respect to the Lagrange multipliets, ¢., and Z) yields
all the supplementary constraint equations that define the energy paranketard 7).
Conversely, differentiating with respect to the energy parameters yields the equations that
determine the associated Lagrange multipliers. When all equations are solved, the func-
tional becomes stationary with respect to first-order variations in any of its parameters, and
its perturbation derivative is obtained through the GHF effective density matrix and the
response of the Hamiltonian amplitudes only.

Before considering the gradient equations, let us first examine individually the pieces
that make up the energy functional. In the EOM-CC methods, an electronic state is obtained

as an eigenvector of the non-Hermitian, singly transformed HamiltaHiaand its energy
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is given by

B (q)olLffARI@o)’ 27)
(PolLR|Po)

consisting of the state’s biorthogonal expectation value and the normalizing denominator.
For now, we will keep this familiar representation of the energy and will later discuss the
reason for rewriting it as the commutator form that appears in the funci@6al

If we restrict ourselves to normalized eigenvectors, this supplementary constraint on
the energy parameters can be incorporated through a Lagrange multiplier. Namely, the
Lagrange multiplier functional of the ener¢®/7) under the constraint that the eigenvectors
are normalized is

F = (®o|LH R|®o) + A(1 — (®o|LR|®o)) (28)

(where the denominatdbo|L R|®o) = 1 has been removed). This same Lagrange mul-
tiplier procedure was used, for instance, to incorporate the normalization condition in the
linear variational (Cl) problem by Szabo and Ostlyhdi6]. Enforcing stationarity of the
functional with respect to the Lagrange multiplieyields

oF N A

ﬁ =1— (®g|LR|Pg) =0, (29)
and thus, if the eigenvectors are normalized, the functional is automatically stationary with
respect to first-order variations in

Both the energy expressigi27) and the energy functiondP8) are stationary with

respect to the (bi-) variational wavefunction parameterand R, and this stationarity
determines the value of the Lagrange multiplierThe energy expressiof27) is auto-
matically variational with respect tb andR, as making these derivatives vanish yields
the right- and left-hand eigenvector equations, respectively. Likewise, stationarity of the
energy functiona(28) with respect to the. amplitudes yields the eigenvector equations
for the right-handR amplitudes,

OF
ol,
with the identification that the Lagrange multiplieris the energy eigenvalug (the

compound indexu will be defined below). Conversely, stationarity with respect to the
R amplitudes returns the left-hand eigenvector equations that define

(®,|HR| Do) — M@, |R|Po) =0 V p, (30)

oF a2 ~

o, = (PlLHIP,) ~M(@olL®,) =0 ¥ u. (31)
Thus, if the EOM-CC eigenvector equations are solved forLttend R amplitudes, the
functional (28), like the energy expressid7), is variational with respect to these para-
meters.

The variational parametets andR can be viewed to act as mutual Lagrange multi-
pliers. TheL amplitudes can be considered as Lagrange multipliers for the eigenvector
constraint that determines tiReamplitudes, equation80). Vice versa, thd&k amplitudes
can be considered as Lagrange multipliers for the constraint that determirlesithpli-
tudes, equation@1). This interpretation oR as the wavefunction parameters ands the
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associated Lagrange multipliers (or vice versa) is appealing, since determining the energy
by itself requires only one set of amplitudes, in contrast to expre$2imwhich seems to
imply that both sets are needed.

We now define the compound index In contrast to theZ-vector formulation for
the EOM-CC/PT gradient37-42] the Lagrange multiplier formulation has no need to
consider the multitude of determinants that have higher excitation level than the diago-
nalization spacg¢®,). For EE-EOM-CCSD/PT, the diagonalization spads,) is taken
as the set of all determinants related to the reference configuration by promotion of one
or two electrons from occupied to virtual orbitals; the associated wavefunction operators
have h1p and Z:2p components and the spin-orbital form

R=)"riaiy+ Y ratin';) (32)
i,a i<j,a<b
and
L=Yigi"ay+ Y 1(j"hi"ay. (33)
i,a i<j,a<b

Note that in this diagonalization, we choose not to consider the components of the Hamil-
tonian or the eigenvector alongo), as these are not needed to determine the excited-state
energies. Examining the EE-EOM-CCSD right-hduld eigenvector equatioHB =ER
schematically,

E @@ (). e
Owo Hu/ \R R Hu:uR

where the matrices are partitioned into blogks) and |®,) = |®%) @ |<I>;'}‘b), shows

that the excited-state energies can be obtained from the “singles-and-doubles” eigenvector
equationFl,L;,LR = ER. As a result, the vectors defined by operat®®) and (33) are
not true eigenvectors of the transformed Hamiltonian truncated at doubles and including
the |®p) column and row, as they are missing tld®) element, but these eigenvectors of
the singles-and-doubles submath;L;,L are sufficient to define the excited-state energy
and the energy gradient. (Tangentially, we note that the energy functional for the refer-
ence CC/PT statgbg) can in fact be obtained from the EOM-CC/PT functior{@b) by
excluding all dependence dnhandR.)

For the IP-EOM-CCSD/PT variant, thle operator containsiland Z:1p components,
and for the EA-EOM-CCSD/PT variang contains p and 214 components; thé is
the corresponding conjugate operator in each variant. For the IP- and EA- methods, the
|®o) block of H is completely decoupled, a&om = 0 and0,,0 = 0 automatically in
expression (34) because the number of electrons is different than thly oand H is a
particle-conserving operator.

For the PT-based methods, however, the pure-excitation operators as previously dis-
cussed are not eliminatddlly. Thus for the EE-EOM-PT variant, th#,.o subvector of
H in expression(34), which justifies the exclusion of they element, does not vanish
completely, and for all the PT-based variants, the residual one-body pure-excftﬁtion
amplitude would also in principle contribute to tﬁlg;ﬂ submatrix. These difficulties can
be alleviated by rewriting the total energy, the biorthogonal expreggionas the sum of
the reference energy, plus the excitation energy formulated in terms of a commutator.
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This commutator purposefully excludes the residual pure-excitation terms from appearing
in the energy expressions.

Let us compare the biorthogonal and commutator formulations of the energy in more de-
tail. Although the following discussion is phrased in terms of the abstract expressions, the
ultimate focus is on the slight difference that resutftghe detailed algebraic expressions,
that is, the presence or not of pure-excitation terms. Without assumption,

(®o|LH R|®o) = (Po|L[H, R]|Po) + (Po|LRH|Po). (35)

The only components dff that can contribute in the last term above are those that do not
annihilate|®o) in normal-orderi(e. do not contain any-annihilation operators), namely
the constankg and the purej-creation (pure-excitation) part

(®o|LRH|®o) = ho(®o|LR|Po) 4 (Po|L R H pure-excitatiohP0) - (36)

Therefore, assuming normalized eigenvectors, expre§3)iecomes
(ol LH R|®o) = ho + (Po| LLH, R]|P0) + (Po|L R Hpure-exciatioh®0). (37)

strictly. The biorthogonal energy expression (®o|L H R|®o) thustechnically contains pure-
excitation H contributions according to the last term of expression (37).

In the CCSD-based EOM variants, the only pure-excitatboperators that can fully
contract withZ R in the last term of expressid@7) involve the one-body:¢ amplitudes
(and the resulting algebraic terms are given in expregg§iojof Section5.3.7). But since
i_z;.l is rigorously set to zero by the CCSD equations, these vanishing pure-excitation terms
can in fact be discarded from the detailed algebraic expansion, wittumerical effect
on the energy. In other words, since the last term of expreg8idyis rigorously zero for
CCSD-based methods, the commutator representation of the energy is ultimately equiva-
lent to the biorthogonal representation, butdetailed al gebraic expressionsdiffer slightly
by the removed pure-excitation terms.

For the PT-based methods, on the other hand, the pure—exciﬁatmnplitudes are only
eliminated to first-order, and thus the last term of expresé3di does not vanish fully.
However, excluding this residual term is advantageous for maintaining size-extensivity, as
discussed in Section 2 Thus this residual term is discarded, as is normally done, and the
commutator form of the energy,

(®o|L H R|®o) = ho + (Po|LIH, R]|Do), (38)

while rigorously equivalent for the CCSD-based methods, is also assumed applicable to
the PT-based methods. In this way, the commutator formulation allows for a unified EOM-
CC/PT functional, expressiq26).

While excluding the pure-excitation terms from the CC-based algebraic expressions has
no effect on the finaénergy, it may not immediately be apparent that this exclusion also
has no effect on the fingradient. Fundamentally, if the gradient were obtained numer-
ically, then the perturbed pure-excitation coefficients would be made to vanish for every
perturbationg.g. Ef(x) = 0V x, and therefore inclusion/exclusion of these rigorous ze-
ros for all perturbations can affect neither the final numerical nor analytical gradient. The
detailed algebraic expressions for the gradient, howaveslightly different; but this dif-
ference amounts to a repartitioning of the intermediate quantities, which cancels itself in
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the end to yield numerically identical GHF effective density matrices. This property will
be demonstrated explicitly for the EOM-CCSD gradient (Sechiéhl). For the PT-based
methods, as expected, only the exclusion of the pure-excitation terms, through the formal
commutator above, is consistent with the gradients that would be obtained numerically.

Having considered the energy and normalization terms, the EOM-CC/PT fundi@)al
contains another Lagrange multiplier ter@o|Z H|®o) associated with the underlying
CC/PT constraint that determines the non-variational reference-state paramégcon-
struction, differentiating the functional with respect to the associated Lagrange multipliers
Z and setting the results to zero yields the CC/PT equationE,for

oF

= (@)|H| o) =f1, =0 Vv, (39)
07y

where the compound indexis implicitly defined below. As with all Lagrange multipliers,
solving the constraint equations ensures by design that the functional is stationary with
respect to the associated Lagrange multipliers (and regardless of their numerical values).
For CCSD-based methods, tleoperator has one- and two-body components and the
spin-orbital form

z=Y dgtay+ Y < titajth). (40)
i,a i<j,a<b

Note that the Lagrange multiplier operad0)is the purede-excitation analog of the pure-

excitation components of the transformed Hamiltonian that are made to vanish through the

CCSD equationg4). For the PT-based methods, the one-body terr# iis not present

~

(since there are no associaféﬂ)), and the first-ordeH ﬁ,},l that definesr ;1), in equation
(16), is used in thé®g| Z H| o) Lagrange multiplier term,

(@o|ZH R | o) = (@o| Z2([A @, TP + V)| @o): (41)

this simplification of the pure-excitation expressions is the only difference between the
(ST)EOM-CCSD and (ST)EOM-PT functionals.

Table 3of Section5 presents the Lagrange multiplier energy functionals of the closed-
shell-reference EE-, IP-, and EA-EOM-CCSD/PT variants in explicit spin-adapted spatial-
orbital algebraic terms. These relatively simple expressions can be obtained by algebraic or
diagrammatic expansion of the abstract functional, expregg&)nand are little more than
the defining equations of these EOM methods. The explicit algebraic functionals serve as
the input to theBMART differentiation package, arall subsequent derivative expressions
in Section5 are obtained directly by symbolic algebraic differentiation. We emphasize the
contrast with more traditional techniques, where an expansion might instead be performed
algebraically or diagrammatically on the (more complicated) abstract derivative expres-
sions, which follow in the remainder of this section.

We see above that by solving the appropriate EOM eigenvector and CC/PT equations,
the EOM-CC/PT functiona26) is automatically stationary with respect to first-order vari-
ations inall parametersxcept the reference-stafe amplitudes. Moreover, thé Lagrange
multipliers are still unspecified. Forcing this remaining stationarity with respéctieter-
mines the associated Lagrange multiplié@nd excludes the expensive derivatio@g o x
from appearing in the final gradient expression (see expreé38)h The resulting set of
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linear equations for th& amplitudes is given by

d
—F(T,Z,..)=0 Vv,
at,

0 A2 0 - PURE-SN ~ A
§<¢0|ZH|¢O> =5 (ho+ (@olL[H, R1|®o) + (1 — (Po|LR|P0))),  (42)
Vv

v

= Finh
and these equations are solved ooge for all perturbations and degrees of freedom of
the system. Furthermore, this equation for Zheagrange multipliers associated with the
underlying CC/PT treatment can be cast into a form that is identical for EOM, STEOM,
and all other methods based on a given CC/PT truncation through a chain-rule derivative
in the common, transformed Hamiltonighamplitudes.

The homogeneous left side of equati@?®) depends only on the CC or PT truncation
scheme (and the parameterization of the associatedgrange multipliers). Its explicit
algebraic spatial-orbital expressions for CCSD-based methods are givEablie 8 of
Section5. These homogeneous-side expressions are the same for all EOM-CCSD and
STEOM-CCSD variants, as well as for any electronic method based on a CCSD reference.
In fact, these algebraic expressions, as well as all terms in the (ST)EOM-CCSD gradients
involving Z amplitudes, are equivalent in form to those of ground-state CCSD gradient
theory[109,118] with Z replacingA. For the PT-based methods, the one-body equation
is not present, and the two-body homogeneous side reduces to a tiny subset of the terms
in the full CCSD-based expression; like the solution of the perturbI@@eequatior(l?),
solution for the associatedh, Lagrange multipliers amounts to simple division by an en-
ergy denominator. This economical bypass of the iterative solution of tequations is
the only procedural difference between the PT-based and CCSD-based gradients; all other
simplifications amount to straightforward skipping of unneeded terms (summarized by the
PT-based prescription to be discussed in Sedidr).

The inhomogeneous right side of equati@?) does depend on the particular EOM
(or STEOM) variant but can be organized in an elegant form that separates out the method
dependence, isolating it in an intermediate density matrikhis separation is achieved by
performing the differentiation as a chain rule throughtthamplitudes as the intermediate
variables, which are common to all the methods:

- e _
tlall dFN 5, _Y5 dh,,

a, — 0k, O "ot

(43)

where onI_yFl is an explicit function ofT and whereu runs over all theH amplitudes,
including hg. The derivatives seen above, of the inhomogeneous Z)qrart of the func-
tional with respect to th&ransformed Hamiltonian amplitudes,

8Finh
nw = -,
ohy,
define theintermediate density matrix for the particular electronic method. In contrast to
the full effective density matrixD, = 9F/dh,, expression25), which containsall of
the particular method’s GHF response, the intermediate density matrix isolates just the

unique post-CC/PT component beyond the underlying reference treatment. In this chain-
rule formulation, all remaining parts of the gradient expressions then depend solely on

(44)
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the H formulas, which are the same for all like-truncated-CC or like-truncated-PT based
methods. ThéH chain-rule formulation thus systematizes thequations (and later the
expressions to convert to the full GHF) by separating the commdt parts from the in-
termediate density matri®, which contains all of the “pog#” information that is unique

to each electronic method.

For methods based on a CCSD/PT reference truncation, the explicit algebraic spatial-
orbital expressions for the inhomogeneous-side chain(d8gare presented ifable 8
of Section5. Written in terms of the intermediate density matrix, this convenient method-
independent formulation thus allows solution of equafii?) for theZ Lagrange multipli-
ers using the same computer code for all (ST)EOM-CCSD/PT variants, once the particular
D for the method is calculated.

In practice, due to a passive expansion of the three-body terms, we deviate slightly from
the strict formal definition of the intermediate density matrix implied by expreggiéh
Nevertheless, the consistent algebraic definifipn= 8 F'™/ah,, is maintained. Whereas
the resulting modifications described below might be somewhat tricky to organize by hand,
they are all treated automatically here by the mathematics, when dealing with the algebraic
expressions directly iSMART. For computational storage efficiency, all algebraic expres-
sions in this work are left written in terms of only zero-, one-, and two-body amplitudes.
Consequently, the intermediate density matrix elements are computed as derivatives with
respect to only the zero-, one-, and two-body amplituded$.dfhe components associated
with the expanded three-bodl amplitudes, which formally would lead to three-body
are instead distributed among the rest of the chain rule automatically. First, a small number
of method-dependent three-body terms contribute explicitly tq‘fhehain—ruk_e derivative,
and these are collected rable 9of Section5. Second, certain (two-body) elements
are modified to additionally contain the contributions that formally belong in the absent
three-bodyD. The modified two-bodyD correctly carry these three-body contributions
throughout the remainder of the gradient calculation. These modifications arise and are all
handled automatically here in the fully algebraic treatment, and a more detailed discussion
of these three-body contributions is presented in Seé&tiarg

The (modified) zero-, one-, and two-boByelements for the EE-, IP-, and EA-EOM-
CCSD/PT gradients are presentedTable 100f Section5. In addition to their use in
the now method-independert Lagrange multiplier equations, the intermediate density
matrix D can be related to the full effective density matbixby another chain rule that
depends only on the reference CC/PT treatmieatthe H amplitudes). Thus the interme-
diate density matrix contains all that is unique to each (ST)EOM variant and, along with
the shared expressions involvidg completely defines the gradient for each method.

The final bare-Hamiltonian effective density matiixis related to the transformed-
Hamiltonian intermediate density matfixby another chain rule similar to expressi@i3),

oF . N
D,= — = —(F"M 4 (@o|ZH|®
“ = on, ahM( + (Dol ZH|®o))
_ h 9 . A
= Dy + ——(Po|ZH|Po), (45)

~ dh,  dhy,

where pnIyH is an explicit function oH. The derivatives in expressiga5) depend only

on theH formulas, and thus the expressions are the same for all methods of a given CC or
PT reference treatment. The explicit spatial-orbital expressions relating all one- and two-
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bodyD to D elements for CCSD-based methods are giveFeinle 150f Section5; a large
number of terms drop out for the PT-based methods, and the simiified® expressions
for PT-based methods are reproduced separatelplale 16 Once the bare-Hamiltonian
effective density matriX0 has been computed, the first derivative of the electronic energy
with respect to an arbitrary perturbation is obtained exactly as in a ground-state CC/MBPT
gradient calculation by the GHF expressi@4).

The explicit EOM-CCSD/PT gradient equations presented in Seétiare equivalent
to those originally derived by Stanton and Ga[&&-42] but the method of derivation,
details, and organization are different. In the original treatment, abstract derivative expres-
sions, like those above, were first derived with some effort througtZtlkector method.
Subsequently, the abstract derivative expressions were converted into explicit algebraic ex-
pressions manually by diagrammatic expansion. In the present work, the detailed algebraic
gradient expressions are generated by differentiating the defining algebraic energy equa-
tions (functionals) directly and in an automated fashion; see SettiNext, the previous
EOM gradients were expressed more generally in spin-orbital terms, which are applicable
to both open- and closed-shell references, whereas in the present working equations, spin-
adapted spatial-orbital quantities and a closed-shell reference are chosen for computational
efficiency. Furthermore, the present formulation is somewhat different, as we choose not
to include the reference determinant in our diagonalization subspace related@Lfaur
grange multiplier operator is analogous to Stanton’s composite opefaterZ + roL,
defined in expression (46) of refereng®]. The definition of the energy functional is
not unigue, as long as the definitions lead to numerically identical GHF effective density
matrices in the end, and this flexibility will make our equations look slightly different
than those derived previously. Lastly, in the original EOM gradient formulation, no ex-
plicit connection is drawn between the inhomogeneous side of tquations and the
final effective density matrio, and both sets of expressions are obtained separately. In the
presentH chain-rule formulation, all the unique information of the particular (ST)EOM
method is isolated sooner in the intermediate density mBtrikhis allows construction of
otherwise method-independent_agrange multiplier equations and method-independent
conversions oD to the full effective density matriD that are identical for all meth-
ods based on a given CC or PT reference treatment. For the CCSD/PT-based methods
considered here, the existing code in ACES Il for EOM-CCSD/PT gradients was revised
to the present chain-rule/intermediate-density formulation as a first step to implementing
STEOM-CCSD/PT gradients.

3.3. The STEOM-CCSD/PT intermediate density matrix

The STEOM-CCSD/PT energy functional is similar in form to that of EOM-CCSD/PT,
with the addition of another set of Lagrange multiplier terms associated with the supple-
mentary equations that determine 8feamplitudes,

F = ho + (@0|L[G2, R1|®0) + 1(1 — (Po|LR|®0)) + (Pol Z H|Po)

N

+Z 271G, 1] @) +Z (@°1Z*1G. "|®o). (46)
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For the EE-STEOM variant, both new terms are employed, since bott§*thand $~
amplitudes are needed, whereas for DIP-STEOM, ZHeterm is not included and for
DEA-STEOM, theZ~ term is not included (see discussion after expres§ipn

As in EOM-CCSD, the energy of an electronic state is given by a biorthogonal expecta-
tion value, but now of the doubly transformed STEOM-CCSD Hamiltonﬁ‘gmdefined in
expressior{11)),

E— (¢0|LAG2ARI¢>0>. (a7)
(@o|LR|Po)

For simplicity, we will consider the normalization and eigenvector expressions in terms
of this customary representation of the energy and will subsequently discuss the same
adjustments introduced by the commutator for the PT-based variants. The restriction to
normalized eigenvectors is again incorporated through the Lagrange multiplier construc-
tion involving the energy eigenvalue

F = (®0|LG2R| Do) + A(1 — (@o| LR|P0)). (48)

The variational parameteRsandL are determined by the eigenvector equations, recovered
by enforcing the stationarities,

oF

o= (@,|G2R|P0) — MPu|R|Po) =0 V 1 (49)
"
and
OF . .
o= (Po|LG2|®,) — MPolL|®,) =0 VY pu, (50)
"

with |®,) defined below. As before, tHe amplitudes can be viewed as Lagrange mul-
tipliers for the eigenvector constraint equations that determin®taeplitudes, or vice
versa. Equivalently, if the STEOM eigenvector equations are solved fdR tredL am-
plitudes, the functional is automatically stationary with respect to these variational energy
parameters.

As discussed, the STEOM-CCSD/PT diagonalization subspaces are significantly re-
duced compared to that of EOM-CCSD/PT. In contrast to EE-EOM-CCSD/PT, for ex-
ample, the EE-STEOM-CCSD/PRiFelectron diagonalization subspade,) now consists
of all singly excited determinants£1p) only. The doubly excited configurationsh2p)
are no longer included ifp,, ). The EE-STEOM-CCSD/PT eigenvector operators have the
spin-orbital forms

R= Zrﬁ{&*?} and L= Zlg{ﬁa}. (51)
i,a i,a

For the DIP- variant of STEOM-CCSD/PT, the diagonalization subsphg consists of
all (n — 2)-electron states related to the reference determinant by deletion of two electrons
(2h configurations), and the operators have the form

R=>"rylij} and L= 1{j"i". (52)
i<j i<j
For the DEA- variant of STEOM-CCSD/PT, the diagonalization subspdge consists
of all (n 4+ 2)-electron states related to the reference determinant by the addition of two
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electrons (2 configurations), and the operators have the form
R=>"r"a"%"y and L= luba}. (53)

a<b a<b

As noted earlier, if the sums in expressi@b&) through(53) range over the full orbital
subspaces, active plus inactive, the eigenvalue spectra of the doubly transformed Hamil-
toniansG and Gz are identical, and thus for convenience we choose to negle(ﬁlthe
components of; in the energy expression. This neglect simply amounts to an implicit
redefinition of thel. and R amplitudes compared to that of diagonalizing the €l

(@0l LG RIPo) = (Po| L{e%} ™ Gale™ | R| o) = (ol LG2R|bo). (54)
Since the remaining constraint equations are independent of the varidamaL pa-
rameters ¢f. equationg19)), this redefinition has no effect on the form of the rest of the
expressions.

The biorthogonal expectation-value ene(dy) is again rewritten in terms of the com-
mutator to deliberately exclude the pure-excitation amplitudes from the algebraic ex-
pressions and thereby make the functiof@) consistent for both the CCSD-based and
PT-based methods. Although the one-body pure-excitation operator cannot contribute in
these “singles”-only diagonalization subspaces, its exclusion is still necessary to justify
the removal of theg reference component from the EE-STEOM-PT eigenveafotf{e
discussion after expressi¢d4)). Lastly, the equivalence of th& and G- diagonalizations
for the commutator form of the energy can be proven through an expression analogous to
expression(54) (although the proof involves a slightly different redefinitionfofand R,

namely a full{e31} similarity transformation).
We now turn our attention to the remaining Lagrange multiplier terms in the energy

functional. Through thé®o|Z H|®o) term, solving the reference CC/PT equations that
determine thel parameters makes the functional automatically stationary with respect
to the associated Lagrange multipliers, exactly as in EOM-CC/PT (equat{88)). In
STEOM, there are two additional sets of constraint equations, which determir@ the
amplitudes. The equation(®) that determineS~ are recovered from the functional by
differentiating with respect to the associated Lagrange multipiers

oF d A A
= —<Z<¢n|Z‘[G, ﬁ1|¢o>> =gr=0 Vmp, (55)

adlr — ad!
where theZ~ amplitudes are denotetf, (“detachment”) and is a compound label de-
fined implicitly in expressior{57) below. Likewise, equation&l0) that determinést are
recovered by differentiating with respect to the associated Lagrange multipiiers

or_ 0 (Z<a>f|2+[é,f*1|a>o>)=ge =0 Ve (56)

8al‘; Baﬁ 7
where theZt amplitudes are denoted), (“attachment”) andu is defined implicitly in
expression(58) below. Thus, solving th&~ andS* equations ensures that the STEOM-
CCSD/PT functional is automatically stationary with respect to variations iz theand
Z* Lagrange multipliers, respectively. The operators associated with these Lagrange mul-
tipliers are, in spin-orbital form,

27 =27+ 25 =y diitmy+ Y dl{itmjth) (57)

i’\m m,b,i<j
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and

2t=7f+ 2§ = Za Elay+ Y aletajthy. (58)

e,j,a<b

These Lagrange multiplier operators are the de-excitation analogs 6f éxeitation op-
erators that are made to vanish in equatit@sand (10)(or equivalently, the§— and S+
operators, which by definition have the same form as the eliminGtesmponents).

A commutator formulation is again employed to make these Lagrange multiplier terms
correct for the PT-based methods. For the CCSD-based STEOM methods, the last two
terms in the energy function&6) might instead be written more compactly as

+ Y (Pl Z7GlDp) + ) (@127 Glo). (59)

These expressions, however, technically contain contributions from the pure-excitation am-
plitudeg¢. As in the EOM-CC/PT discussion, inclusion of such pure-excitation terms can
have no numerical effect on the gradiémt the CC-based methods, since these terms are
rigorously made zero for all perturbations, fartthe PT-based methods, such terms do not
vanish completely and should not be included. This struggle with the pure-excitation terms
arises somewhat artifactually here by phrasing everything in “matrix-element” notation. In
a “many-body” formulation, the second-quantized operators and their elementary coeffi-
cients are treated directly. T8 amplitudes, for example, are in fact defined to setflie
andg”’b operator coefficientsto zero; the matrix elements written in equatig@sare only
equwalent to these operator coefficients if the pure- excnagfbn: 0. The many-body

Lagrange multiplier terms would look liked mgl’.'} and~ mbg” , and the pure-excitation
coefficients would not show up, in a natural way.

The explicit algebraic expansions of the energy functional in terms of spin-adapted
spatial-orbital quantities for the EE-, DIP-, and DEA-STEOM-CCSD/PT variants are pre-
sented inTable 4of Sectionb. These expressions are obtained by diagrammatic or algebraic
expansion of the abstract operator functiof@) and are the defining equations of these
STEOM methods. As before, the algebraic functional comprises the input t8VbOAIRRT
package (see Sectiah), and all subsequent derivative expressions given explicitly in Sec-
tion 5 are obtained directly by symbolic algebraic differentiation.

As in the EOM discussion, the Lagrange multipliers are determined by making the en-
ergy functional stationary with respect to all of its wavefunction parameters. Once the
STEOM-CCSD/PT energy (and left-hand eigenvedtprequations are solved, the func-
tional is automatically stationary with respect to variations infhe_, A, Z—, Z*, and
Z parameters, but it is not yet stationary with respect to the non-variat®ne", or T
parameters. Moreover, the associafed Z*, andZ Lagrange multipliers are still unspec-
ified. By construction, enforcing stationarity with respect to $neamplitudes yields the
equations that determine the associa@ed_agrange multipliers,

— =0V ,

] Al AL 0 A A A

3—m<2<<pn|z [G,n1|¢o>) = = (@olL[G2, R1|Po), (60)
Su N\ Su
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and similarly, setting to vanish the derivatives of the functional with respect t&the
amplitudes yields the equations that determine the assodateigrange multipliers,

oF
=0 Ve,u,
05,
9 flo+rs #t 0 P
7 > (@ 12716, fI@o) = — 77 (®olLIG2, Rl|%o), (61)
e f e

whereu is a compound label for the four classesSohdices in expressiond) and only
G andG>, are explicit functions of.

The results of differentiating the algebraic functionals to obtainthd_agrange mul-
tiplier equations(60) for EE- and DIP-STEOM-CCSD/PT are presentedrable 11of
Sections. The explicitZ* Lagrange multiplier equatior($1) for EE- and DEA-STEOM-
CCSD/PT are presentedTiable 12 The homogeneous left sides of equati(s®) and (61)
depend only on the eliminate@ coefficients and are therefore identical for both variants
in each table. The inhomogeneous right sides depend on the definition of the energy ex-
pressioni(e. the diagonalization subspace®@$) and thus depend on the STEOM variant.
Since theS; components of the energy expressions have been eliminated, the right-hand
sides vanish foB; derivatives, leaving the one-body equations completely homogeneous.
The linearZ~ andZ™ Lagrange multiplier equations can be decoupled into separate equa-
tions for each active orbital index ande, respectively, aiding numerical convergence and
computational efficiency. The details of this decoupling will be considered in Sécdoh

After the solution for th& ~ andZ™* Lagrange multipliers that account for t8e andS+
response, the functional is finally made stationary with respect to the remaining reference-
stateT parameters, and this determines the associateagrange multipliers. Exactly as
in the EOM discussion,

3
— F(T,Z,..)=0 Vv,

oty
9 .2 gFinh aF ™ §p _ 0h
—(Do|ZH |Pg) = — =— _ £=_N"p,—* 62
r, (POl ZH o) ot, dh, ot 2_ D ot (62)
i K u
but now with
FI™ = ho + (@o| L[G2, R|®o) + (1 — (PolL R|Po))
+ ) (Pl Z7IG, mllPo) + Y (@°1Z7F(G, ]|, (63)
m e

Equation(62), written in terms of the chain rule, depends only on the derivatives of the
transformed Hamiltoniail amplitudes and is therefordentical to theZ Lagrange mul-
tiplier equations(42) and (43)already discussed for the EOM-CCSD/PT method. The
transformed-Hamiltonian intermediate density matrix eleménts= 8 F'"™/3/,, how-

ever are different, and these contain all of the (ST)EOM-variant dependence. The algebraic
zero-, one-, and two-bod® elements, which (along with the explicit three-body terms)
completely determine the gradient, for the EE-, DIP-, and DEA-STEOM-CCSD/PT vari-
ants are presented ifable 14of Section5. TheseD contain all of each method’s unique
post-CCSD/PT response information, which in STEOM consists of the bivariational
andR contributions and the response contributions of the non-variat®halarameters
through thez* Lagrange multipliers.
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With the construction oD, the solution of thez Lagrange multiplier equations and
the remainder of the STEOM-CCSD/PT gradient calculation then proceed identically to
that of EOM-CCSD/PT. The chain-ruequationg62) are identical for all CCSD-based
methods and have already been considered in the EOM discussion of the preceding section
(with explicit expressions iffable 8of Section5). For the PT-based methods, the same
dramatic simplifications to the homogeneous sides ofatexjuations arise. There are a
pair of method-dependent three-body terms that contribute tcf}’fhehain rule explicitly,
and these are presentedTiable 9in Sectionb.

With the solution for the finalz Lagrange multipliers associated with the under-
lying CCSD/PT reference treatment, the transformed-Hamiltonian intermediate density
matrix D is converted to the bare-Hamiltonian effective density maiy another
method-independent chain rule given previously by expresgibnhor explicitly asTa-
ble 15Table 16in Section5. The first derivative of the electronic energy with respect to
an arbitrary perturbation is then obtained from the GHF relafiat). All expensive per-
turbation derivatives of the non-variatior@at, St, andT parameters have been avoided
by solution of the associatéti~, Z*, andZ Lagrange multiplier equatior(§0), (61), and
(62), respectively.

There is one small part of the STEOM-CC/PT gradient that has not yet been treated
in the current work. The missing piece relates to rotation between the active and inactive
orbitals. By comparison to numerical gradients, if the active space is sufficiently large, the
effect is typically very small and its neglect is not significant. The effect is slightly larger
when examining conical intersection regions due to the small differences in energy being
considered. The omitted part is to some extent analogous to the problem of frozen/dropped-
core gradient$101,118,164,165]and we expect this feature can be incorporated with a
suitable addition to the Lagrange multiplier functional.

3.3.1. Summary of stepsin a STEOM gradient calculation

The following summarizes the sequence of steps in a STEOM-CCSD/PT analytical gradi-
ent calculation. The individual steps are presentethinie 2(Section5.8), along with the
operation-count scaling and the storage of the most expensive terms in each step. The en-
ergy and gradient calculations proceed sequentially according to the first colurablef2

as follows: First, the closed-shell reference determinant is established (usually) through
an SCF calculation, to obtain the MO coefficients and to convert the AO-based one- and
two-electron Hamiltonian integrals into the MO-badddamplitudes of expressiofl).

The standard STEOM-CCSD/PT energy calculation then begins by solving the reference-
state CCSD equation@) or PT (first-order MP) equatio(l6), respectively, to yield the

T amplitudes. Th& amplitudes define the first similarity transformation, expres§in
yieldingH. Next, a selection of active IP-EOM-CCSD/PT and EA-EOM-CCSD/PT eigen-

vectors are determined by diagonaliziigover 1h @ 2h1p and Ip @ 2p1h configurations,
and the eigenvector amplitudes are converted 81t@ndS*, respectively; this procedure

is equivalent to solving th&* equationg9) and (10) (Note thatS~ is not needed for DEA-
STEOM, andS" is not needed for DIP-STEOM. Both are needed for EE-STEOM.) The
St amplitudes define the second similarity transformation, expregsibnyielding G..

The doubly transformed Hamiltoniati, is diagonalized (inexpensively) oveh1p, 2k,

or 2p configurations to yieldR, L, and energy eigenvaluésfor the individual EE-, DIP-,

or DEA-STEOM-CCSD/PT eigenvectors, respectively.i¢ not needed for the energy
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but is needed for the gradient.) The gradient calculation begins by (decouplingire

and then) solving the Lagrange multiplier equati¢®@) and (61)associated with th&~

andS™ constraint equations, yielding tt#&= andZ* Lagrange multipliers, respectively.
With these amplitudes, the one- and two-body intermediate density matrix elebhargs

then constructed. (The andL are no longer needed and can now be discarded Sthe
andZ¥* could also in principle be discarded, except for the method-dependent three-body
terms in the upcomin@ equations.) The one- and two-bofly(along with the explicit
three-body terms) are plugged into the method-independent chain-rule eqgi@&jdar

the Lagrange multipliers associated with the underlying CCSD of Rbnstraint equa-
tions, and solving yieldZ. (The H (and S* and Z*) can now be discarded.) Finally,

the method-independent chain-rule expres$ii) converts the transformed-Hamiltonian
intermediate density matri® to the bare-Hamiltonian effective density matfx (The

Z andT can now be discarded.) The derivatives of the bare HamiltoHisamplitudes

with respect to the perturbation are computed in the AO basis (along with the MO coef-
ficient response), anD is backtransformed into the AO basis. The full derivative of the
electronic-state energy with respect to the perturbation is then given by the AO-based ex-
pression equivalent to the GHF relati(#4) (see Sectio.7.1).

In this formulation, the computational cost of the STEOM-CCSD/PT analytical gradient
portion is comparable to that of the single-point energy calculation and does not scale
deleteriously with the degrees of freedom of the system. The most expensive steps involve
iterativeo®v*I andov?el operations (se&able 29, and the EE- and DEA-STEOM-CCSD
methods each have four such steps: the reference-state CCSD equatidnarfdrthe
active EA-EOM-CCSD eigenvector equations #fF in the energy calculation, and the
associated andZ* Lagrange multiplier equations in the analytical gradient. The total cost
is thus approximately four times that of the CCSD reference-state calculation. The EE- and
DEA-STEOM-PT methods eliminate the twév*/ operations associated with the iterative
solution forT andZ. Finally, the DIP-STEOM-CCSD method is very economical, with
only the twoo?v*I T andZ equations. These again are eliminated in the DIP-STEOM-PT
variant, and only non-iterative®v® terms remain. Additionally, the DIP-STEOM-CCSD
method does not require the largg?¢, D¢, and DS matrices, and moreover, for the
DIP-STEOM-PT method, th& ", 146, D¢, vab, hé%, and DiS are not needed. Of the
three methods, the DIP-STEOM variants are thus the most suited for application to larger
systems, both in terms of timing and storage. For comparison, the CCSD and EOM-CCSD
gradients also involve the tw&#v*I T andZ equations; additionally, computing eaRtor
L eigenvector scales as*I in EA-EOM-CCSD/PT and as’v*I in EE-EOM-CCSD/PT.

4. THE SMART SYMBOLIC ALGEBRA PACKAGE

Having now completed the discussion of analytical energy gradients in terms of abstract
operator expressions, this section marks the start of the second half of the paper in terms
of the fully algebraic derivation of the explicit working equations. In this section, an
overview is presented of our geneBMART package, created to manipulate, differentiate,
and thereby derive the algebraic gradient expressions directly. The specific (ST)EOM-
CCSD/PT derivative equations themselves are presented and examined in full detail in
Sectionb.

Since a closed-shell reference determinant is employed, the spin integration is straight-
forward to carry out, and all explicit algebraic expressions in Sectansd 5are given in
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terms ofspatial-orbital indices. Note that the same index labels are used apitierbital
indices of the previous abstract discussion in Sectibasd 3 Most expressions are now
written in Einstein’s summation convention. All two-body terms have vertex-interchange
symmetryeg. k- = hiF. Permutations on external (non-summed) indices are denoted as
P;; for the permutation that exchanges> j andPi‘;.b for the permutation that exchanges

i < janda < b simultaneously. Terms involving the Kronecker delta and a dummy
active/inactive summation index only contribute if the non-summed index is of the same
active/inactive character (for example, Table 7 theé;,, in §;,, Va"C’E,’(’}C IS gfZ causes the

term to contribute only if the external indéxs active). The notation )39 denotes that
the guantity enclosed in parentheses is present only for singlet EE-STEOM states and is

not included for triplet EE-STEOM states.

4.1. Overview of SMART

Traditionally, to obtairexplicit algebraic expressions for an analytical energy gradient, the
abstract operator form of the gradient expressions is usually first derived (for (ST)EOM-
CCSD/PT: expression(§0), (61), (42)to (44) or (62) to (63), and(45)), which might then

be expanded algebraically or diagrammatically to the detailed working equations, and all
typically done by hand. While the algebraic expansion procedure could be made auto-
mated, even the hand derivation of the abstract gradient expressions themselves is often
guite complex. Rather than embark on such a tedious and error-prone undertaking to de-
rive the detailed gradient equations for each new electronic structure method, we instead
developed the generaMART (Symbolic Manipulation and Regrouping of Tensors) pack-

age of automated symbolic algebra tools, written inNMehematica [127] programming
language. Bypassing the need to consider the abstract gradient expressions, the algebraic
gradient expressions are instead deridagctly, by explicit symbolic differentiation of

the algebraienergy expressions that define the electronic method. The Lagrange multi-
plier formulation establishes a uniform framework in which to perform the derivation in

a standard manner. TH8MART toolkit provides the resources to expand, differentiate,
and simplify directly, by automated symbolic manipulation of the detailed algebraic tensor
expressions themselves. Through a fully symbolic algebraic treatment, the package was
used to generate and check all the explicit gradient expressions presented in the tables of
Sectionb.

To sketch the procedure, we begin as input with the Lagrange multiplier energy func-
tional for each electronic method in explicit algebraic terms. As discussed, the component
expressions of the energy functional are simply the defining equations of the electronic
structure method. For the (ST)EOM-CCSD/PT methods, the defining algebraic expres-
sions (se€lables 3and4) are relatively straightforward and well knowag. references
[3,34,36,52] As is often the case, these algebraic expressions were originally defined first
in abstract operator terms and subsequently expanded by hand using diagrammatic tech-
nigues to explicit algebraic terms. The algebraic form of the energy expressions might also
in principle be obtained automatically from the abstract operator definitions, such as by
automation of Wick’s Theorem or diagrams. For recent examples of automated expansion
procedures, see for instance Kallayal. [128,129]or Hirata[134,135] The algebraic
functionals, along with the algebraic definitions of any intermediate quantities (in particu-
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lar the commorH, G, andG, expressions ofables 5, 6, and)7 serve as the input to the
SMART package.

Using the custom symbolic algebra routines, intermediates can be fully expanded such
that all parts of the expressions are written in terms of the basic parameters. For example,
any transformed HamiltoniaH or doubly transformed, amplitudes can be expanded
into their bare Hamiltoniai expressions (and vice versa, see below). The fully expanded
expressions can then be differentiated symbolically with respect to a particular amplitude
by proper replacement with Kronecker deltas, for example,

] . .
W(Z fcktli> = Z ff‘sacaik = f; (64)
! k,c k,c

Above, the symbolic derivative picks out the corresponding terms whose indices precisely
match those of the differentiating amplitude. The symbolic differentiation can also be per-
formed as a chain rule, with the transformed Hamiltolsamplitudes as the intermediate
variables, to automatically construct the derivative in terms of the intermediate density
matrix D (see below). Th@MART routines can reasonably manipulate terms of up to five-
body rank or so and can treat common term symmetries, such as antisymmetry or specific
vertex-interchange (only two-body vertex-interchange symmetry is needed in this work).

A canonical ordering/reindexing algorithm puts all amplitudes and tensor multiplica-
tions into a preferred unique form, treating the symmetry of the individual amplitudes and
re-labeling the dummy summation indices in a unique order. All mathematically equivalent
forms of a given tensor multiplication are thus converted to the same unique form and then
combine automatically. For example,

Vi = Vil = Vi = Vi
= Vealitf' = Vacti'tf = Vegti'tl = Vaeti'sg

_vlksac,d _ yslk,ad.c _ vkl ac,d _ skl sad ¢
= Vaelic i = Vealic T = Vaclit e = Vealit' 1

kl ,ac.d
_ ylkpeayd _ ylkpdage _ yklpcad _ ykldage [ 7 Veatik Ui - (65)
=Vactii i = Veati t = Vaelii e = Vealii
__yykl,ab,c __ _ vik,ac.d _ _ vk ab,c
= Vi = = VIl = = VT

bcik

In essence, for a given tensor multiplication, the individual amplitudes are sorted, based on
a pre-defined canonical ordering of their external index labels and, for amplitudes with no
external indices, based on their relation to the preceding ordered amplitudes through their
summation indices. For the case of no external indicessgalars), for instance the energy
expressions, the indices of the single Hamiltonian amplitude start the process. Besides sort-
ing the amplitudes, each amplitude itself is put in a preferred symmetry form, defined either
by its particle-hole typeg(g. 7¢2 vs.h%), or in the case of symmetric amplitudesy 7%

vs.ﬁzi), based on the same method of following the touched indices used above to sort the
amplitudes. Dummy summation indices are then assigned to the uniquely ordered list of
preferred-form amplitudes. The ordering algorithm is designed to yield a unique result for
the general types of algebraic tensor multiplications considered here. At present, in cases
with arbitrariness (in this work, the case of no external indices with a symmetric Hamil-
tonian amplitude to start), all.€. both) arbitrary orderings are enumerated and a preferred
final reindexed result is chosen uniquely (based on a dictionary-type ordering); the number
of arbitrary orderings is larger for more flexible symmetries, such as antisymmetry, and
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other more efficient schemes could perhaps be devised, but the current implementation for
dealing with arbitrariness has proven sufficient. The canonical reindexing routine is a cen-
tral feature, and its design represented an important challenge in the development of the
SMART package. In subsequent applications, the procedure has been generalized to treat a
variety of symmetry types, index spaces, and arbitrary number of indices in the amplitudes.
The canonical ordering procedure is described in detail in refef@663

Permutations on external indices can be extracted through another canonical ordering
scheme that selects a preferred permuted fiiré6]. Routines are available to perform
some factorization and to aid in the collection and substitution of intermediates. The
factorization, extracted permutations, and intermediates can be checked easily by expan-
sion. More discussion of the factorization scheme appears in later sections (in particular,
Sections4.4 and 5.5 The SMART code is internally well documented and checks the
consistency of the manipulated expressions at humerous points in the evaluation. In ad-
dition to the (ST)EOM gradient work presented here, the rather ge8&&IRT package
was also applied to investigate the cumulant expansion of the Contracted Schrddinger
Equation[167] and in unpublished work to manipulate a variety of other tensor algebraic
expressions directly.

4.2. Example derivations inSMART

The above discussion of tH®MART derivation process is more concretely understood
through example. In the following, tHdathematica input expressions have been modified
slightly for clarity and have been drawn out to reveal the individual substeps. As discussed,
the SMART package takes as input the algebraic Lagrange multiplier energy functionals,
comprised of the defining equations for each electronic method. For example, in singlet
EE-STEOM-CCSD, the defining expressions are given by (ffaivle 4

energyEESi nglet[] = hbarO[] + 2I[i,a]((2g2[k, a,c,i]
- 0g2[a,k,c,i])r[c,k] + g2[a,c]r[c,i] - g2[k,i]r[a, k]),
Z$equationT[] = 2z[i,a]lhbar[a,i]

+(2z[i,j,a,b]l-z[i,j,b,a])hbar[a,b,i,j],
ZM nus$equati onSM nus[] = 2d[iPrinme,mg[mi Prinme]
+(2d[i,j,mb]-d[j,i,mb])g[mb,i, j],
ZPl us$equati onSPl us[] = 2a[e,aPrinme]g[aPrine,e]
+(2a[e,j,a, b]l-ale,j,b,a])g[a, b,e,j] (66)
and the energy functional is defined as
functional EESi ngl et[] = energyEESi nglet[]+ Z$equati onT[]
+ ZM nus$equat i onSM nus[] + ZPl us$equati onSPl us] ]
/1 wel | For med. (67)

(Thewel | For med function above checks the consistency of the algebraic expressions, for
example, that the orbital space of each index is defined or that in a tensor multiplication,
summation indices appear twice and external indices only once.) The above expressions
for the EE-STEOM-CCSD energy functional, along with the common algebraic expan-
sions of thehbar [ 4], g[ 1] , andg2[ ] amplitudes (ables 5, 6, and)7 comprise the
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input to SMART. All subsequent derivative expressions for the analytical EE-STEOM-
CCSD gradient (infables 8, 9, 11, 12, 13, 14, and)l&re obtained directly by symbolic
differentiation.
Consider the two-bodyZ equation Table §, given by the derivative of the en-
ergy functional with respect toajb. In order to obtain the homogeneous left side,
(¢0|ZH|¢0)/8t“” the following steps are carried out8VIART:

Z$equationT[]
/. toBareHam | tonian
/] derivative[#,t[a,b,i,j]]&

(68)
/1 reindex,

namely, in theZ component of the functional thé amplitudes are first expanded to the
basic “bare”H andT amplitudes to allow differentiation, direct symbolic differentiation

is performed with respect txﬁ;.” (by proper replacement of aff’ with Kronecker deltas,

in the manner of expressiqp4)), and the result is canonically reindexed to combine the
mathematically equivalent terms by putting them each in a uniquely defined form. The
result of these operations is 224 distinct terms

2Zi fbj _sza Zafb+2bea+4Zath
A vik — 27l vIk — Zthk Vajck 22atk
— 221 VIK 4 VA 4 2l VIR 4 27l ViE 4. (224 terms) (69)

As will be examined in Sectioh.2.1, re-expressing this fully expanded derivative expres-
sion back in terms of the transformeH amplitudes leads to a substantial factorization,
reducing the above to 56 distinct terms,

% /. toTransfornmedHam | tonian
/1 reindex, (70)

22 h) — 2hhl — zdhly + 22 bty + Acik Ry — 221K Ry
— 4zl Vclé A1t Vol + ZZad’kdeU +--- (56 terms) (71)

(Note sinceVé{J = fz;’b = g;fb, these amplitudes will always be written &4 .) In the

first step of expressio(i70), the expansion fronH to H initially generates 464 terms,
which are then canonically rewritten byei ndex and combine to the 56 distinct terms

in expression(71) above. The oTr ansf or medHani | t oni an substitution rules used to
perform this “reverse-direction” expansion will be considered in the next section. Lastly,
permutations on the equivalent< j anda < b external indices are extracted and
K = 27K — 7K is collected, yielding the 12 distinct terms that appeaFdble §

% // extractPernutations
/1 collectWgglel# {z}] & (72)

3(1+ PAPY@— Pij) (22, h) + 27K hlS — 27Kl iedyiT ) (12 terms) (73)

In a similar fashion, the homogeneous side of tine-body Z equation is obtained by
instead differentiating with respecttda, i ] in thederi vati ve call in expressiori68).
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The inhomogeneous side of the two-badyequation, formulated in terms of a chain
rule, ZM(aF'“h/ah,L)(ah,L/ar;ljb), is obtained in a similarly straightforward manner,

functional EESi ngl et[]
/. z[__]->0
/1 chainRul e[#,t[a,b,i,j]]& (74)

(the leading minus sign is not included here). In the first step aboveg thierms are
eliminated from the energy functional to givd™. In the second step, thehai nRul e
function performs a series of direct differentiations in an analogous approach to that de-
scribed above. Output are the general chain-rule derivative expreggjdﬁu(aﬁﬂ/at;‘jb)
(in Table 8, the EE—STEOM[)M expressions (iMable 14, and the EE-STEOM explicit
derivative contributions (iffable 9. Thechai nRul e script thus contains three chief sub-
steps, namely the construction of the general chain-rule expression in terms of dummy
D, and the actua&fzu/atfj” expressions, the derivation of the particuly expressions
themselves fromF'™, and the derivation of the explicit contributions to the derivative.
A definitive check of the chain-rule construction is then performed against the full direct
tf’/b differentiation result. Although handled automatically, the details of these substeps will
now be considered, in particular to show that they are mainly a scripted execution of the
direct differentiation technique already described.

First, construction of the general chain-rule derivative expression proceeds by differen-
tiating each of the zero-, one-, and two-bddamplitudesio ik h{ hf b L2
Rz g VMR RSk R hegt, R hél:, with respect taf?: Eachhy,
amplitude is expanded to its basicandT amplitudes, differentiated directly with respect
to 1, and re-expressed back in termstofamplitudes as factorization. Eaélh,, /o1"’
derivative expression is then tensor-multiplied with the correspordiingny D,, element
to construct the general chain-rule expression. For example[)iiﬁé(aﬁzlz‘}cs/atfj”) con-
tribution is obtained essentially as

dbar[k2, k3, ¢, k1] *
(((hbar[c, k1, k2, k3]
/. toBareHam | tonian)
/1 derivative[#,t[a,b,i,j]]&
/. toTransfornmedHani | t oni an)
/] extractPernutations (75)

to yield these chain-rule terms
+3(L+ PSP (Dl — Dy — Diyhly + Db + 2 — Py (DYhif))  (76)

appearing inTable 8 The expansion and differentiation (third and fourth lines above) at
first generates 26 distinct terms, the re-expression in terni @ifth line) reduces this
to 12 distinct terms (when reindexed; 40 initially upon expansion), and the extraction of
permutations (sixth line) reduces this to the 5 distinct terms of the result.

Second, thechai nRul e script derives theactual EE-STEOM D, = dF'"™/dh,,
expressions. In order to perform these differentiations with respégt, tthe inputF™ is

first expressed completely in terms of the one- and two-tddynplitudes (using. t o-
Tr ansf or medHani | t oni an). ThisH-only expression is then differentiated directly with
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respect to each of twéﬂ amplitudes given earlier, yielding the associafq;iexpressions
individually. Some factorization is then performed to arrive at the expressions as presented
in Table 14

Third, as a result of the passive expansion of the three-thb@dynplitudes (see Sec-
tion 5.2.3, thetﬁb chain-rule derivative additionally includes a small number of explicit
contributions, which are collected rable 9 Although these remaining contributions can
trivially be obtained as the difference between the above chain-rule construct and the full
8Fi”h/8ti“.” direct-differentiation result, they can also be derived fromlﬁmeexpressions
that explicitly contain & amplitude: Since the input functional is linear in tHeampli-
tudes, it can alternatively be viewed 88" = Y~ D, h,, and thus if aD,, expression
depends off, theproduct rule of differentiation defines two parts, a “chain-rule” part and
an “explicit” part,

9 - Y 7))

—(Dyhy) = Dy—- +h,—. (77)
p it I b M b

8tl.“j 8ti"j 8tl.“j

chain-rule explicit
part part

For discussion, see Sectiér2.3 To compute the explicit parts, thdhai nRul e function
differentiates with respect tgﬂ.” each suclﬁu containingT and tensor-multiplies the result
by the associated, amplitud]e. For the STEOM methods, orI_Djld containsT amplitudes,
and the explicit part is computed automatically as

vik,l,c,d]”
((dbar[c,d, k,I]
/. makeRul e[ dBar Expr essi ons])
/1 derivative[#,t[a,b,i,j]]&

/] extractPernutations (78)

to yield the EE-STEOM explicit contribution

+ 3 (14 P) @ = Pi) (=200, Vagsii + dyuy Vaesi — 20y Vedsei, + agy Vease)

(79)

seen inTable 9 (Above, themekeRul e function creates substitution rules from thg ex-
pressions. On a technical note, the function is fairly elaborate, as it must protectin a general
way the dummy summation indices appearing inEhgexpressions from conflicting with

any possible substituted external indices.)

Finally, the above constructions are checked against the straightfoawaitl/a:?
direct-differentiation result. Namely, the fuli’™ is expanded to basic terms and differ-
entiated directly with respect tq;.b. This outcome is compared against the chain-rule
construction with all theD,, expressions substituted in (plus the explicit part and with
theH and permutations expanded). An exact match ensures thab#heRul e function
has performed properly.

In the same way, the chain-rule inhomogeneous side of the one-Bodguation
is obtained by instead supplying a,i] as the argument tehai nRul e in expres-
sion (74). Likewise in the finalD,, expressions offable 15 the chain-rule portions,
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> Dv(aﬁv/ahu), are obtained by now supplying each bageamplitude as the argu-
ment tochai nRul e,

functional EESi ngl et []
[. z[ _]->0 /] chainRule[#,f[i,a]l]&,
functional EESi ngl et[]
/. z[__]1->0 // chainRule[#,Vv[i,j,a, b]l]&,
(80)
and the reference CCSD portior@s{,cpo|2fl|d>o)/8hﬂ, are obtained by direct differentia-
tion,

Z$equat i onT[ ]
/. toBareHam Itonian // derivative[#,f[i,a]]&
Z$equat i onT[]

/. toBareHaniltonian // derivative[#, v[i,j,a,b]]&,
(81)

cey

followed by extraction of permutations and other factorization. Of course for comparison,
complete non-chain-rul®,, expressions could also be computed by differentiating the
total functional directly with respect to each bargamplitude,

functional EESi ngl et[]
/. toBareHaniltonian // derivative[#,f[i,a]]&
functional EESi ngl et[]

/. toBareHam Itonian // derivative[#, v[i,j,a,b]]&
(82)

Finally, the St derivatives (theZz* equations) ofTables 11 and 1are obtained in the
same way by fully expanding the functional to the bare Hamiltonian amplitudes, directly
differentiating with respect to each of the four typesspfamplitudes, and re-expressing
the result back in terms ¢ as factorization. (In actuality, the full expansion to the bdre

is not necessary, sin¢¢ does not depend o and so the functional need only be written
exclusively in terms ofl amplitudes before differentiation.) In this way, all the derivative
expressions needed for the analytical energy gradient are obtained through a systematic,
fully algebraic derivation procedure: Starting from the electronic method’s input algebraic
Lagrange multiplier energy functional, the derivation proceeds by direct differentiation (or
scripted direct differentiation for the chain rule) with respect to each non-variational energy
parameter or Hamiltonian amplitude.

4.3. Interconversion between HH, and G, amplitudes

In the examples of the preceding section, full expansion to the most basic amplitudes was
accomplished through theBar eHani | t oni an expansion rules, and either expansion or
factorization was achieved through theTr ansf or medHani | t oni an expansion rules.

The origin of these interconversion expressions betwéeH, andG, Hamiltonian am-
plitudes warrants some further consideration. As seen above, the ability to perform such
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interconversions is a vital feature for manipulating the algebraic expressions. It allows in-
put in whatever Hamiltonian terms are most convenient and allows one to go back and forth
as needed. Before differentiation, for example, all Hamiltonian amplitudes that explicitly
depend on the differentiating amplitude must first be expanded to component terms. Relat-
edly, chain-rule differentiation withi as the intermediate variables requires the expression
to first be written in terms ofl Hamiltonian amplitudes only. Throughout the equations,
theH amplitudes in particular serve as useful intermediates in the compact factorization of
the derivative expressions (see Sectof).

In the following discussion, only the one- and two-body amplitudes are considered. In
SMART, the explicit formulas are available for the expansion of e#éamplitude in terms
of its componenH (andT) amplitudes

hy =hy +¢u(H,T) (83)
and evenyG, amplitude in terms of its componeHt(andS,) amplitudes
8u :Bu +Qu(|:|782)- (84)

The fzu andg, formulas are defined by the andG» similarity transformations, expres-
sions (2) and (11) and these similarity transformations have been evaluated diagram-
matically to yield the explicit algebraic spatial-orbital formulas given, for instance, in
reference$l57] and[3], respectively. For completeness, these “forward-directlbpénd
g expansion formulas are reproduced herg&ables 5, 6, and.7

The derivation of the “reverse-direction” expansions, that is, formulas for converting
eachuntransformed Hamiltonian amplitude to its “expansion” in terms of tlnansformed
amplitudes, is less obvious. To be clear, these formulas refer to the inverses of expressions
(83) and (84)namely expansions of evel amplitude in terms oH amplitudes

hy=hy,—@u(H,T) (85)
and everyH amplitude in terms o6, amplitudes
ﬁu =8u — @u(GZs S). (86)

These reverse formulas are in principle defined by the inverse similarity transformations,

where theH and G expressiong2) and (11)are multiplied from the right and left by
the appropriate inverse operators (although the same difficulty in principle is caused by

the unknowr{eS}~1). In practice, however, the reverse expressions are instead obtained by
backward substitution of the forward expressions among themselves. For a complete dis-
cussion of such backward substitutions, see refer@&jeTo understand the process, first
note that7" and S are net-excitation operators, and thus, when contracted with a Hamil-
tonian amplitude, always increase its net-excitation leivel ihcrease the net number of
g-creation operators and/or decrease the net numlspaohihilation operators). In the for-

ward equation$83) and (84)therefore, a given,, or g, amplitude can only depend on the
matching uncontracted amplitude or on contracted Hamiltonian amplitudesvef net-
excitation levels. By ordering the forward equations from least to greatest net-excitation
level, each equation then only depends on those that precede it, and backward substitution
to convert all the untransformed Hamiltonian amplitudes to the transformed amplitudes
proceeds in one cascading step. The forwidrend G, equations offables 6 and are

sorted in order of increasing net-excitation level to make clearer this relationship structure.
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However, as a result of this inherent structure, brute-force backward substitution of the
forward equations imany order until the result no longer changes also terminates, although
then the number of steps is unknown. While such a clumsy substitution is impractical by
hand, it can easily be carried out by computer.

With these explicit forward and reverse formulas, conversion of an expression to be writ-
ten completely in terms of only one- and two-bddyH, or G, Hamiltonian amplitudes is
accomplished by simple global substitution. For examplet tiBar eHani | t oni an rules
seen in the previous section expand eviepyor g, amplitude by its unique formula in
terms ofH only; the substitution rules are given by the forward equat{883or (84), re-
spectively (with(83) also substituted into th@4) expressions). Oppositely, to convert an
expression to be written in termsldfHamiltonian amplitudes only, theoTr ansf or med-

Hani | t oni an rules replace every, or (bare):, amplitude by its unique formula in terms
of H only, according to expressiol®4) or (85), respectively. (Although not needed in this
work, t oDoubl eTr ansf or medHani | t oni an rules can also be constructed to express all
Hamiltonian amplitudes in terms of onyz, using equation&36) and equation§36) sub-
stituted into(85).)

4.4. Factorization approach

Although the detailed algebraic gradient expressions are derived here by computer, their
subsequent implementation (into the program code of the ACES Il electronic structure
suite) is still performed here by hand. The aim of the factorization of the algebraic ex-
pressions, therefore, is to create a uniform computational framework for calculating the
gradient, requiring the least amount of new programming code per electronic method. To
this end, theH amplitudes in particular play a central role, as they are common to all
CCSD/PT-based methods. They serve as the linking variables in the chain-rule differenti-
ations, leading to (essentially) method-independehfgrange multiplier equations and
method-independeil conversion expressions, both in terms of the s@mBurthermore,

the PT-based (ST)EOM gradients also use these §gms the perturbative simplifications

to H are isolated outside dd. Additionally, employing theH expressions as intermedi-

ate quantities leads to compact factorizations in the derivative expressions: In both the
homogeneous and inhomogeneous sides oftleguations Table §, the H amplitudes
effectively condense the expandeé, /31, derivative expressions. See, for instance, ex-
amples(71) and (76)previously. The basis of this simplification of tiiederivatives will

be examined in Sectioh.2.1 Likewise, theS* derivatives (thez* equationsTables 11

and 13 find compact expression in termsldf This central role of thél amplitudes, es-
pecially theD chain rule, applies systematically to all future CCSD/PT-based electronic
methods.

In order to standardize the formulations and to reuse computer code, the factorizations
employed in this work are thus motivated firstly by consistency of expression and only sec-
ondly by computational efficiency. While the systematics ofthehain-rule derivatives
lead to a largely efficient computational structure, the expenéi%eterms are formu-
lated in the same manner as the inexpenﬁf‘/bterms, for example. Such expensive terms
might be computed more efficiently by refining the factorization. The present factorization
is generally sufficient, and the expressions are mostly implemented as presented in the ta-
bles. To improve the efficiency of some of the most expensive terms, a small number of
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refactorizations and file management tweaks are implemented, and these are described in
Section5.6. Although the details are specific to the present ACES Il implementation, the
issues discussed are quite general.

In addition to theoverall focus of the factorization/organization of the algebraic ex-
pressions, there is a low-level aspect to the factorization as well. In the end, the algebraic

expressions are implemented in binary tensor multiplicatiens,y, = z<Lcdvy —
¢ _ skl ged. i _ eyl idj _ cedyij. i _ kI ddJ Klij ki ysij.
Xa = Zaalkl > Yab = ¥aVep @nANOt s = 157 Veis Vap = ZaaXuih O Yadeh = Zad Ve

v = Xkl 1ed) The goal of the low-level factorization is to minimize the number and
expense of these final multiplications. As seen in the examples of Setfoabove,
therei ndex, extract Per nut ati ons, andcol | ect W ggl e functions serve to com-
pact the algebraic expressions. Other detailed functions are included to cBWART
user in finding and substituting reusable intermediate quantities, such ag,thg, and
M, intermediates scattered throughout the tables. Functions are available, for instance, to
recursively factor out amplitudes with the highest number of external indices or amplitudes
of a particular operator type. Thei ndex function can take optional arguments to tailor
the assignment of the summation indices in the output expressions. Ultimately, though,
while the detailed expressions themselves are derived here by computer, this factorization
process is driven largely by the user. And the final implementation is still performed here
by hand.

With very recent advances, however, such as the AP&,133] first generation
TCE[134-136] optimizing TCE[137-141] or string-baseil28-131]methods described
in the Introduction, even the factorization and implementation of the derived expressions
can be made automated. General automated factorization schemes might never even con-
struct theH intermediates but instead could factor the primitive, fully-expanded, derivative
expressions directly, devising their own organization and reusable intermediate quantities.
Such methods could heuristically take into account the characteristics of the computer
hardware and software and the chemical system under consideration and could likely yield
more efficient, though less transparent, factorizations. Moreover, the factorized expressions
could be implemented automatically in error-free computer code, and the individualized
implementation need not be constrained by considerations of the code’s reusability for dif-
ferent electronic methods. Despite the complexity, great strides have been made in this
young field of fully automated derivation and implementation, and further rapid progress
is surely forthcoming.

5. THE (ST)EOM-CCSD/PT DETAILED ALGEBRAIC GRADIENT
EQUATIONS

In this section, the specific spatial-orbital equations that must be solved for the closed-shell-
reference EE-, IP-, and EA-EOM-CCSD/PT and EE-, DIP-, and DEA-STEOM-CCSD/PT
analytical first derivatives are presented in full detail. All #iestract operator gradient
expressions of the theory Sectidh@ and 3.3are instead derived heredrplicit algebraic

terms, in an automated straight-algebraic treatment \8WART. The SMART package is
discussed in the previous SectiénThis Sectiorb provides an essentially self-contained
exposition of the steps involved in the derivation of the detailed (ST)EOM-CCSD/PT gradi-
ent equations as well as the steps involved in an actual gradient calculation. The discussion
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explains in-depth features that arise in the working equations, many of which would be
challenging to organize if derived by hand. Also examined are items relevant to imple-
menting the detailed gradient expressions in an efficient computer code. Note that like
Section4, the index labels in this section and in the tables refespatial molecular or-
bitals; for additional comments on the notation, see the start of Settion

5.1. The EOM-CCSD/PT and STEOM-CCSD/PT Lagrange multiplier energy
functionals

In Tables 3 and 4Section5.8), respectively, the Lagrange multiplier energy functionals
that define the EE-, IP-, and EA-EOM-CCSD/PT and the EE-, DIP-, and DEA-STEOM-
CCSD/PT methods are presented in explicit algebraic terms. As discussed, the functionals
are constructed from the energy expression for an electronic state in the particular method
together with the supplementary equations that determine the energy parameters, each set
of supplementary constraints tensor-multiplied by associated Lagrange multipliers. The
explicit algebraic functionals serve as the input toSWART package, and all subsequent
derivative expressions are generated through automated symbolic manipulations.

We now consider some features of the detailed algebraic functionals. In the energy terms,
the exact form of the spatial-orbitalandR amplitudes is not unique, and a spin-adapted

form (eg. I}, = 27} —1}))) is chosen to make the algebraic expressions consistent with
those obtained diagrammatically. This flexibility will be true of all the spatial-orbital ampli-
tudes, and the convenient spin-adapted form will always be chosen. Obviously, the detailed
gradient equations will depend on the particular choice, but in the end, the numerical value
of the gradienti(e. the final GHF effective densit) is unique. Note that the particu-
lar choice for the spatial-orbitdl andR parameterization determines the specific explicit
form of the EOM and STEOM eigenvector equations (equat{803—(31) and (49)—(50)
respectively), and the spin-adaptecandR are consistent with the EOM- and STEOM-
CCSDI/PT eigenvector equations as implemented in the ACES Il program.

Moving on, the next term in the functionalg1— (<DO|I:I§|Q§0)), enforces normalization
of the eigenvectors (see equati@9)). This term depends only on theandR amplitudes
andA, and it therefore only contributes to the derivatives with respect to these parameters,
the normalized EOM and STEOM eigenvector equations. The normalization term does not
contribute to any other derivatives and will be omitted from the algebraic functionals.

The next term in the functionalépo|Z H |®o), is associated with the constraint that the
underlying CCSD or PT equations fdrmust be satisfied (equatiof®) or (16), respec-
tively). This term is the same for all the CCSD-based (ST)EOM methods, as well as for
other methods based on a CCSD reference treatment. Its components are greatly simpli-
fied for the PT-based methods, due to the eIiminatioﬁif(ﬂ=> and the simplification of
theh?f’(l) expression. The explicit algebraic formulasy( referencd157]) for these pure-
excitationH amplitudes are presented Table 5 Again, there is a flexibility in choosing
the specific spatial-orbital parameterization of themplitudes, and the spin-adapted form
is chosen. Alternatively, a plainer form could be used, such as

A 2 - PR b
(@0l ZH | o) = i + 2, hi?,

(87)
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which would simply lead to different details in the final gradient expressions. A different
definition of the spatial-orbital parameterization would automatically be compensated for
in the solution of the modified Lagrange multiplier equations.

In addition to the CCSD/PE Lagrange multiplier term, the STEOM functional con-
tains two additional termsy", (@,,|Z~[G, ml|®o) and Y, (®¢|Z 1[G, éT1|@o), associ-
ated with the supplementary equatid® and (10)that determine th&~ and S* para-
meters, respectively. The spatial-orbifal Lagrange multiplier amplitudesi/{) andZ*
Lagrange multiplier amplitudes () are chosen, as always, to be spin-adapted. The explicit
formulas for the fullG (g,) amplitudes that determing* are reproduced from refer-
encef3] in Table § and the explicit formulas for th&, (g,,) amplitudes are reproduced in
Table 7 the few typographical errors appearing in referefi}ehave been corrected here.
The needed spatial-orbited expressions, adapted from referefit&7], are presented in
expanded form imable 6

5.1.1. Smplifications for the PT-based expressions

The only difference between the energy functionals for the PT-based and CCSD-based
(ST)EOM methods is the simplification of the underlyiHgformulas ofTables 5 and 6
The PT-basetH expressions are contained as a subset of the terms in the full CCSD-based
H expressions; therefore, the PT-basenttionals are contained as a subset of the terms
in the expanded CCSD-based functionals. The PT-based simplificatibhar®described
in Section2.2 and when applied to the CCSD-based functionals, result in the following
prescription’Ty = 0, Z; = 0, and inZ; termsV = 0 exceptVi“.b. This prescription is
a convenient summary for extracting the detailed expressions for the PT-based functionals
from the fully expanded CCSD-based algebraic expressions.

To elaborate, the first-ordéf(l) = 0 automatically for HF orbitals. Thus, tfig are not
used in theH similarity transformation, and all terms involving a one-bafiyamplitude
are eliminated everywhere in the detailed CCSD-based algebraic expresgjoas ).
Also, all terms in the functional that originate from the one-bé;ﬂ;equation always mul-
tiply a one-bodyz, amplitude and are thus eliminated from the expanded functionals by

. P P ~ab(l) .
removing all terms containing, (Z1 = 0). The explicit f|rst—orde|hl.j equation, de-

fined abstractly in expressiqf6), is related to the full CCS?J.” expression by the above
elimination of all T, terms, as well as all terms involving\a amplitude besidesq‘;b;
since contributions originating frorﬁf‘f always multiply a two-body”, amplitude, then
all terms containing bot#, and av amplitude besideB’l.‘;b are not present in the expanded
PT-based functionals.

Thederivative expressionsin the PT-based (ST)EOM methods can be obtained either by

1. differentiating the PT-based functionals directly, or
2. by applying the above prescription to the detailed CCSD-based derivative expressions.

An additional set of eliminations arises in the derivatives due to the last condition above:
in two-bodyD expressionsZ, = 0 except inD.’, (discussed below in Sectidn?). This

list of simplifications— 1 = 0,Z1 =0, in Zy termsV =0 exceptVi‘]‘.h, and in two-body

D expressionZ, = 0 except inD;Jb—can be viewed as a prescription for identifying the
(ST)EOM-PT subset of terms that are contained in the full (ST)EOM-CCSD algebraic ex-
pressions, and for the remainder of this paper, these explicit simplifications will be referred
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to as the PT-based “prescription”. These simplifications lead to elimination aftlaad

Z, equations and (using that the Fock matrix is diagonal for canonical HF orbitals) reduc-
tion of theT, andZ, equations to simple division by an energy denominator. Besides this
procedural difference, and the straightforward exclusion of unneeded terms summarized
by the above prescription, all other parts of the PT-based gradient calculation then proceed
identically to that of the CCSD-based methods.

5.2. The (ST)EOM-CCSD/PT Z Lagrange multiplier equations

To emphasize the common features of the EOM-CCSD/PT and STEOM-CCSD/PT gra-
dients, we will first consider the equations that determine Zhkeagrange multipliers
associated with the non-variational parameters of the underlying CCSD or PT refer-
ence treatment. The equations fbare determined by setting to vanish the derivatives of
the functional with respect to the associatedarameters (see equatidd®) or (62)). For

all electronic methods based on a CCSD or PT reference treatment, the algebraic spatial-
orbital equations for th& Lagrange multipliers are presentedlable 8(Section5.8). The
homogeneous sides of tifeequations originate from the comma#i-and#¢? or R
contributions to the functionals and are thus identical for all CCSD-based or PT-based
electronic methods, respectively. The inhomogeneous sides, while containing all of the
electronic method dependence, are cast into a method-independent form through a chain
rule in the commorH amplitudes. The (ST)EOM-variant dependence is then contained
completely and compactly in the intermediate density mairigand the associated ex-

plicit three-body terms). Although discussed next, note that for the STEOM methods, the
Z equations are solveafter theZ* equations (due to the presenceZsf in D).

5.2.1. Homogeneous sides of the Z equations

The expressions on the CCSD-based homogeneous left sidésbla 8 are equiva-

lent in form to theA terms of ground-state CCSD gradient theory, originally derived
through thez-vector method and diagrammatic expangit®o]. In the present work, these
homogeneous-side derivative expressions are generated directly by symbolic differentia-
tion of the algebraic Lagrange multiplier energy functionals, through operations that are
typical of theSMART package (see Sectidn?): Beginning with the simple algebraic form

of (@g|Z H|Po) in Table 3Table 4 the transformed Hamiltoniar amplitudes are first ex-
panded to basic terms, the bare Hamiltortthand T amplitudes, to allow differentiation.
Direct differentiation is then performed with respect to the appropifiiadéenplitude. The

H amplitudes are then converted backHcamplitudes to simplify the expressions. The
canonical reindexing procedure ensures that only unique terms remain. Permutations are
extracted on equivalent external indices, and some additional factorization is performed.
For the PT-based methods, the one-bddgquation is not present, and the homogeneous
side of the two-body equation condenses to a simple energy factor.

As mentioned above, after performing thederivatives on the fully expanded expres-
sions, the conversion from the basicamplitudesback to the transformedi amplitudes
accounts for a great deal of factorization. Although many terms are initially introduced
in the “expansion” of eacld amplitude to the transformeld amplitudes (using the in-
vertedH-to-H expression85)), most terms cancel against other expanded terms, leaving
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a much-compacteH -only expression. Since the derivative of an exponential is again an
exponential, it might be expected that fhelerivatives of théd amplitudes (expanded first

to basic terms) can regenerate the similarity transformation. More formally, as considered
for example in referencg57], theT derivatives can be written in terms of a commutator

involving H,

— (@0 [H, 2,17 ), (88)

and thus theT derivatives can be written preciseiynd compactly back in terms oH
amplitudes. In expressidB8), £2, is the (pure-excitation) elementary-operator component
associated with coefficient in 7', andX andY are arbitrary operators that are independent
of T. Note that the above regeneration of the similarity transformation relies on the fact
that the pure-excitation operatas, and7 commute (which is not true for the derivatives
involving S, considered later).

Careful examination of the derivative expression3able § however, reveals the pres-
ence of “leftover"T amplitudes, which seems to contradict the above discussion since they
are all expected to be absorbed back intokthamplitudes. These two-bodyamplitudes
could in fact combine with the two-bodid amplitudes to which they are contracted to
form three-bodyH amplitudes. But as noted earlier, all amplitudes are left written here in
terms of only one- and two-body components, and these threefaagplitudes remain
automatically in an expanded form. Some more-subtle consequences of this passive ex-
pansion of the three-body amplitudes, but which nevertheless are handled automatically
here, are considered in Sectibr2.3

5.2.2. Inhomogeneous sides of the Z equations

Whereas the homogeneous left sides of Zhequations depend only on the CCSD/PT
reference treatment¢. H) automatically, the inhomogeneous right sides can also be con-
structed as such through a chain rule in themplitudes (expressiof3)). All of the
post-CCSD/PT (ST)EOM-variant dependence is then isolated in the intermediate density
matrix D. The chain-rule expressions presentedénle 8were generated by automated
construction from the derivatives of the CC$Damplitudes (see Sectigh?): Each one-
and two—bodyﬁﬂ amplitude was fully expanded in terms of its compondrand T am-
plitudes, differentiated with respect tg, re-expressed back in terms Hf amplitudes,
and tensor-multiplied with the associated dummy element. Permutations on external
indices were then extracted, and some factorization was performed. The chain-rule con-
structs can be checked by substitution of Ehelements for each method and comparison
to the T derivatives of the functional performed directly (along with the addition of the
explicit three-body terms discussed in the next section).

Two simple terms on the inhomogeneous sides whose origin may not be obvious are the
isolated Hamiltonian terms/2 and (2 — P;;)V,; that are not multiplied by & element.
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These are the result of chain-rule differentiation with respeépto

aFinh _
) _ — = Dg =1,
AFMN 9hg aho
oo ot ) ok ah (89)
0 = 0 i j
0 v v =2k and b = 2— PV,
1

ij
and are the same for all methods (with the exception that'tlerivative is not present for
the PT-based methods).

5.2.3. Three-body contributions to the Z equations and D

We now examine the formal modifications that arise from a more practical approach to
three-body terms. In principle, the three-badyand D amplitudes could be formulated

in the same straightforward manner as the one- and two-body amplitudes. In an actual
gradient calculation, however, three-body (six-index) matrices are expensive to store and
manipulate, and these handful of contributions are computed more efficiently in terms of
their lower-body components. Since all the basic operators employed in this work are at
most two-body, all algebraic expressions can therefore be written in terms of zero-, one-,
and two-body amplitudesnly. The three-body amplitudes are simply left expanded in
their (up to two-body) component terms. This passive expansion of the three=badgt

D amplitudes leads to two departures from the formal chain-rule organization. Although
explained in detail here, we emphasize that the resulting modifications are all handled au-
tomatically (and correctly!) by the mathematics in the automated algebraic treatment. For
the most part, in fact, th®MART package takes no special action regarding the expanded
three-body terms and treats them as it would any other tensor product. An in-depth under-
standing of the formal reorganization is not crucial, and the uninterested reader can skip to
the next section.

The most noticeable consequence of leaving all expressions written in terms of only
up to two-body amplitudes is that th&’ chain-rule derivative offable 8requires some
remaining three-body contributions to be added in explicitly, and the expressions are col-
lected inTable 9(Section5.8). These leftover method-dependent three-body contributions
can be obtained trivially as the difference betweentffiedirect-differentiation result and
the expansion of the one- and two-bddylements for each variant into tif¢ chain-rule
construct. As mentioned in tHMART examples (Sectiod.2), however, these additional
contributions can also be derived directly, by differentiating@hexpressions that contain
T amplitudes. The appearanceloamplitudes irD is a second, more-subtle, consequence
of treating everything in terms of only up to two-body amplitudes. ‘

According to the definition oD in expression44), i.e. D, = dF'™/dh, (wherepn
includes three-body indices), one would exp@ctot to contaln amT amplitudes. Prior to
the above differentiation#'™™ must be written exclusively in terms of amplitudes, and
theseH should absorb all th& amplitudes, a$l is their only possible source. However,
the three-bodyH amplitudes are left written in terms of their lower-body (actually two-
body)h, andr, components. In differentiating the functional with respect to these specific
two-body#, amplitudes, the, amplitudes will remain and thus will appear explicitly in
the resulting associated two-body, expressions. These modifigal, no longer strictly
correspond to théormal interpretation of expressiofd4), since they now additionally
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contain the contributions that belong to the missing three-ibdBut theseD, still satisfy
thealgebraic definition 8F'”h/8hu, whereu now runs over only up to two-body indices.
In the formal chain-rule expressi@A3), repeated here for convenience,
JFinn _ dhy,

=N"p,~
ot ZM: Mo, (90)

the compound index runs over all theH amplitudes, including the three-body terms,
andonly H is assumed to be an explicit function of T. But since certairD elements are
now also explicit functions of, this formal chain-rule derivative must be generalized to
include the product rule of differentiation:

gFinh - dh - 9D
=y p,—~ h ®. 91
a1, p Kot +2M: " at, (1)

If 1« includes the three-body indices, then Tiappear inD, and the second term above
drops out, leaving only the original chain-rule term fincludes only up tawo-body
indices, then the contributions arising from the expanded three-Hagiyplitudes are in-
stead distributed between the two types of terms in the produc{di)eln the first term,
the chain-rule term, certain two-body elements pick up the contributions that formally
belong to the absent three-boBy these modifications appear as terms that contdin a
amplitude explicitly. Since certaib explicitly now depend off, the second term in ex-
pression(91) generates some additional three-body contributions, which must be added
to the chain-rule term. These “explicit” contributions are method-dependent, since they
arise from derivatives of the method-depend@niThe explicit contributions are a rigor-
ous mathematical consequence of the modiflethd the product rule of differentiation.

This abstract discussion is perhaps better understood through example. In the EE-EOM-
CCSD/PT method, one of the three-boHly contributions appearing the input energy
functional looks like

~hi ¥ € his, (92)
where the~ represents the factors and permutatiarisTable 3 that have been omitted
for clarity. If three-bodyH amplitudes were written directly, the chain-rule construct in the
two-bodyZ equation would simply contain the (expensive) expression

pacl

. 0hs
~ijd ijd
Ducl atiajb . (93)

By leaving this three-bodid amplitude written in terms of its lower-body components, as
above, the product rule of differentiation generates

racl bile
~ijd Ga a9 hay)
acl atiujb acl atl'ajb
. anle o arab
ijd ab db ijdilc ij
- (D)) (5 )+ (i) (5.5). @)
i ot I
contribution explicit
to Db contribution
e ~ijd7Tlce
chain rule ~Dohls
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(For simplicity, a somewhat imprecise notation has been chosen, \Wwhgre, b appear
both as dummy summation indices and as external indices on the diﬁerentjﬁthg

The first term in the product rul@4) is part of theh ,» chain rule and thus modifies
the associatetivo-body Ddf’ expression to additionally contalrtlaree-body contribution

~D4; i/ (the T term in D¢ in Table 1. This “modified” two-bodyD element never-

theless retains its simple algebraic deflnltlmj”’ = aF'“h/ahlc and this uptake of the
three-body contribution happens automatically, by treating all expressions in terms of up
to two-bodyH amplitudes only.

The second term in the product r@4) contributes to thel.“.” derivative explicitly (and
yields the first of the explicit EE-EOM three-body contributionsTable 9. To make the
connection with how the explicit contributions are calculated bydhei nRul e func-
tion in expressior{77) of the SMART examples, consider the following. Since the formal
three-bodyD;]C‘f is independent of , it can be brought inside the derivative in the explicit
contribution,

ab ~ pldab ~db
(NDl/dhlc) a[i/’ — jle (D fij ) — jle ID;." (95)
acl'*db 8tab — "db Bt”b db 8t“b ’
ij ij ij

the~D;£fftfjb under the derivative in the middle portion above is precisely the modification
to Dﬁ,” seen in the chain-rule term in express(@4). In this way, the explicit contributions
are obtained from the derivatives of the modifi2@xpressions that now contalnampli-
tudes.
These modified two-bodfp expressions properly carry the three-body contributions
throughout the rest of the gradient calculation. For instance, the momﬁé@articipates
in theone-body:" chain-rule derivative; even though there isaxplicit method-dependent
three-body contribution as there is in the two-baffyychain rule, there is aimplicit three-
body contribution hidden in the modifie. leeW|se the three-body contributions ih
carry through to the full effective density matiixand thus to the gradient. For example,
the modification ofDldc” is transparent to the conversion to the fd|las it simply amounts
to a slightly different partitioning in the find expressions:
=l pacl
D =(_dh) % ~ijd ahud_|_...
1% lc Jformal ahu acl 8h
onlk, g ARG
= (D) omatg - + Dt~ +
ormal 3, hy,

plc

oh
db ud b db
((ch )formal+ NDacl 16; ) oh +e
"
8hlc
db db
(ch )modlfled ah +o (96)

This last illustration underscores the fact that there are multiple ways to formulate the
detailed gradient expressions, as long as they lead to numerically identical GHF effective
density matrix elements in the end.

The above discussion examines the various formal modifications that arise in leaving
the three-body amplitudes expanded in their component terms. These subtleties might be
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difficult to organize by hand, but here, they are all treaigtdmatically by the mathematics
of dealing with the algebraic expressions directly.

5.3. The EOM-CCSD/PT intermediate density matrixD

The zero-, one-, and two-body intermediate density matrix eleni2rits the EE-, IP-,
and EA-EOM-CCSD/PT variants are presentedaile 10(Section5.8). These[),L =
aFi”h/afzﬂ were obtained iIrBMART by expressing the inhomogeneous (rnpart of
each functional in terms of only (zero-, one-, and two-body) transformed Hamiltbhian
amplitudes and differentiating directly with respect to each cladgs amplitude. TheT
amplitudes that appear ib))¢, D}, and D{/ arise from leaving the three-body terms
expanded in their lower-body components, as discussed in the preceding section.

TheseD (along with the explicit three-body contributions Ghble 9 completely de-
termine the analytical gradient for each method. Thappear in both the chain-rul
Lagrange multiplier equations @able 8and the chain-rule conversion to the full effec-
tive density matrixD in Table 13Table 16later. We contrast the current formulation with
that originally derived by Stanton and Gaui88—42] where theZ equations and effective
densityD expressions are treated independently.

5.3.1. Inclusion of pure-excitation termsin the EOM-CCSD functional

In Section2.2 and 3.2we considered why and how the pure-excitation amplitudes should
be excluded from the (noB-part of the) energy functionals for thHel-based methods.
Additionally, we reasoned that inclusion/exclusion of the pure-excitation amplitudes can
have nonumerical effect on the gradient for theCSD-based methods. In this section, we
explicitly demonstrate this feature for the EOM-CCSD analytical gradients. The inclusion
of 4% terms in the functionals will lead to fin@ effective density matrix elements that
are numerically identical but that are partitioned differently due to an equal and opposite
modification of D! and 2. The detailed discussions that comprise this section can be
skipped by the non-specialized reader, if desired.

As considered previously, the commutator formulation is employed in the energy func-
tionals to exclude the pure-excitation terms from the algebraic expressions, yielding a
consistent formulation for both the CCSD-based and PT-based (ST)EOM variants. We
have, however, the freedom to define the energy functional in different ways, as long as
they lead to numerically identical final effective density matrix eleméntd the CCSD-
based EOM energy expression is instead written as the biorthogonal expectation value
(rather than the commutator form), the following one-body pure-excitation terms are addi-
tionally present in the algebraic expansion:

I, (hgr? + hbr)  EE-EOM-CCSD

(@o|LH R|®o) = ho + (®o|LLH, R1|Po) + { —I" (hdr)) IP-EOM-CCSD
1,I (hdrb) EA-EOM-CCSD
(97)

The H chain-rule formulation of the gradient isolates all of the method dependence (be-
sides the CC/PT truncation) in the intermediate density métriand thus the effect of



Analytical Energy Gradients for Excited-State Coupled-Cluster Methods 67

including/excluding theséj‘ terms is isolated completely in the associat@d With the
commutator formulation, nd¢ terms are present (ifi'™), and thusD’, = 0 for all meth-
ods (se€Tables 10 and 14 The inclusion of the pure-excitatiokf terms according to
expression$97) yields the following non-zer®: :

Dl =2 r® EE-EOM-CCSD
Di=-I"'r; IP-EOM-CCSD
D\ =Iir" EA-EOM-CCSD (98)

a

However, thesed! will in fact have no effect on the findD, as the change will automati-
cally be compensated for by a numerical change in the assogjaterange multipliers.
On the homogeneous left sides of th# Lagrange multiplier equations,

a(qbo|21fl|¢0)/a@, the Z amplitudes multiply the derivatives of the pure-excitation co-
efficients,e.g. 2z;, (9h{ /dt,). On the inhomogeneous right sidesy_, D, (3h,,/31,), the
pure-excitationD elements multiplythese same derivatives, e.g. —Dg(aiz;*/atv). These
expressions can be combined on the homogeneous side, and thus including pure-excitation

components leads to a simple offset of BeLagrange multipliers(z,)bomaa " =

(24 D) PeeXeitaion pore concretely, in the explic equations offable § the first three
terms on each inhomogeneous side invaleand can be combined with the matching
first three terms on each homogeneous side, which invalyeThe remaining inhomoge-

neous sides are now identical to the case whén= 0, and thus a non-zerb simply

amounts to an offset taz2, (22, + B, Pureonc "= (271, 4 Di)Pur=XCteion This offset is

then returned in the conversion to the fiBalEverywhere irTable 15 D!, appears together
with 2z, (in particularD!, = D!, + 2z!), and thus, regardless of a non-zé, the finalD
are always numerically identical.

For the PT-based methods, on the other hand, while the inhomogeneous sides would
involve the same (“full”-order) pure-excitation expressienB,, (34, /dt,), the homoge-
neous sides involve only thirst-order pure-excitation expressiO@(aﬁf})/atU). Thus
the modification to th& Lagrange multipliers would be non-trivial and would not be cor-
rected properly in the conversion to the fial In particular, the one-body, terms are
not even present here for the PT-based methods and thus are not available to correct the
inclusion of a non-zerd),. For the PT-based methods then, inclusion/exclusion of the
pure-excitation terms leads to different results, and only the exclusion is consistent with
the numerical energy-only gradients, where the pure-excitation terms are assumed fully
vanishing and are thus ignored.

Finally, let us note that, in order to facilitate the above discussion of non{2grthe
D! terms were included in the chain-rule constructsTable § even though they van-
ish for all the commutator-based functionals employed heretixdody pure-excitation
D;’b terms, on the other hand, hanet been included in the expressions, as two—b_l
amplitudes cannot contribute here due to the limited determinantal subspaces and the ex-
clusion of the reference determinant from the diagonalizations. Dijjys= 0 always here,
regardless of whether or not the commutator form is employed in the energy functionals,
and such terms are thus omitted from the chain rules. Note that the omat’gealh“”/aru)
terms can easily be reconstructed, if desired, from the CCSD-lZgsiedms on the homo-
geneous sides, since these also multﬂdiff/atv.



68 M. Wladyslawski and M. Nooijen

5.4. The STEOM-CCSD/PT Z™ and Z* Lagrange multiplier equations

We now shift focus toward obtaining the STEOM-CCSD/PTBY construction, solution

of the CCSD/PTT, STEOMS™ andS", and STEOM eigenvector equations (right and left)
ensures that the functional is automatically stationary with respect to variations 4 the
Z—,Z7, L, R, andx parameters. Satisfaction of the remaining stationarities with respect to
S—, ST, andT determines the associated Lagrange multipliersZ*, andZ, respectively.
Solution for thez~ andZ* Lagrange multipliers is required to calculate the STEOM
whereas the subsequent solutionZoilas well as the remainder of the gradient calculation,
then proceeds identically to that of EOM-CCSD/PT.

The equations that determine the of EE- and DIP-STEOM-CCSD/PT, equatiqit®),
are presented in explicit algebraic formTable 11(Section5.8). The equations that de-
termine theZ™ of EE- and DEA-STEOM-CCSD/PT, equatiofi§1), are presented in
Table 12 TheseS-derivative expressions were obtainedIMART by expanding thes
andG; amplitudes in the functionals to theit andS components, differentiating directly
with respect to the four classes®amplitudes, canonically reindexing, extracting permu-
tations, and collecting intermediates. Note that it is not advantageous here to express these
Sderivatives back in terms of the origin@h amplitudes. This is in contrast to tiiederiv-
atives (equations far), where re-expressing the expanded derivative expressions back in
terms of the originaH amplitudes leads to very compact factorization (see Sebtidr).

In essence, the regeneration analogous to expre®of the G, similarity transforma-

tion does not occur due to the non-commuting natur§. afhere is, however, one (ful
amplitude that arises in each of the homogeneous-side expressions, which plays a special
role in the decoupling of thé* equations, to be discussed in the next section.

The inhomogeneous sides of thé equations are factored in terms of intermedidtigs
which are collected ifable 13 TheseM intermediates involve only the bivariationial
andR amplitudes from the energy expressions and could perhaps have been defined more
formally asdE/0G, (WhereE = hg + (@o|L[G2, R]|®o)); the inhomogeneous-sid
derivatives could then have been constructed as explicit chain rules ®Gythenplitudes
(in analogy to theH chain rules of th& equations). Mainly for historical reasons, how-
ever, theM elements were implemented with positive unit factors as defined in the upper
portion of the table; the numerical factors and signs relatingtfigdG, and theM el-
ements are presented in the lower portion of the table. Although somewhat analogous to
the chain-ruleD, the chain-rule-likeV elements are substantially less important, since the
types ofG, amplitudes that participate in the energy diagonalizations are quite limited and
hardly shared by the STEOM variants, whereas nearly the whole garuawiplitudes is
employed by all the methods. Also, the fact that this potential analogy was initially over-
looked emphasizes the fully algebraic nature of the derivation process here, where such
formal considerations are only of modest importance.

Lastly, we note a special symmetry associated with the spatial-otbitald R am-
plitudes for DIP- and DEA-STEOM that originates from the antisymmetric spin-orbital
symmetry, namely that both pairs of indices can be interchanged simultaneegsly,
1"y = 1%, Thus, the two-bodyvlj.’; and M4 possess the standard pair-interchange

ac

symmetry in the same way as all other two-body amplitudes considered here.
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5.4.1. Decoupling of the Z* equations in the active external index

Rather than solving the equationsTable 11for all Z~ simultaneously and the equations
of Table 12for all Z™ simultaneously, these equations can first be decoupled in the active
external indeX10], which greatly improves efficiency and numerical convergence. In the
homogeneous-side expressionsTable 11 the active external index always appears

on aZ~ Lagrange multiplier amplitude’,, with the exception of a single teray'g”,;
likewise, inTable 12 the active external index always appears on At amplitudea?,

with the exception of a single tern’ig?. Since the size of the active space is typically on
the order of only 10-50 orbitals, the small matrices giveghyor g% can be diagonalized
directly, yielding[3,65] respectively the IP- or EA-EOM-CCSD/PT eigenvalgesnd the
matrices of right-hand eigenvectddsand left-hand eigenvectot$ 1. TheZ~ equations
can be tensor-multiplied witbh on the right, producing a modified set of linear equations in
a new variablgX~ = Z~U),, that is decoupled in the active index Upon solution, the
desired Lagrange multipliers are recovered through the inverse opeZatien(X ")U~1.
Conversely, th&* equations decouple in the active external indéy tensor-multiplying
with U~1 on the left, leading to new linear equations(r* = U~1z*)¢ and recovery of
the original Lagrange multipliers throught = UX™.

Explicitly, to construct the decoupléti~ equations, first rename the external indein
Table 11to a dummy label, say:1, multiply with the eigenvector elemeni$;®, and sum
overms. (To avoid any confusion, note that; simply represents another label for active
occupied indices, not a particularorbital.) The already decoupled™ amplitudes become
dy — Y ., mi mluﬁl = x,, (in effect just changing names), whereas the once problematic
terms become

Zd“gm — Y dlgpunt = Zd*‘u = L&, (99)

n,mq

which is completely decoupled in all external indicesand ... (Although the indexn
appears twice in the last term of express{®8), no summation is implied.) The inho-
mogeneous right sides dable 1lare also tensor-multiplied withy,* in the same way.
Analogously, after tensor-multiplying th&" equations offable 12with U~1 on the left,
the modified homogeneous sides then cornigin> Zel (= he Layt = x{ and

ng" D U f—Za Saj = &exi, (100)

fie1

(no summation or), and the inhomogeneous sides are tensor-multiplied thﬂ)e in
the same way. With this decoupling, the seZof equations can be solved mdependently
for each active external index, and the set oZ ™ equations can be solved independently
for each active external index

Although now independent in the active external index, it is in practice more efficient to
solve all of the decoupled set of linear equations for the auxikaryr Xt together, using
a block direct linear equation solver. In this way, the individual tensor multiplications are
performed for the entire block af or e expansion vectors at a time, thereby accessing the
H amplitudes only once per multiplication type and reducing the disk access cost. The full
set of expansion vectors is used to approximate the solution for each of the individual de-
coupled equations. Thus, we borrow expansion vectors optimized from adjacent equations,
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and this leads to rapid convergence. The total number of expansion vectors (and hence mul-
tiplications byH) for the overall set of equations is much reduced compared to solving for
each linear equation independently. To summarize, using our block direct linear equation
solver has two advantages: efficient multiplication of a number of vectors simultaneously
and borrowing expansion vectors from adjacent equations to accelerate convergence. There
are no significant drawbacks to the block direct strategy, apart from somewhat increased
storage requirements, since a larger set of expansion vectors must be kept (up to about 60
in practice).

5.5. The STEOM-CCSD/PT intermediate density matrixD

With the solution for the numerical values of tB& Lagrange multipliers, the STEOM

D can now be calculated. The one- and two-body intermediate density matrix elénents
for the EE-, DIP-, and DEA-STEOM-CCSD/PT variants are presentéidlie 14(Sec-
tion 5.8). TheseD were obtained irBMART by expressing the inhomogeneous (r#)n-
part of each STEOM functional in terms of only the one- and two-ldédmplitudes and
differentiating directly with respect to each clasgbamplitude. Since th&~ term in the
energy functionals is identical for EE- and DIP-STEOM, the response terms invalying
in Table 14are also identical; likewise, th&™ response terms (involving,) are identical

in the EE- and DEA-STEOND.

With the construction of the STEOM-CCSD/RY, the remainder of the gradient calcu-
lation then proceeds identically to that of EOM-CCSD/PT. Thgand associated explicit
three-body terms) contain all of the (ST)EOM-variant dependence and completely de-
fine the gradient for each method. Only the shared expressions related to the underlying
CCSD/PT reference treatment remain: There first applied in the (ST)EOM-variant-
independent equations ®&ble 8(together with the handful of explicit three-body contri-
butions ofTable 9 to determine th& Lagrange multipliers associated with the underlying
CCSD/PTT parameters. With the solution fdr, the intermediate density matrix elements
D are then converted to the full GHF effective density maBixo obtain the analytical
gradient (see Sectidn7 below).

5.6. Efficiency tweaks in implementation

In this section, we examine some steps taken to increase the efficiency of the implemented
gradient expressions above. While the details may be specific to the present ACES Il im-
plementation, the general issues apply to nearly any implementation of tensor algebraic
expressions. Broadly speaking, the main considerations are minimization of disk stor-
age, memory usage, and operation count. Whereas some of the adjustments are simple
file management issues, others involve fine-tuning the factorization to avoid treating large
matrices. All efficiency modifications were tested against the straightforward implementa-
tion.

As a rule, the modifications focus on the matrices with three or four virtual indices,
which are expensive to store, manipulate, and multiply. Whenever practical, such matrices
are made to overwrite other like-sized quantities, even at the cost of having to recompute
some expressions. During the solution of theagrange multiplier equations, which tends
to have large hard-disk storage requirementsfig D¢, h%%, h%', andVy matrices are

ai’Cci?
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treated carefully to minimize their respective® storage. The details are cumbersome, but
in the end, a storage savings @ is achievedov® from storing only one ofi§’ or V&

and §n‘othe0v3 from overwriting/2%? by D¢ (with the additional cost of computinigf’.
andDg; twice).

In a more straightforward modification, the expensifestorage of theD<¢ matrix is
delayed until after the disk-intensive solution of theequations. Despite the systematics
of the chain-rule formulation, the two terms involviﬂ_@g‘lf in Table 8can be calculated
more efficiently by expansion and refactorization. The refactorization reduces both the
disk access and the number of multiplications since all four virtual indices no longer need
to be treated simultaneously. We should also note that further efficiency improvements can
in principle be obtained byever constructing thaﬁ;‘bf andD;Z in the MO basis but instead
calculating the final AO-based GHF density directly.

Finally, notwithstanding the parallel with the EE- and DIP-STEOM formulations, the
Mgz = I, in the DEA-STEOM method is a poor choice for an intermediate quantity,
with its four virtual indices. Instead, all terms involvin’ggg’ and M;g’ (with one index
explicitly active) are more efficiently calculated in a refactorized form. Many terms, how-
ever, only require tha/ls,’: subset of elements, and thide?-sized matrix is constructed
and used normally.

In addition to the storage and operation-count savings, expansiMjgobrovides an-
other, subtle benefit. Because some choice must always be made regarding the indexing of
multi-dimensional matrices in a one-dimensional computer memory space, certain tensor
multiplications will involve time- and memory-intensive rearrangements (or cumbersome
memory addressing). For example, one or both matrices in a binary tensor multiplication
may require rearrangement to conform to the details of the computational routine that ac-
tually performs the multiplication. Or theesult of the multiplication may be generated
in a form that requires a permutation to store properly. Expanding\/tgﬁintermedi-
ates provides additional flexibility in the tensor multiplications to avoid such expensive
rearrangements. In fact, expansion of cermﬁ in EE-STEOM, while not important for
storage reasons, also reduces some expensive rearrangements, either in a three-virtual ma-
trix that it multiplies or in a three-virtual result of a multiplication. Although the affected
terms depend on the particular indexing method in ACE&ny,indexing choice can re-
quire some expensive permutations in the implemented tensor multiplications. Moreover,
the necessity of these rearrangements is not apparent in the derivation/factorization of the
algebraic expressions but only manifests itself in the actual final implementation. (Such
issues underscore the complexity of the general factorization problem and the skillful com-
prehensiveness required of its automation.)

We end this section by reemphasizing that all of the above modifications are optional
and are only included to squeeze more performance out of the implementation.

5.7. The conversion oD to the effective density matrix D

With the solution for th&Z Lagrange multipliers associated with the underlying CCSD/PT
T amplitudes, the intermediate density matrix elemé&ntsan finally be converted to the
full effective density matrix elemeni3. The conversion depends only on tHamplitudes
and is performed through the method-independent expreg&i)presented in explicit al-
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gebraic form for CCSD-based methodsTable 15(Section5.8). The chain-rule portion,

> [)v(aﬁv/ahu), was constructed by the same automated routine used to constridct the
chain-rule expressiond,, D, (dh,/dt,), but with the expandeH amplitudes differenti-

ated with respect tbl now rather thaf. The chain-rule construction can again be checked
by expansion of alD for each method and comparison to the difdaoderivatives of the
functionals. The remainin@(cpo@ﬁ@o)/ahﬂ portion is obtained normally by expansion

of the H amplitudes to component terms, direct differentiation with respect to all classes
of H amplitudes, extraction of permutations, and factorization.

For the PT-based methods, the simpliffédnd simplified(¢o|21-_1,(v}£,|q>0) cause most
of the terms to drop out of the expressions ofable 15 For clarity, the terms that remain
for the PT-basedD are presented separately Bable 16 These PT-baseD expressions
can be obtained by performing the same derivation as above, but using the simplified PT-
basecH and}_zf.b(l) expressions. The PT-based subset of the full CCSD-based expressions
of Table 15can also/instead be identified by the PT-based prescription summarized in
Section5.1.1 All one-bodyT1 andZ4 terms are not present (this also redud}bsto z“b)

Since V“b is the only two-body Hamiltonian amplitude that contributes to the PT-based
Zs expressmn the only two-body whereZ, should appear is the assouarﬂgb all Z,
terms thus drop out from the other two-boByexpressions. Finally, since the PT-based
functionals exclude the pure-excitatiéf‘l amplitudes by constructiol)!, is always zero
and is eliminated everywhere.

Note that theZ contributions toD in Table 15are equivalent in form to the reduced
density matrix of ground-state CCSD gradient thefd§9,118] with Z replacingA. This
should be expected, as tAd_agrange multipliers account for the response of the CTSD
parameters of the underlying reference treatment. {fiteemediate density matrixD, on
the other hand, contains all of tipest-CCSD information, which for ground-state CCSD
gradient theory there is none. ) Next, we note three stand-alone terms that multiply neither
aD norZ element (1r, andc appearing inDo, D, andD“” respectively); these orig-
inate from the derivatives of the CCsD enefg)yand actually multiplyDg = 1 implicitly.

The D-to-D conversion expressions @hble 15are factorized to facilitate reuse of in-
termediate subexpressions. Since certain intermediates build on other intermediates, the
expressions must be evaluated in a somewhat careful order (though largely as written) to
maximize efficiency. To minimize unnecessary storage allocation, Pgobverwrites its
correspondlng)ﬂ, i.e. each contribution td,, is added directly into the associated stored
D,,, being careful to first evaluate the terms involving the unmodibeor the partially
calculatedD elements. Additionally, note that the bare Hamiltonthamplitudes are Her-
mitian (or rather real-symmetric), as are their perturbation derivadike’s x ; since these
HermitiandaH /9 x are contracted witld in the final GHF gradient expression, thBrel-
ements that are related by transposition (suclmg'sand Dgé) can be added together to
avoid storing them separately. These combined density matrix elements are then Hermitian
by construction. (The individudb of Table 13Table 16are not Hermitian by nature of the
non-Hermiticity of H.) At last, with the construction of the bare-Hamiltonian effective
density matrixD, the calculation of the gradient with respect to an arbitrary perturbation,
according to the standard GHF relation discussed in the next section, then proceeds in the
same manner as a ground-state CC/MBPT analytical gradient.

All explicit algebraic expressions needed to obtain the (ST)EOM-CCSD/PT intermedi-
ate density matrix elemenB and needed to convellt to the full effective density matrix
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D were implemented manually in the ACES Il package. The implementation was checked
thoroughly against numerical gradients, as well as at various intermediate steps in the code,
for a large number of test cases.

5.7.1. Expression of the energy derivative in terms of elementary Hamiltonian
derivative integrals

As outlined at the end of Sectidhl, the final MO-based effective density matiixis
backtransformed to the AO basis and is traced directly with the Hamiltonian-integral deriv-
atives in their native AO forniit00,101] as is normally done for computational efficiency.
This approach both avoids the perturbation-dependent transformation of the AO-based
Hamiltonian-integral derivatives to the MO basis as well as circumvents the need to store
these derivatives, as they can be multiplied with the appropriate AO-based effective den-
sity matrix element immediately upon computation and added to the gradient. To convert
the MO-based GHF gradient expression into an efficient AO-based expression, the deriva-
tive of the reference-determinant enefgyy/d x and the Fock-matrix derivativéiﬁ /ox
are expanded in terms of the fundamental Hamiltonian integrals and the reference (usu-
ally Hartree—Fock) density matrix. The reference and the correlated contributions are then
combined, leading to the definition of thetal effective density matrix, according to the
general procedure discussed below.

The effective density matrix elements derived in this work are definéy,as 9 F /oh,,,
where ther,, refer to thehg, £, andV,5? amplitudes of the normal-ordered (with respect
to the reference determinant) Hamiltonian, expresgigrand the analytical energy gradi-
ent is given by the GHF relation, expressi@4).

4 pq
E:a_hO_FDg%_i_D;Sanrs ,
ax  9x dx dx

whereDg = 1 and the indices here refer to unrestricted spatial molecular orbitals. We wish
to rewrite this expression in terms of the elementary Hamiltonian integrals. The one-body
elementary Hamiltonian integrals contain only the kinetic energy and nuclear-electron at-
traction terms and are denoted hereﬁésThe two-body elementary Hamiltonian integrals
Vi? are the same as used previously. Equivalently, these fundamental Hamiltonian inte-
grals are the amplitudes of the basic second-quantized Hamiltonian normal-ordered with
respect to therue vacuum (as opposed to the reference determinant). In terms of these
fundamental integrals, the gradient becomes by definition

aF Ry avre
— = D(totah)? —< + D(total)’s —=°

(101)

(102)

The reference-determinant contribution, contained in the reference ehgrgnd the
Fock matrix element#q” , has been moved into the total effective density matrix ele-
mentsD(total),,. This D(total),, after inclusion of the orbital response contribution (dis-
cussed below), then goes on to the AO backtransformation to be multiplied with the AO
Hamiltonian-integral derivatives in the final gradient calculation.

Conversion of theD,, of expressior{101)to the D(total),, of expressior{102)can pro-
ceed by returning to the energy functional. Since the functional is linear in the Hamiltonian
amplitudes and since the,, are independent of the perturbation, the derivative in expres-
sion(101)can be “undone”, and the functional can alternatively be written as

F =ho+ fI D} + V4! Dy (103)
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The Fock matrix elements are expanded in terms of their fundamental components as
fr=nl+ 2v;jf - vf;" = h! +2VE DO — VY D(OY’, (104)
and the reference-determinant energy is expanded as
ho = 2h! + 2vl.’].f - vj’.!
= 24§ D(0)}, + V£?(2D(0), D(0);, — D(0)},D(0)}), (105)

where D(O)j’, refers to the reference-determinant density matrix (typically the Hartree—
Fock density{116]). The energy functional then becomes

(106)

F =#{ (2D} + D)) + V5! (20(0)7,D(0); — D(0),,D(0);, )

+2D(0);, D), — D(0), D%, + D%,

Extracting the exchange permutation and using the pair-interchange symmetry of the
spatial-orbitalV,}? = VI”, this expression can be written in a symmetrical form, defin-
ing D(total) ,:

D(totah?, = DY + 2D(0)¢, (107)

and

1 1
D(total)’s = D'¥ + (2 — P”)<D(0);D(0); + 5D, D), + E13(0);1);). (108)

The energy functional
F = hy D(total}, + V57 D(total’y, (109)

is now given in terms of the elementary I\/Kj andV,}? integrals, and its gradient is given
by expressior102).

At last, with this construction of the MO total effective density matrix elements
D(total),, the efficiently calculated gradient expression is obtained by transformation of
the fundamental MO-based GHF express(@02) to the AO basis. Note that the MO-
based 4l /0 x andd V5! /dx contain both the derivatives of the AO Hamiltonian integrals
as well as the response of the MO coefficients. As mentioned previously, this latter so-
called coupled-perturbed Hartree—Fock respdtéé] is perturbation/degree-of-freedom
dependent but can instead be eliminated Ey&ector or Lagrange multiplier construction;
for details of this general procedure, see, for example, refergh0@sl08—110pr refer-
enceg118,120] respectively. In the process, an additional one-body density-matrix-like
term (sometimes called the energy-weighted density matrix) is generated that is contracted
with the derivatives of the AO overlap integrals. Thétotal), above is straightforwardly
converted to the AO basis, the remaining MO-coefficient response is included, and the
final AO-based total effective density matrix is traced with the efficiently calculated AO
Hamiltonian-integral derivatives. The modules available in ACES II, for instance, to per-
form these calculatiofd10] are directly applicable here. In this way, the analytical energy
gradient has been constructed to avoid all rate-limiting perturbation-dependent steps and is
obtained from the AO elementary Hamiltonian-integral derivatives, the AO-overlap deriv-
atives and associated energy-weighted density, and the AO total effective density matrix
only.
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5.8. Tables of equations
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Table 2. Computational stepsina STEOM-CCSD/PT analytical gradient calculation, with

scaling and storage. See Sectio3.3.1 The energy and gradient calculations proceed se-
guentially according to the steps listed in the first column. The ‘scaling’ column presents
for each step, the operation scaling order and the types of amplitudes that participate in
the most expensive tensor multiplications. The ‘storage’ column presents the largest sep-
arately/newly stored result of each step and its size-scalingoThéer to the number of
occupied molecular orbitals, theo virtual, them to active occupied, theto active virtual;

(AO) indicates the entire atomic orbital space; thmdicates the step is iterative; the
indicates the number of STEOM eigenvectors computiedm)’, or (inh.)} respectively
indicate the calculated value of the homogeneous or inhomogeneous side of an equation;
x indicates the number of perturbations.

Step Cost- Scaling Cost- Storage
determining determining
amplitude amplitude

SCF calculatior= H (AO basis) (AO)* (AO)*

& MO coefficients
AO-to-MO transformations H V4% (AOY  vab v
DIP-STEOM-PT V/¢ (AO)%o  Vja ov®

CCSD equationss T or vayin by ot b 0%v?

PT equation= T (?‘gj'_gbsj) 0?%v? i) 0%v?

constructH in 1%, h9? o%v* hab ov3

DIP-STEOM-PT in — o%® W hjl 0%v?
R

active IP-EOM-CCSD/PT hig, hg R 0%vm

eigenvectorss> S EE &DIP )

active EA-EOM-CCSD/PT hah ovtel st ov2e

eigenvectorss> S© EE & DEA

constructG, EE ﬁ}fé in g;;?, gZJ' o%vie g;;?, ng’ 0%v?

DIP \_/[i{, in g,’(jl 03v2m g,lcjl o*

DEA K% in g% ovle g% v
diagonalizeG, = R, L, A EE g;)‘]‘ gzj’ 202IN rf, lé ovN
DIP g,’(]l 0*IN Fijs 1 02N
DEA g5 vHN g, V2N
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Table 2. (Continued)

Step Cost- Scaling Cost- Storage
determining determining
amplitude amplitude

Z~ Lagrange multiplier equations d}i{b o%vm

decoupling (diagonalizg” ) ulh, (u™t)" m3 ulh, (u™t)" m?2
homogeneous side ﬁ;'fj*., ﬁg}i 0%v?ml  (hom), ovm
inhomogeneous side EEA“ ovdm  (inh)Y, o%vm
DIP V// o%?m  (inh)Y, o%om
decoupling (recoved) x4 o%vm? - -
Z* Lagrange multiplier equations “Z; ov®e
decoupling (diagonalizg) (u‘l);., u e3 (u_l);.,'u? e?
homogeneous side hab ovtel  (hom)?, ovZe
inhomogeneous side EEAY o3 (inh)%, ovZe
DEA ﬁ}fé ovde (inh.)Z‘é7 ovle
decoupling (recover,) X ovle? - -
constructD EE inD< ovte D% v
DIP in 03v%m l_)ﬁ, [)2{, l_)i“.b 02v?
DIt pbi - pab /
ai’ “ai’ Tij _
DEA in DchZ ovie DSZ vt
Z Lagrange multiplier equations 2% 0%v?
homogeneous side ccsbib o%v*1  (hom)Y, 0%v?
€a + &b 2.2
PT (—HS,' — 8/') oV - -
inhomogeneous side EED!¢ o%vt (inh)Y, 0%v2
DIP DY, DY DY o33 (inh)Y 0?02
DEA Di§ o%v*  (inh)Y, 0?v?
convertD to D EE in o%v? - -
d pybc pyab
D, Dlf. D
DEA in 0%v* Dsy o3v
d pbe pyab
v, Dl D
DIP-STEOM-CCSD  inD%} 0?v* Dp<d v

a’ ta

DIP-STEOM-PT inD%¢ Dl.“j” 033 Dbe ov3
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Table 2. (Continued)
Step Cost- Scaling Cost- Storage
determining determining
amplitude amplitude
convertD to AO basis Dp<d (AO)Y*v (AO)*
DIP-STEOM-PT DX¢ (AO)*o (AO)*
computedH /3 x in AO basis (AO)*x on-the-fly
MO coefficient response (AO)° (A0)?
compute gradient by GHF rela- (AO)*x X

tion
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Table 3. The EE-, IP-, and EA-EOM-CCSD/PT Lagrange multiplier energy functionals.

See Section8.2 and 5.1The energy functional completely defines the electronic structure
method and is constructed from the energy expression for an individual electronic state, to-
gether with the supplementary equations that determine the energy parameters, each set of
supplementary constraints tensor-multiplied by unknown Lagrange multipliers. The equa-
tions that determine the Lagrange multipliers are systematically obtained by defining the
energyfunctional to be stationary with respect to all the non-variatioeadrgy parame-

ters. The analytical gradient can then be calculated by the generalized Hellmann—Feynman
(GHF) relation, expressiofiL01), in terms of an effective density matrix that, through

the Lagrange multipliers, accounts for all the parameter response but is perturbation-
independent. These algebraic functionals serve as the input t8MART (Symbolic
Manipulation and Regrouping of Tensors) package for automated symbolic differentia-
tion. The PT-based functionals are contained as a subset of the CCSD-based expressions,
given by the simplification of thé, formulas inTables 5 and 6(The simplifications to

the fully expanded functionals are summarized by the prescrifitioa- 0, Z; = 0, and

in Zo termsV = 0 exceptvi‘;”; see Sectiorb.1.1) In all the tables, the amplitudes are
based on normal-ordering with respect to the closed-shell reference deterfdiggrand

the indices refer to spatial molecular orbitals.

EOM-CC/PT F = ho+ (®olL[H, R1|®0) + A(1 — (Po|L R|Po)) + (PolZH|Po)
functional

EE-EOM-  (@olL[H. Rl|o) = 21 (HR)? + I (AR
CCSD/PT  (HR)¢ = —hFrf + hore + hkFae + (2h*a — k) re — hMFac 4 phafed
— ke 4 harc? — WP 4 hbare + hlirh
lpab..cd bk ..ca pbk .ac
(AR = (1+ P + ?hcdrij - h_ci Tik B heirik
! y + R+ (2 — heg)ril e
ki plk b kl (ad ,cb ~cd ,ab
- o — (2hg = he)riesf = Vg (R + 7 4)
12 ——Y15) L
lab = ZIab - lba
Fab = ppab _ ,ba

ij i ij
IP-EOM- (@0l LIH, Rl|o) = —I(HR); — I} (HR)?
CCSD/PT  (HR); = —h*r + h%7,f — hM7 ¢
heing = herict e T = Vealid )
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Table 3. (Continued)

EOM-CC/PT F = ho+ (®o|L[H, R1|®0) + A(1 — (Po| L R|Po)) + (Dol ZH |Po)
functional

EA-EOM-  (dolLIH, R ]|¢o> — 1 (AR + T (R
CCSD/PT (HR)“ — ¢4+ hk ~ac + hku ~d¢

—/’lkJ’ab +hbraq _'_harcb +}_lb_arc +habrcd
(HR)™ = ( od )
k ~ ~

J ' ha cb hbk +/’lkb ac Vkl cd flc(z
J — J J
lab = 2lab lba
ab _ ab ba
ry = 2rj r

CCSD-based (@o|ZH |bo) = 227 + 2 7"

(@ |@
PT-based <q>0|2ﬁ|q>>—<q>o|ZH§A1§,|q§0) *;fhh“”“)
Z
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Table 4. The EE-, DIP-, and DEA-STEOM-CCSD/PT Lagrange multiplier energy func-
tionals. See Section8.3 and 5.1 In addition to the CCSD/PE term associated with
reference-statd amplitudes, the STEOM functional contains two additional Lagrange
multiplier (Z*) terms associated with the equations that defineShemplitudes. The
algebraic functionals serve as the input to 8MART package for subsequent automated
symbolic differentiation and manipulation. The,, g,, andg, amplitudes are defined

in Tables 5, 6, and.7The PT-based functionals are contained as a subset of the CCSD-
based expressions, given by the simplification offtpe‘ormulas inTables 5 and §and
summarized by the prescriptioly = 0, Z1 = 0, and inZ, termsV = 0 exceptV“”

see Sectios.1.1). For EE-STEOM( )z',?,g'etdenotes terms that are present for singlet but
not for triplet states. For DIP- or DEA-STEOM, th&h or Z~ term, respectively, is not
included.

STEOM- F = ho + (@0|L[G2, R1|®o) + A (1 — (Po|LR|Po)) + (Pol Z H|Po)

CCSD/IPT A A Al oa
functional + 3, (Pl Z7IG, ]| Po) + Y, (@1 ZF(G, &M o)

EE-STEOM-  (®o|L[G2, R]|®o) = 2I:(G2R)¢
|
CCSD/PT (G2R)? = ((nga)zlnr}set gfik)”/f +gire — gfr,?
DIP-STEOM-  (@o|L[G2, R1|®o) = I (G2R);;
CCSD/PT (G2R);j = gfj’rk, - g,{("kj - gém

DEA-STEOM- (®g|L[G2, R1|®0o) = lap(G2R)™
CCSD/PT (GZR)ub — gg cd +ga ch +g3rad

EE- & DIP- Do (P |2_ GA m]|Po) = 2d!, 97 ‘|’dl]bg,]
STEOM- i _ Ji

d’, = 2d —d
CCSD/PT mb mb mb

EE-&DEA- Y, (0¢|2*+[G. éM|@o) = 25,9 + a9
STEOM- a4 = 2g% _ 4% ‘
CCSD/PT %ab = Sab ~ Upa

CCSD-based  (@o| 2 H|Po) = 220 h¢ + ZZ},’EE‘}’

PT-based (®o|ZH | Do) = (¢0|ZH§A1,L|¢) ~’afbh“”(1)

"’l] —
Zab = zzab - Zba
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Table 5. The pure-excitation elementary operator coefficients of A that define the CCSD

or PT T amplitudes and the net-excitation elementary operator coefficients of G that

define the STEOM-CCSD/PT St amplitudes. See Sectiong.1 and 5.1 These spatial-
orbital expressions are adapted respectively from refelf@®@&and with corrections from
referencd3]. These elementary operator coefficients that are made to vanish are the sup-
plementary equations that define the non-variatidhand St parameters in the energy
expressions, and thus these equations appear in the energy functionals multiplied by as-
sociated Lagrange multipliers. For the PT-based methodé,fﬂ]feandﬁfjh(l) expressions

that define the first-order Mgller—Ples§e®) amplitudes are the first-order terms of the
CCSD equations (see Secti@r?). Amplitudes of the fullG are denoted typographically
asg,, whereas amplitudes @, are denoted ag, (see Sectior2.1). As discussed here

and in referencé3], the equations that defir" are closely related to the IP- and EA-
EOM-CCSD/PT eigenvector equations. For a computationally efficient factorization of the
h¢ andfz?j” expressions, see for example referefied.

~

éICSD he = [ = frf 4 f0f = fEf g — 2608 + 1) + (5 = v
based — (v = VIO +18) + @V = Vi) (i + 1)
— (2VA = Va5 + of (e + o) — o (215 — 1))
=0 Vi,a

ﬁ;z]b = Vi?'b + VII;I (tllcltlb + tl?lb) + Vcadb(tictjl + tl%'d)
+ Ve ey + 1005+ (frd + 1) (] + 1))
+2(2vyg — Vi)

—fjl-(tiakb + fchtijc - ff(’/?tfjc + t/c'tfkb)

Ve — VIR 1)

— VA (s + 1) + (VA = V)
+ VA (tl“tj‘f,f + t,ftj‘.';‘ + tj‘.'(t,“t,f +112))
- @V VG )

ab Jjl
FAEPEN L vaeier s et (s 40
+(2vhe Vil + i)
VA (agp 4 gty
ey (T DT )
+tiakc(tj’1 +tjl)
=0 Vi jab

D 51 70 4@ 5
Hyp Hl(\/II)DZ[H()’TZ()]—i—V
}_1?(1)=O—>ti“=0 Via

ab (@) b bY( £b kaby -
RS = VE + (L4 P (fO1f = fi1) =0 Vi, j,a,b
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Table 5. (Continued)

G z’zgf'f—ﬁf.‘//s;'f—i—g;"s;ﬁzo Vi, m
oy = g — Iy sy
g;’}b = gff” — l_z?f?/sﬁ - ﬁﬁ/s;’?sfjb =0 Vm,b,i,j
g(gl/ = gé‘/ + fl?//sé/ - ng;-/ =0 Vd,e
ol =g/ +f_lf/s§/
g% = g%‘ + i s — ﬁf,sgs%? =0 Ve, j,ab

ej jc

Table 6. The CCSD zero-, one-, and two-body amplitudes of H. See Sectiong.1, 4.3,

and 5.1 These spatial-orbital expressions are adapted from refefesék The simplified
PT-based expressions are obtained by sefiing: 0 (see Sectio.2). The pure-excitation

H expressions that define tfleamplitudes are presented separatelifable 5 The fac-
torization is motivated by typographical compactness rather than computational efficiency.
(The expressions are ordered according to increasing net-excitation level to facilitate back-
ward substitution; see Sectidn3.)

H = e‘fﬁei

by =V

hy = fy+ (2Vie = Via)i§

ho = Vi + Vedif

e = vie — il

ho = ho + 2f1 + (V) — V) (it + 1)

By = fj + ferg + @V = Vi + (2Vea = Vae) (51 +157)

i = fi = faif + Ve = V)i — (Vi = Vi) (i ef + 1)

Wi = Vil = VT + VIS = VIR + 1)

hige = Vi = Vit + Vs — VEE(e51f +150) + (V8 — ViR)ese

By = Vil + V(e + i) + (4 P (v 5)

g = Ve + V] + 1) — (L+ P ) (Viged)

Wil = Vi FL5E + V1 + VIS = Vit — VE(e§t +157) — V(e + 17)

+ Vg (o5 + 15 + (Ve = V) + (Vg — Vao) ('t + 151f)

- Vcifl(t,ft;l“ + tjt,ff‘ +1f (t]?t,f’ + tj,i’))

REP = Vb — pheab _ ybkga ykah oyabyd _ yka(qdih g dD) — VAP (rded 4 18)
+ VA + 1) + (2viag = VD) — (2vig = Veg) (i1 + ie)?)

kl (,a,db b.da d(,a,b ab
+ Vg (i1 + 0 + 1 (1) + 1))
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Table 7. The STEOM-CCSD/PT zero-, one-, and two-body amplitudes of G2. See Sec-
tions 2.1, 4.3, and 5.1These spatial-orbital expressions are adapted from refef8hce
with corrections. Thes* amplitudes are determined by the net-excitation Giléxpres-

sions inTable 5 The H amplitudes are defined ifiable 6 (TheseG, expressions are
ordered according to increasing net-excitation level to facilitate backward substitution; see
Section4.3)

Go = {52} T H{e52)

gab = Vaii

=hl — 8 VEIEIE 1 5, Viksed
gak =hll —s; V‘lsl’"kc + Sim (VALS)E — VAISIE) + 840 V56
8he = hb — SbeVaesai +8ce(VoaSek — ViapSek) + 8im VipeSii
go=ho
o) = B+ 8, RS — RYR)
of = i+ e+ 4555
i = g+ e (Rt + RSEE — RIASEE -+ B9

+ 8im (— h];,s;"k” + hfZ S — h]l;f ST+ h%sl",:”)

lk zmd gac¢ klzced ;ma kl zmce lk .mc ad
—VeaSintses — VaSel st + (VagsTe — Vigshie)se

lk ;mc aa’ lk (dc ;ma
+ Veasii el T VeaSej Sik
ia i ca tk ca ia .cd rk ma rka mc pkl .ma
gb./ h +6be(h —h cjSek +hcdse/)+8im( hbsk/ _hbcsk/ hb/skl )

cSej

lk~md ca kl~cd ma lk me g da lk dc ma
+8b63im( VeaSiset = VeaSer sty + Veasti'sel' + Vease,si”)

+ 8be 8im

kzkl nd .mc kzkl ne md kiko ~nd kok1 nd\=mc
gkl h +51'n51n( e St T Ve stastol + (Ved 2515 = Ved S15)505)

kl J 7kij sme piki ome _ piki mc . ykekiznd _mc
+ (1+P")(51m(h st e S — hatsiG — e siag) — 51m51nVcd SeakySH”)

= Y + cebap (VI sB0s0t + VIE s30se2> + (VI 5052 — vk sh)sa)

c1c2 fl c1c2 fl c1c2 fl
pk ab u61 acl c1b
8“’( hdse +hc1d ek hdcl ek hdcl ek )

+ 1+ P 1
( ¢ ) - SC'ESdf Vclcz ;:ECZSZI?
g?lm — }_Zh:n hkSZjlb hl]c ﬁch —l—hb mc + hklskl + hkb~mc hbk mc hbk

c 1] cj Sik cj Sik Skj

kl smd ,cb m nb
ba rba acb pbac k rab cd kb~ac p bk ac ak cb
gje_h +hc €j+hC e/_h +hcdsej +hc; ek_hq ek_hCJ ek

vk1~cd ba f ab
cdSel jk 8e fj

wmb — o .mb mb
17 2s =S5
~ab _ ab ba
So; = 2.96]. =S

A\
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Table 8. The CCSD-based and PT-based Z Lagrange multiplier equations. See Sec-
tions 3.2, 3.3, and 5.2The Z Lagrange multipliers account for the response of the
non-variationall parameters of the underlying CCSD/PT reference treatment. These equa-
tions—as well as all other derivative expressions presented in the remaining tables—were
derived directly from the input algebraic functionals by automated symbolic manipulations
in the SMART package. Th& equations are constructed to be essentially identical for all
CCSD-based or PT-based methods through chain-rule derivatives in the corhiaion
plitudes. Nearly all of the (ST)EOM-variant dependence beyond the CCSD/PT reference
treatment is isolated in the intermediate density ma®rixhe explicit three-body contribu-
tions to ther4? chain rule are collected ifiable 9 Since canonical Hartree—Fock orbitals
are employed in the PT-based methods here, there is no PT-based org-émajtion, as

}_zl?‘(l) =0 (andtl.“(l) = 0) always, and the homogeneous side of the PT-bAseduation is
trivial, due to the simplifiedij‘ib(l) and diagonalf,’ = ¢,8,,, Where thes,, are the orbital
energies. Like thé'(zl) equation, solution for the associatgg Lagrange multipliers in the
PT-based methods requires only simple division by an energy denominator.

g Finh _ Oh Y))
= D, —£ h L) v
( ar, 2 Dy ot + 2k ot Y

. d A o2
Z equations 8—t(<bo|ZH|q>o) = -

v

Homogeneous left sides

CCSD- 9 5 2
(PolZH | Do)
based ot 0 0

(—zﬁﬁ;; +zbh 4 2 (2hlg — hey) + 20l — ~’a’z/€z§)
+ Zpgtif (20l — hi%) — Zt5i (2, — ki)
ﬁ@miﬁwm | -
N 22y hly — 2zp iy, + 220 hlG,
o+ 22gehf, — 2e4f i + 20 + <L)
+ 25K JC — 20k ST — ikt

~jl cdvysik ~kl ,cd ;1]
— 2204tk Vab — ZZaatil Veb

= %(1+ Piéib)(Z - Pij)

9 . . R R T
7ab (0] Z2([A0. T;7] + V)| @0) = 2 ea + &5 — €1 — &)

ij

PT-based

Inhomogeneous right sidegwithout leading minus sign)

CCSD- dFmn
based !

=~ DA + DL + DA@A, )+ 2, + D4 — Dy
 DEVEE — VIS + D@0~ ) + DA (2 i)
 DYVAE = DRIV = D + DIy + 2Dt — 2Dy
- DIGR — DGR + DAY + DAL+ DR + DT
- DI, — DA + (- Dl + D)@Vt~ Vi)
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Table 8. (Continued)

: 3 5 2 gFinh dh _ 3D,
Z equations §(<DO|ZH|<D0) =— Vv
v

— D, —* h,
o, 2 Du ar, + 2 by ar,

Sini | AkE L AT
CCSD/PT- g pinh Dyhy = Dyhg + Dehy,
1 b P . _ ..
based S = 3L+ P)@= P | 4V + DV — Dival
y + DI Vik + Dlyhi% + DJLhT,
nNiJ Tk nic7J NiJ 7kl ned i
Dby, — Dyyhe + DV, + Do Vg
1 b Sicvik _ peivik  miliki . RliR
+3(1+ Pj ) — D}, Vik — D&V — D Rk — DY h

k ' ca

kj
al

nJdic nidiJc ke pJi nJipke
- Dbc hda - chhda + Dabhck + Dckhab

_ 3D
+2 h"atT.l’j (see Table 9)
ij

Table 9. The explicit three-body contributions to the ti“.b chain-rule derivative in Table 8.

For computational storage reasons, we choose to formulate all expressions in terms of
only zero-, one-, and two-body amplitudes. As a result of the expanded thred-baaly
plitudes, certain two-bod elements (those associated with the two-body Hamiltonian
amplitudes in this table) are modified to additionally contain the contributions that for-
mally belong in the absent three-boBy these three-body contributions appear asTthe
terms inDSY, D}¢, and D¢} in Table 10and in D¢ in Table 14 The product rule of dif-
ferentiation on thes® that explicitly containT tﬁen generates the following additional
contributions to the chain-rule terms odible 8 For discussion, see Sectié2.3 These
formally cumbersome modifications are all handled automatically here through the direct
algebraic treatment. Thel” andu2’ intermediates are defined Fables 11 and 12e-
spectively, and the minus sign that precedes the inhomogeneous right sidZ ethation

has not been included here.

o _ 9D,
Exphqt three-body >l 2y
contributions ij

2(20ff, — higy)rflc — 2(2hgy — hjp)ri'T,
EE-EOM-CCSD/PT  +3(1+ P%) —2(2vfL — vik)redid
1 1\ ,.cdfik
= 2(2Vzy = V)i Lo

IP-EOM-CCSD/PT  +3(1+ P2)((2v — Vi) fiT,)
EA-EOM-CCSDIPT  +3(1+ P2)(—(2vy) — vil)riT,i)

EE- and DIP- +3(1+ PY(=dy), VMsmd) = +3(1+ P)(d)),uly)
STEOM-CCSD/PT

EE- and DEA- +3(1+ PY(=ag, Vilse!) = +3(1+ P)(—agu2l)

STEOM-CCSD/PT
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Table 10. The zero-, one-, and two-body intermediate density matrix elements D for EE-,

IP-, and EA-EOM-CCSD/PT gradients. See Section8.2 and 5.3TheseD,, = dF'"/ah,,

(along with the associated three-body contributions torffiechain rule, Table 9 com-
pletely define the analytical gradient for each method. Note that upper and lower indices
on D,, are exchanged relative to the differentiatilyg, and F"™" is the EOM functional
(Table 3 without the CCSD/PTZ term. TheD determine the analytical gradient through
the essentially method-independent chain-Aileagrange multiplier equations dfble 8

and through the method-independent chain-rule conversion to the GHF effective density
matrix D in Table 13Table 16 In contrast to the full effective density matrix, which
containsall of the method’s GHF response, the intermediate density matcontains just

the post-CCSD/PT response information that is unique to each method.

D, EE-EOM-CCSD/PT IP-EOM-CCSD/PT  EA-EOM-CCSD/PT
DI 0 0 0

D’ 0 0 0

D¢ 2kFee — 17 g 1.7

D (ot BV + Tsfl) B ROl —3(0+ Pt
bl 2l — 2l R N N

Db 2krp + 2Ky —1'k5 b lar® + 1.KF) + 1,57
DYk 2k — 22— Pyt 17, 0

Db 257he + 22 — Ppo)¥ e vt 0 1aFt

o —3(1+ PH)MFES 0

D T 0 B+ P
bl a2l -2l URLeBRD - -
DIY At 21057k ~1Y5b I.J7eb

Dla({ —Zigfrf lw;ri 0

D, 2 0 ire

Dy 1 1 1
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Table 11. The STEOM-CCSD/PT Z~ Lagrange multiplier equations. See Section8.3
and 5.4 TheZ~ Lagrange multipliers account for the response of the non-variat®nal
parameters. The energy functional is made variational with resp&t,tand the result-
ing equations determine the associafedLagrange multipliers. Th& ~ amplitudes are
denoted agl/,. Theu, intermediates are the same as in referg@¢drepeated here for
convenience), and thil intermediates are defined fable 13 These equations can be
decoupled in the active external indexby diagonalizing they!, matrix, improving effi-
ciency and numerical convergence (see Sedidr).

. 9 f A 3 A
Z~ equations == (3, (®alZ7[G, Al|®o)) = =~ (@0l LIG2, RlIPo) ¥ m,
Sy s
Homogeneous left sides
EE'&DIP' a S AN A /= - ~ - .
STEOM- o7 (X, (@l 271G, All®o)) = —2dX R, — gl — d% RS + 27 g,
l
CCSD/PT
—— (X, (@a|Z7[G. ]| o))
8sij

(24,8 + a3, din) i, — 2d, by — @iy, 4
=@= P | +dieh —d bl — d% ]+ d¥ R+ dik k]

m
ik 7¢j kj 7 ci Jki cedysii ij ~n
— dychp — dchiy — gt Ve, + d, 9

mc

Inhomogeneous right sidegwithout leading minus sign)

EE- & DIP- ) N
STEOM- o7 (PolL[G2, R]|®o) = 0
CCSD/PT '
ST D ool (G, R
STEOM- oo (PoILLG2. Rl|o)
u
CCSDIPT - N .
J k 1 Jt . jd 7
~22- 7 (‘Mf"hb + AT Mg T Mf,’nulbe>
B Y -\ single ) ..
= MG (255 ) omy — S5 Vadh
P " e di =i
4 2(@nei_ p,) (~Mmfe + Min i = Manl,
only — M w2 — Mgu2i¢ + Mk u3
DIP- 9 o
STEOM- b (PolL1G2. Rl o)
"
CCSDIPT o
gy (T M M
+ M uly — My siEVa
Mij nk — Mik;llj —Mjl ki
+2 mk™"b " ml" bk . fm bl . |
+ Mty = Ml a2l — M2
=2y s = Vit = v v
= Yl w2k = —vglsma: foru2l, ulkd, u2ké  see Table 12.
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Table 12. The STEOM-CCSD/PT Z+ Lagrange multiplier equations. See Section8.3
and 5.4 TheZ™ Lagrange multipliers account for the response of the non-variat®hal
parameters. The energy functional is made variational with resp&it,tand the result-
ing equations determine the associafed Lagrange multipliers. Th& ™ amplitudes are
denoted as,,. Theu, intermediates are the same as in referg@¢drepeated here for
convenience), and thd intermediates are definedTiable 13 These equations can be de-
coupled in the active external indexy diagonalizing th@jc matrix, improving efficiency
and numerical convergence (see Secfighl).

(®olL[G2, Rl Do) Ve, p

. 9 Al a 0
Z* equations 7(2f<¢f|Z+[G, fT]|¢o>) =——
dSe se

Homogeneous left sides

EE-&DEA- 9 soa At et e o e
STEOM- P (X (@7 12416, fN1do)) = 2a55¢, — qh), +askhsd, — 2al,g¢
CCSD/PT

%(Zf@ﬂiﬂé, Mi®o))
ej
(20880 = q'58ar) iy + 2080}, — q5hy)
=@=Pu) | —alh + alhS + agehf, + alhSh + agkhyy
—agihyy — aghty — Ayt Viy —aljgs

Inhomogeneous right sidegwithout leading minus sign)

- - 0 A A A
oo (@0lLIG2. Rbo) = 0
e
CCSD/PT
EE- A B
STEOM. = (PolL (G2, Rl @o)
ej
CCSD/PT _ - _
o) (M;h;, + MR, — ML M:i;nulzz")
- a -\ Singlet . j
= M (255 Yony = 541 Via
- . i
+2(@9 p,,) My hi + M, — Mgllché _
o + M yam — Mk 2 4 M3
DEA- d S
——(@o|L[G2, R1|@
STEOM- asg}’< olL[G2, R]|®Po)
CCSD/PT _;  je = je
Mhy, + M¢hy, + Michy,
= 22— Pap) of 1ic _ yref deyik
+ Mglutll — M4 v
PJ ed ] dejJ
oo (ML — M — mgei)
— M u2h e a2 _ ppfeynic
ab¥<y acUeyp be Y4 1a
qf = 20085 +ags(is udl = Vash ulfe = ViSSP — Vilsd;
2, = V3, u2kt = —ykisba: forul, ulkm, u2m*  see Table 11.
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Table 13. The STEOM-CCSD/PT intermediates M. For historical reasons, thd inter-
mediates were implemented with positive unit factors, as defined in the upper portion of
the table. The factors and signs relating lheexpressions to the more-formal chain-rule

0E /0G» derivatives (see Sectidn4) are given in the lower portion. Note that the DIP

Mi} = M;} and DEA

MPb? = MIP possess the standard pair-interchange symmetry due to
the underiying symmetry of the andR amplitudes.

EE-STEOM- DIP-STEOM- DEA-STEOM-

CCSD/PT CCSD/PT CCSD/PT

M; = lflr;' M; = likrjk Mg =1, rb

Mé’ = l{’:lrlh M;]l‘ = likrjl Mé’f = lacrbd
bi _ 7i..b

Myj = lar;

VE[dg] = —2M!
IE/dgl = 2M?
OE/dgy] = —2M)!

VE[dg] = —2M!

L
OE/dg), = M}

IE/dgy = 2M?
IE/dghs = Mbd
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Table 14. The zero-, one-, and two-body intermediate density matrix elements D for EE-, DIP-, and DEA-STEOM-CCSD/PT gradients. See
Sections3.3 and 5.5In contrast to the full effective density matrix, which contains all of the method’s GHF response, the intermediate
density matrixD isolates just the post-CCSD/PT gradient information that is unique to each eleatretiiod. TheD contains both the
contributions from the (bi-) variational parameters and the response adgidrnb from all the non-variational parameters through their
associated Lagrange multipliers—with the exception of the commbagrange multiplier terms associated with the underlying reference
CCSD/PTT amplitudes shared by all the methods. Thé@ez aFi”h/asz (along with the associated three-body contributionSaifle 9)
determine the analytical gradient by the chain-#ileagrange multiplier equations rable 8and by their subsequent chain-rule conversion to
the GHF effective density matr in Table 15/Table 1&Note that upper and lower indices @n, are exchanged relative to the differentiating
hy, andF'™" is the STEOM functional (Table 4) without the CCSD/ETerm. Theg), andqji. intermediates are definedTiables 11 and 1,2
respectively.

Du EE-STEOM-CCSD/PT DIP-STEOM-CCSD/PT DEA-STEOM-CCSD/PT
Di 0 0 0
DY 0 0 0
Dy 2d8 51 + gy — 2ME S 245 518 + gl 2a535 — q430
+ 24555 — g5 + 2MEE — 2M,, 55 + 2M s +2MEFE — 295l
inglet
= 2MG, (25 Yony — Ski°)
+2Mef (255 )any - — 6k

uallooN *IN pue Bisme|sApelm ‘N



Table 14. (Continued)

D, EE-STEOM-CCSD/PT DIP-STEOM-CCSD/PT DEA-STEOM-CCSD/PT
Dgp 31+ P)2- Py) Ja+P)2- Py 3(1+ P2 - Py
—dnetffstit — agtilss) ~dpetff st —agtii'se
— 2Mh e + 2Mgk s + 2 s (7~ 57P) F2M s (s — o)
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—dlgme — giksme — g5 — om) — dNLE) — diesie —2m)
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Table 14. (Continued)

D, EE-STEOM-CCSD/PT DIP-STEOM-CCSD/PT DEA-STEOM-CCSD/PT
Aak / . - / -
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Table 15. The conversion of the intermediate density matrix elements D to the GHF effec-

tive density matrix elements D for CCSD-based methods. See Section8.2, 3.3, and 5.7
These expressions are based solely on the definition oHtenplitudes and are thus
identical for all (ST)EOM-CCSD methods. The much-simplified expressions that remain
for the PT-based methods are presented separateialde 16 The effective density
matrix D contains the all wavefunction response, but in a perturbation-independent for-
mulation, and determines the analytical gradient according to the GHF reldiighy =

>, Du(dh, /), expression(101) In theseD, = dF/dh,, theh, refer to the MO-
basedho, £, and VA? amplitudes of the Hamiltonian normal-ordered with respect to
the reference determinant. The contributions to the analytical gradient from the reference
determinant and the MO coefficient response are contained in the staidgi@ly treat-
ment, in which the GHF relation is converted to the AO basis for efficient evaluation (see
Section5.7.1. Below, ¢f = 1 + 117,

dh, 9

D=, Do 1 % (@02 H |
W= Von, ah“( olZH|®o)
DZ = Dé + 2251
ij _ ~ij
Dab - “ab
Df = Df + (Df + 225) (2t — 1§") + DS 1fi¢ — Dyt
+ (D¥ — 22 5? — (DX + 22%)ef) 1 — (DO 4 22180) 1€ + 218
D = 3(1+ P2 - Py)
oKL ydach Kl db Kl cb,d Kkl .cd ab
2egti i) — (=zegtil 1] — 225t 1)t + 2yl e
Kl jacy bd ki Kl db
+ (2% dtlakc) (2 cdlik — cdtfka)
+ (DF — 228158 — (DX + 220)1f) ;’,’j
k k b
( 2ziyri + (Df + ch)tk)ﬁ‘
Dk + 2zK) (264¢ — £6@) + DXl gac — phazed .
+ kl cd Dk 2 Da 2% tj
228! — (DE + 228) 10 )i — (D& + 2251 )ef
i Dkb i Dkl D/gs Jd)tac +C?p
b Kl b .cd A bk Kl .cb kb .cd
Da +D ckl +D(cldctc/ +(Dj DC] tC +Dcdctc/ )tk
1 b Ak c kb e ,d kl ;b kbd
+§(1+Pi‘; ) _Dc]tztkl +Dcdtltﬂ?_(D j Dcdt])tm
Akb k .cb b
- Dc] lcl? D?j lck D]fttc
Dl = b/ ~ 2kt — (B! + 2y
DY = DY+ 2l + (Df + 2:4)
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Table 15. (Continued)

_ dh, B] A2
D, = D,— + —(Po|ZH|D
w Zv vahu"’ahM( ol | Do)

ak __ nak Nk .ca Nkl .ca nka .cd nak .c nka .c Nkl ~kl .cd\.,a
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Table 16. The conversion of the intermediate density matrix elements D to the GHF effec-

tive density matrix elements D for PT-based methods. See Section3.2, 3.3, and 5.7These
expressions are based solely on the definition offthemplitudes and are thus identical

for all (ST)EOM-PT methods. The simplification of the PT-bastéxpressions leads to

the following eliminations from the CCSD-basBeto-D expressions ofable 15(see Sec-

tion 5.7): all one-bodyT1 andZ4 terms are not present, ab terms in the two-body
except inD;Jb are not present, and aﬁ;’, = 0. The perturbation-independent effective den-
sity matrixD contains all the wavefunction response and determines the analytical gradient
according to the GHF relatiod,E /0 x = ZM D, (dh,/dx), expressiorf101)

- 3k 9 A A A .
Dy = X, Doy + (90l 22([A. 1571+ V)] o)

a _ pa nkl.ac _ pka,cd
D = D + D;tj;" — Dyt

ci

i = 3(1+ P§’)@~ Py)(Diej — Ditfy + Dt +1)

1 b\(7ab | Rkl.ab | Aabed kb ~ak b
+ 31+ P) (DY + D1y + Degtiit — Dejtyt — DEfty)

j c c

J_pnl =ik cd
D; = D; — 2% 41§

b _ Ab o okl be
Da - Da + 2Zactkl

ak _ pak _ plkica _ pklica nka .cd _ p. N\ Dlkac
D§f = D§f — Dt5f — Dt + Digtff + (2 — Pij)(Deitfy)

Df; = Dl — Dl Dl + Dl + @ PO

i da’ik
kl _ pykl. cd _ pycd. bj _ pbi. b _ pib
Dij_Dij’ Dab_Dab’ Dai_Dai’ Dai_Dai’
DY — pki- Di¢ — pic- Do = Do=1
ai — “ai’ ab — “ab’ 0="4to=
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6. SUMMARY

For characterizing the manifold of singly excited states in closed-shell species and many
classes of open-shell systems, the highly accurate and computationally efficient EE-, DIP-,
and DEA-STEOM-CCSD/PT methods are well suited; in this work, we derived for these
methods the explicit algebraic spatial-orbital equations for the analytical first derivatives
of their electronic energies. The analytical gradient expressions were formulated through
Lagrange’s method of undetermined multipliers, establishing a systematic derivation pro-
cedure in which an energy functional for each method is differentiated individually with
respect to each of its parameters. Rather than algebraic or diagrammatic expansion of cum-
bersomeabstract derivative expressions, differentiations were performed directly here on
thealgebraic energy expressions themselves, using our newly devel @&8RT package

of automated symbolic algebra routines. The Lagrange multiplier formulatio SAA&RT
manipulation toolkit provide a uniform framework in which to derive the detailed algebraic
gradient equations in a standardized, direct, and automated manner.

As a stepping stone towards implementing analytical STEOM-CCSD/PT gradients, the
explicit algebraic expressions for closed-shell-reference EE-, IP-, and EA-EOM-CCSD/PT
analytical gradients were also derived. The derivative equations for these dozen consid-
ered methods were all expressed compactly here I ahain-rule formulation, isolating
the unique post-CCSD/PT information of each electronic method in an intermediate den-
sity matrix D. The existing EOM-CCSD/PT gradient code in our local ACES Il program
suite was revised to the present chain-rule/intermediate-density formulation, and the addi-
tional Lagrange multiplier equations needed to construct the STEOM-CCSD/R@re
then implemented. Although the computational cost of a STEOM-CCSD/PT analytical first
derivative is no better than that of EOM-CCSD/PT, the main advantages of the STEOM
methods reside in the types of multi-reference states that can be treated accurately and in
the efficiency with which a large number of states can be calculated. This efficiency also
makes practical a state-tracking algorithm based on the overlap with the set of nearby states
in the next step of an optimization.

In the Lagrange multiplier procedure for deriving the analytical gradient expressions, an
energy functional is first constructed from the defining equations of the electronic struc-
ture method; in addition to the energy expression for an individual electronic state, all the
supplementary constraint equations that determine the non-variational energy parameters
are incorporated systematically, with each set of supplementary equations multiplied by
(so-far) undetermined Lagrange multipliers. The equations that determine the Lagrange
multipliers are then obtained by defining the functional to be stationary with respect to the
associated non-variational energy parameters. With the solution of these Lagrange mul-
tiplier equations, the energy functional becomes fully variational with respect to all of
its parameters, and the generalized Hellmann—Feynman theorem applies. The first deriv-
ative of the energy can then be written as the trace of the perturbation derivative of the
Hamiltonian with an effective, relaxed, density matiix The effective density matrix is
calculated onlyonce for the state and applies 8l perturbations and degrees of freedom.
The response of the non-variational energy parameters is included, not by expensive cal-
culation of their perturbation derivatives, but by solution of peeturbation-independent
equations for their associated Lagrange multipliers.

The computational cost of a STEOM-CCSD/PT analytical gradient is thereby made not
to scale deleteriously with the number of degrees of freedom, and the cost is comparable to
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that of the single-point energy calculation. Chain-rule differentiations through the common
transformed Hamiltoniail amplitudes exploit the parts of the gradient that are the same
for all CCSD/PT-based methods, and the unified modular structure allows reuse of many
sections of implemented computer code. In particular, (nearly) all of the (ST)EOM-variant
dependence is isolated in the intermediate density mBtrand the remainder of the gra-
dient calculation then proceeds essentially identically to that of a ground-state CC/MBPT
gradient.

The detailed algebraic equations for the Lagrange multipliers and for the effective and
intermediate density matrices were derived from the input algebraic energy functionals
through a straight symbolic algebraic treatment uShART. The SMART package was
developed in thiMathematica programming language, and key features and examples were
considered here. More discussion of its central canonical-ordering function and its function
for extracting external-index permutational symmetry can be found in refef&&6k The
availability of such an automated manipulation program greatly facilitates the derivation
process, eliminating the need to treat the detailed algebraic derivative expressions or the
associated diagrams (and evendbhstract derivative expressions themselves) tediously by
hand. The gener&8VIART toolkit can be applied to manipulate a variety of tensor algebraic
expressions directly. Besides the gradient work described here, the package was also em-
ployed in exploring the cumulant expansion of the Contracted Schrédinger Eq[iin
and in other unpublished work.

With an efficient implementation of the analytical first derivative, the STEOM-CCSD/PT
methods should begin to find wider application in the characterization of excited-state sur-
faces and the prediction of electronic spectra for a variety of difficult systems. The first
extended example of analytical STEOM gradients has already been prefisitadthe
application of DIP-STEOM-CCSD to the photoelectron spectrum (the cation states) of
the somewhat notorious symmetry-breakingd\N@dical. The analytical gradient for the
DEA-STEOM-CCSD method has also recently been applied in the difficult {Ner
system[17].
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Autoionizing States of Atoms Calculated Using
Generalized Sturmians

James Avery and John Avery
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Abstract
The generalized Sturmian method is applied to autoionizing states of atoms and ions. If the Goscinskian basis sets
allow for a sufficient amount of angular correlation, the calculated energies of doubly-excited (autoionizing) states
are found to agree well with the few available experimental energies. A la@gproximation is discussed, and
simple formulas are derived which are valid not only for autoionizing states, but for all states of an isoelectronic
atomic series. Diagonalization of a small block of the interelectron repulsion matrix yields roots that can be used
for a wide range o¥ values.
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1. THE GENERALIZED STURMIAN METHOD FOR SOLVING
MANY-PARTICLE SCHRODINGER EQUATIONS

If atomic units are used, the non-relativistic many-particle Schrédinger equation can be
written in the form

2 mj

N
[_} ivf + VX - EK}WK(X) =0. @
j=1

In equation(1), x is the 3V-dimensional vector

X = {X1, X2, ..., Xn}, (2)

wherex; = {x;, y;, zj} is the 3-dimensional Cartesian coordinate vector of jtitepar-

ticle. The termV (x) is a potential representing interparticle interactions and externally
applied fields. It is usual to solve the many-particle Schrédinger equation by representing
the solution, (x) as a superposition of basis functions:

W (X) =Y ®y(X) By 3)
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In the generalized Sturmian method, the basis functidn) are chosen to be solutions
of an approximate Schroédinger equation of the form

N
[—% > mijV,? + By Vo) — Ex}cbv(x) =0, 4)
j=1
whereg, Vp(X) is a weighted zeroth-order potential. The constant weighting fagtoase
especially chosen in such a way that all of the functi@psre isoenergetic, all correspond-
ing to the energye,, which is the energy of the state. that they are used to represent.
The advantage of such an isoenergetic basis set is that in the asymptotic limit wheve both
andVp become small, all of the basis functions obey the same Schrédinger equatipn as
because wheW ~ 0 andVp =~ 0, equationgl) and (4)become

P -
5 VR E 0,00 ~ 0 (5)
| T =1 i

and
- -

1 1

—EZ;V/?—EK W, (X) ~ 0. (6)
L j=1"7 i

Thus all the basis functionB, have the correct asymptotic behaviour and all have turning
points at positions such that they can contribute usefully to the synthegjs By contrast,

the functions in conventional basis sets usually correspond to a variety of energies, and
many have inappropriate turning points.

2. THE HISTORY OF GENERALIZED STURMIANS

One of the first quantum mechanical problems to be solved exactly was the non-relativistic
Schrédinger equation of a hydrogenlike atom. It occurred to early workers in the field that
hydrogenlike orbitals might be used as building blocks to construct solutions for more com-
plicated problems. However, it quickly became apparent that sets of hydrogenlike orbitals
were unsuitable for this purpose because they lack completeness unless continuum states
are included, and inclusion of the continuum makes calculations much more difficult.

The way out of this difficulty was discovered by Shull and Léwdih who introduced
basis functions which were formally identical to hydrogenlike orbitals but ith re-
placed by a constari, the constant being the same for all the functions in the basis set.
These authors were able to show basis sets of this type are complete without the inclusion
of the continuum, and that they obey potential-weighted orthonormality relations. Basis
sets of the Shull-Léwdin type were nam@&drmians by Rotenberd?2,3], who wished to
emphasize their connection with Sturm—Liouville functional theory.

The momentum-space properties of Sturmians and generalized Sturmians have been ex-
tensively studied by Shibuya, Wulfman, Judd, Aquilanti, Koga and ofléerk9], building
on the early work of V. Fock4,5]. These authors were able to derive many extremely el-
egant and useful relationships between Sturmian basis sets and hyperspherical harmonics.
Weniger[20] has also pointed out relationships of Sturmians to Sobolev basis sets.
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In 1968, Osvaldo Goscinski of Uppsala University completed an important study gen-
eralizing the concept of Sturmian basis sg$]. He considered solutions of a general
Schradinger equation of the form shown in equatibnwith a weighted potentig, Vo(x),
the weighting factorg, being chosen in such a way as to make the set of solutions isoen-
ergetic. Goscinski called this thenjugate eigenvalue problem, i.e. instead of a set of
energies, the conjugate eigenvalues in equafdrare the set of weighting factors, .

With N =1, Vo = —Z/r, Ex = —k?/2, andg, = nk/Z, the solutions to equatio@) are
the widely-used Coulomb Sturmian functions of Shull and Léwdin. However, the concept
discussed by Goscinski is much more general. He was able to show thaipywhers,,
@,, and®,, obey a potential-weighted orthonormality relation. For the familiar one-particle
Coulomb Sturmians, this orthonormality relation has the form

/dx D5 () Vo(X) Py (X) = Sw,vzﬁﬂ. (7)

v

It is convenient to normalize generalized Sturmian basis sets in such a wdy)thatds
in all cases.

Generalized Sturmians can be applied to a wide variety of problems in atomic and mole-
cular quantum theorf22—-43]

3. ATOMIC CALCULATIONS

Atomic calculations using generalized Sturmians are particularly simple because if the
zeroth-order potential in equatig#) is chosen to be the nuclear attraction potential

Vo(x) = Z = ®)

=1
then an exact solution is given by the Slater determifiit

D,(X) = |Xn,l,m,mx Xn' U m/ .ml, Xn" 1" \m" ;m?) - - [. (9)
In (9), xn.1.m.m, iS @ hydrogenlike spin-orbital with an effective charge
_2F 1/2
0,=p272Z= <%) . (10)
n n

The effective charg®, is used for all the spin-orbitals in the configuratién (x), and
each configuration has its own effective charge. To se€%aiill then be an exact solution
to (4), we note that the one-electron hydrogenlike spin-orbitals obey

12 0 O
27 202

Thus applying the kinetic energy operatordg gives

2 QZ 1 Oy Oy
_——ZV}D(X) [ ( +ﬁ+~>+—+z+ -}DV(X)

]Xn,l,m,ms(xj) =0. (11)

ri

= [Ec = B Vo(¥)] @y (%) (12)
and thus we see thét) is satisfied.
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It is convenient to introduce the notation

Pe =+ —2E¢ (13)

and
/1 1

Ro=y—+ -5+ (14)
With these definitions, equatidt0) can be written in the form

Ov=pZ=1" (15)
while from (13) we have

Ec = —”—2” (16)

For atomic calculations in the non-relativistic limit, in the absence of external fields,
neglecting spin-orbit coupling and neglecting motion of the nucleus, the potential in equa-
tion (1) is given by

N

V(X) = Vo(x) + V'(x) = Z + Z Z — (17)

j=1 T i>i i=1 Tij
We now introduce the definitions

1
y / dx %) Vo(X) B, (X) (18)
' Pr
and
/ 1 k /
T,,= _p_ dx 5,(X) V' (X)D, (X). (19)
K
From the potential-weighted orthonormality relatigmit follows that
=8 ZR,. (20)

Thus we see that the nuclear attraction ma’ﬂ?x is independent op, and hence also in-
dependent of the enerdy,. Similarly it can be showlf84] that the interelectron repulsion
matrix TUC ,» defined by(19), is also independent gf, and E,.. Two remarks need to be
made concerning equatiofig), (9) and (20)Firstly, the configurations defined K9) are
already properly normalizef®4]. No special normalization needs to be made. Secondly,
in atomic calculation$7) holds even whem’ # v does not implys,, = ..

The evaluation of the interelectron repulsion matfjx  is made somewhat more dif-
ficult by the fact that each configuration has its own effectlve chargeror this reason,
radial orthonormality cannot be assumed between the hydrogenlike spin-oghiigls,
belonging to different configurations, and generalized Slater—Condon rules must be used,
as has been discussed by us in previous pdpeé39]

We are now in a position to derive the generalized Sturmian secular equations. Substi-
tuting (3) into (1), we have

N
Z{_% Y V2V - EK}DV(X)BU,K =0. (21)
j=1

v
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We next make use of the fact that all of the Goscinskian configuratégrie our basis set
obey equatiorf4). Thus(21) can be rewritten in the form

Y [Ve) = BuVo()] @y () By, = O. (22)
v
(Notice that the kinetic energy term has now disappeared!) The next step is to m{@gply
from the left by a conjugate configuration from our basis set and to integrate over all space
and spin coordinates:

> [ dx @300V 0 - AuVo00]@,00 81 =0, (29)

If we now make use of equatiol($6)—(20)and divide byp,, we obtain the set of general-
ized Sturmian secular equations

Z[au/,uZRv + Tu/’,u — Dby v]By e = 0. (24)
v

The secular equations shown(i24) differ greatly from the conventional set of equations
that would be used to diagonalize the Hamiltonian of a system, and they have several
remarkable features:

1. The kinetic energy term has vanished.

2. The matrix representing the nuclear attraction potential is diagonal.

3. The eigenvalues are not energies but values of the scaling pargmgtehnich is pro-
portional to the square root of the binding energy.

4. The basis set is not completely determined before the secular equations have been
solved. Only the form of the basis set is known, but not the scaling parameter. By solv-
ing (24), one obtains simultaneously a spectrum of energies, an optimal basis set for
each energy, and the wave functions of all the states.

The parametep,, defined by equatio(iL3), plays the role of a scaling parameter for the
basis set because the effective nuclear chagges p, /R, are proportional t,. Every-
where that; appears in radial parts of the spin-orbitgls;, .., , the radius is multiplied
by p.. For example, the Slater exponents that appear in the spin-orbitals have the form
exp—p.rj/(nRy)]. The orbitals corresponding to small valuesygf are diffuse, while
those corresponding to large values are localized in the vicinity of the nucleus. Since small
values ofp, are associated with small values of the binding en¢kgy, the highly excited
states of the atom are represented with the help of a diffuse basis set, while the ground state
and less highly excited states are represented using more localized basis sets. Qualitatively,
we can see that this is what we want. It turns out that quantitatively the scaling parameters
that result from the solution of the generalized Sturmian secular equ@idyare almost
exactly the ones needed to produce optimal basis sets, i.e. the scaling factors are, to a very
close approximation, the ones that would be found by variational optimization of the ba-
sis. In the generalized Sturmian method, the time-consuming optimization of a basis set
for each state is performed automatically for all states when the secular eq2ddpare
solved. This feature of the method makes it very suitable for the rapid calculation of large
numbers of excited states of few-electron atoms.
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4. SYMMETRY-ADAPTED BASIS FUNCTIONS FOR
THE 2-ELECTRON ISOELECTRONIC SERIES

In studies of singly-excited states of the 2-electron isoelectronic series, we introduced an-
gular correlation in the hope of improving the accuracy of our results. The accuracy of the
ground state and of the lower singly-excited states was slightly improved by the inclusion
of angular correlatiof42]. However, looking closely at our results, we realized that basis
sets allowing for large amounts of angular correlation dramatically improved the accuracy
of the doubly-excited (autoionizing) states. Comparing our results with the few available
experimental energies for autoionizing stgtes-47] we found very good agreement, pro-
vided that our basis sets allowed for angular correlation Ugde= 4 orlpax = 5. Our
calculated energies for soni8 autoionizing states of the 2-electron isoelectronic series
are shown inrables 1-4andFigs. 1-3

In order to include angular correlation efficiently, we made use of symmetry-adapted
basis functions of the Russell-Saunders type, i.e. eigenfunctions of the total orbital angular
momentum operatak? and itsz-component.., and of the total spin operats? and its
z-components,;. These symmetry-adapted basis functipnsvere constructed as sums of
primitive configurations of the type shown in equat{®) the coefficients in the sum being
products of two Clebsch—Gordan coefficients, one for orbital angular momentum and the
other for spin:

;i) =Y ®,()Cy (25)
v
where
I ' L 1 1 5
L — 2 2
Coj = (m m’ M) (ms m M5> (26)
and where» stands for the set of indices
v={n1l,mmgn I',m m} (27)
while
j={nLnl';L,M;S, Ms}. (28)

For the 2-electron case, the primitive configurations have the form

Dy (X) = | Xn.lmomg Xn' ' m’ ,m, l. (29)
Because of the unitarity of the Clebsch—Gordan coefficients we have

cfc=1. (30)

If we use a tilde to denote matrices based on the symmetry-adapted fungtjoms have
for the transformed nuclear attraction matrix:

70 = c'10cC. (31)
Making use of(20) and(30), we obtain

%0

1), =38jjZR;. (32)
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Table 1. Doubly-excited (autoionizingS states of the 2-electron isoelectronic series with

n=2andn’ = 3,4,5. See alsfig. 1
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2s3s%S 2p3p°S 254S°S 2p4p°s 2s58°S 2p5p°S
cAH -6.1198 -59299 53750 52906 —50469 —5.0028
expt. —6.1221  —5.9299
N5+ —84020 —-81756 —7.3629 —7.2614 —69017 —6.8484
expt. —84058 —8.1768
os+ —11.0452 -10.7824 —9.6633 —9.5447 —9.0464 —8.9839
expt. —11.0545 —-10.7869
Fr+ —14.0496 —137504 —122762 —121405 -—114812 —11.4095
expt. —140616 —13.7556
NeB+ —17.4151 -17.0795 -152017 -150488 —142059 —141251
expt. —17.4350 —17.0905
Na*t+ —21.1417 -20.7697 -—184396 —182696 —17.2207 —17.1307
expt. —21.1749 —20.7888
Mgl%t| —252295 248210 -219900 -218030 —205255 —204264
expt. —252767 —24.8504
Al | 296783 —292334 258529 —256488 —241203 —24.0121
expt. —29.7450 —29.2761
Sit2t | 344883 —340069 —300284 —298072 —280050 —27.8877
expt. —345809 —34.0654
pl3t —396593 —391416 —345163 —342780 -—321798 —320534
expt. —397833 —392138
Stat+ —451915 —446373 -—393167 -—390614 —366446 —365091
expt. —453567 —44.7298
CI5t | 510848 —504942 —444296 —441573 —413994 —41.2548
expt. —51.2969 -50.6131
Arlét| 573392 _567122 —49.8551 —495656 —46.4442 —46.2905
expt. —46.3829 —456295
K17+ —639547 —632913 555930 -—552865 —517790 —51.6162
expt. —64.2961 —634726
Cal®t| 709313 -702315 —616434 —613199 —57.4038 —57.2320
expt. —71.3560 —70.4479
Sc% | 782690 775329 —680064 —67.6657 —633186 —631377
expt. —787497 —77.7470
Ti?0t | 859678 —851953 746818 —743241 —695234 —69.3334
expt. —854971
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10 20 30 40 50

Fig. 1. E./Z? in Hartrees as a function ot for the first series of doubly-excitet
states of the 2-electron isoelectronic seri@able 1. For this seriesp = 2, while

' = 3,4,5,6,.... In the largeZ limit, E,/Z? approaches th&€-independent value,
~R2/2.

Thus the nuclear attraction matrix is still diagonal in the symmetry-adapted representation.
The symmetry-adapted interelectron repulsion matrix

T =c'T'c (33)

is block-diagonal, the blocks being labeled by particular values of the quantum numbers
L, M, S, andMs. The secular equation for diagonalizing one of the blocks

> 18y ZR; 4+ T jrj — pebjr 1B =0 (34)
JjCL,M,S,Mg

has a lower dimension than the unsymmetrized secular equ@inand thus the di-
agonalization can be quickly performed for many valuesZofFurthermore, by using
symmetry-adapted basis functions one can identify the states

W) =Y nj(0B (35)
J

more easily, since values @f, M, S, and Mg characterize each of the particular blocks
being diagonalized.

As mentioned abovelables 1-4andFigs. 1-3show doubly-excited (autoionizings
states of the 2-electron isoelectronic series, calculated using a symmetry-adapted basis set
which allowed for angular correlation up tgax = 5. There were 145 function$] in
this basis. Having constructed the transformed interelectron repulsion matrpand the
transformed nuclear attraction matfi;s;/ ;, we were able to use the same matrices to
obtain all of the states shown in these tables and figures (as well as the singly égcited
states, which are not shown) by solving equati@#) for various values of.
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Table 2. Autoionizing3S states of heliumlike atoms with= 3 andn’ = 4, 5. SeeFig. 2
3s4s%S 3p4p°s 3d4d®s 3s58°S 3p5p°S 3d5d®S
cH —29372 —28729 —27660 —25788 —25402 —2.4867
N>+ —40338 —39576 —3.8293 35368 —3.4908 —3.4260
o+ —5.3040 —5.2159 —5.0662 —4.6459 —45924 —45164
Fr+ —6.7477 —6.6478 —6.4768 —59061 —5.8452 57579
NeBt -8.3651 —82534 —80609 —7.3175 —7.2491 —7.1505
Na®t —101561 -100325 —9.8187 —88799 —88041 —8.6942
Mgl®t| —121207 —-119852 —117501 —105934 —105101 —10.3890
Al | 142500 -141116 —138551 —124581 —123673 —122349
gjl2+ —165708 —164116 —16.1337 —144739 —143757 —14.2319
pl3+ —190562 —188851 —185860 —16.6408 —165351 —16.3801
Sla+ —217153 —215323 -—212118 -189588 —188456 —186793
clist —245480 —24.3531 —24.0113 —214279 -—213073 —21.1297
Arlét | 2785542 273475 —269844 —24.0481 —239200 —237312
K17+ —307341 -305155 -—30.1310 -26.8194 —26.6839 —26.4838
Cal®t| 340876 —338572 —334513 —297419 —295989 —29.3875
Sc% | —37.6147 —37.3724 369452 328154 326650 —32.4423
Ti20+ —41.3154 —410612 -406128 —36.0401 —35.8822 —35.6482
V21t —451898 —44.9237 —444539 —394159 —392505 —39.0053
Cré2t | 492377 —489598 —484686 —429428 —427699 —425134
MnZ3t| 534593 531695 —526570 —46.6208 —46.4404 —46.1727
Fe24 | 578544 —575527 —57.0189 —504499 -50.2621 —49.9831
Co?t| —624232 —621096 —615545 —544301 —54.2348 —53.9446
Ni%6+ | —67.1656 —66.8402 —66.2637 —585614 —583587 —58.0572
CW™| —720816 —717443 —711465 —628439 —626337 —62.3209
Zn?8t| 771712 —76.8220 -—762029 —67.2774 —67.0598 —66.7357

v

2
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Fig. 2. E./Z? as a function ofZ for the second series of doubly-excitéd states of
heliumlike atoms and iongéable 2. For this series; = 3, whilen’ =4,5,6,7, ....
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Table 3. The third series of heliumlike autoionizing states
These states correspond to the lowest curvésgn3

J. Avery and J. Avery

. Here 4, whilen’ = 5, 6.

4s5s°S 4p5p°S 4d5d°S 4f5f3S 4s6S°S 4p6p°S
cH -17339 -1.7058 —-16637 —15960 —15350 —15153
N5+ —2.3813 —2.3482 —22980 —22163 —2.1064 —2.0830
o+ —3.1312 —3.0930 —3.0349 —29391 —27682 —2.7410
Fr+ —3.9836 —3.9404 —3.8743 37644 —35202 —3.4893
NeB+ —49386 —4.8902 —4.8161 —4.6922 —4.3625 —4.3279
Na®+ —5.9960 —5.9426 -5.8605 57226 —52950 —5.2568
Mgt —7.1559 —7.0974 —7.0073 —6.8554 —6.3179 —6.2759
AllL+ —8.4183 —8.3548 82566 —8.0907 —7.4310 —7.3853
sil2+ —9.7832 —9.7146 —9.6085 —9.4286 —8.6344 —8.5850
pl3t —112507 -111770 —-110628 -—10.8689 —9.9281 —9.8750
Sla+ —128206 —127418 —126197 -124118 -—113120 —112552
cIist —14.4930 —144092 —14.2790 -—14.0571 —127863 —12.7258
Arlét| 162679 —16.1790 —16.0408 —158050 —14.3508 —14.2866
K17+ —181453 -180513 —17.9051 —17.6554 —16.0056 —159377
Cal®t| —201252 —200262 —198720 -—196082 —17.7506 —17.6790
SA% | —222077 -—221035 -—219413 -—216636 —195860 —19.5107
Ti20+ —243926 —242834 —241131 -238214 -—215116 —214326
V21t —266800 —265657 —263875 —26.0818 —235275 —234448
Cr2t| 290699 —289506 —287643 —284447 —256337 —255472
MnZ3t  —315623 —314379 —312436 —309100 -—27.8301 —27.7400
Fe24 |  —341573 —34.0278 —338254 —334779 —30.1169 —30.0230
Co?®t| —36.8547 —367201 —365098 —36.1483 —324939 —32.3963
Ni26+ | —396546 —395149 —392966 —389211 —349612 —34.8599
CW™| —425570 —424123 —421859 —417965 —37.5187 —37.4137
Zn?®t|  _455619 —454121 —451777 —447744 —40.1666 —40.0579

Fig. 3. This figure is similar td=igs. 1 and 2but it shows the third series of autoionizing

-0.0525"
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3S statesTable 3. For this series = 4, whilen’ = 5,6, 7,8, ....
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Table 4. The fourth series of heliumlik&S autoionizing states
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5s6s°S 5p6p°S 5d6d®S 5f6f3S 5969°S 5s7S°S
cH -1.1467 -1.1322 —-11116 —1.0806 —1.0341 —1.0252
N>+ —15749 —15577 —15334 —14967 —14401 —1.4073
o+ —2.0708 —20511 —20230 —19806 —19138 —1.8498
Fr+ —2.6345 —26122 —25803 —25322 24554 —2.3527
NeBt —-32660 —3.2411 —3.2055 —3.1517 —3.0648 —2.9160
Na®* —-39653 —39378 —3.8984 —3.8389 —37420 —3.5397
Mgl —47323 —47022 —46591 —45939 44870 —4.2238
AllL+ —55672 —55344 54875 54166 —52998 —4.9684
gil2+ —6.4698 —6.4344 —-6.3838 —6.3071 —6.1804 57733
pl3+ —7.4402  —7.4022 —7.3478 —7.2655 —7.1288 —6.6387
Sla+ —8.4783 —84378 —83796 —82916 —8.1450 —7.5644
CI5+ —9.5842  —9.5411 —9.4792 —9.3854 92289 —8.5506
Arlé+| 107580 -107122 -106465 —105471 —10.3807 —9.5972
K17+ —119995 —-119511 -—-118817 —117765 —116002 —10.7042
Cal®"| —133087 —132578 —131846 —130737 -—128875 —11.8715
Sc% |  —146858 —14.6323 —145553 —144387 —14.2426 —13.0993
Ti20+ —161306 —16.0745 —159937 —158715 —156654 —14.3876
V2Lt —17.6432 —175845 —175000 -—17.3720 —17.1561 —157362
Cré2t | -192236 —191623 —190740 —189403 —187145 —17.1452
Mn23t|  —208717 -—20.8078 —20.7158 —205764 —20.3407 —18.6146
Fe4 |  —225877 —225212 —224254 —222803 —220347 —20.1445
Co?>t|  —243714 —243023 —242027 —240519 —237965 —21.7347
Ni26t | —262229 —261512 —26.0479 —258914 —256260 —23.3854
CW™| —281421 —280678 —27.9608 —27.7986 —27.5233 —250965
Zn?®t| 301292 —30.0523 —299415 —297735 —294884 —26.8679

5. THE LARGE- Z APPROXIMATION

It is interesting to ask what happens to the solution$2df) and (34) when the nuclear
chargeZ becomes very large: A8 becomes large, interelectron repulsion becomes pro-
gressively less important in relation to nuclear attraction. In the extreme Zitjmit
interelectron repulsion can be entirely neglect@d) is already diagonal, and the ener-
gies are given by

(36)

i.e. they are the energies of entirely independent electrons in the attractive potential of
the nucleus. If all of the:'s are unequal, the degeneracy in the extreme Mdhmit is

212 x 2n'2 x 2n"2 x - - -, since this is the number of configurations corresponding to the
same value ofR,. If two or more of then’s are equal, the degeneracy will be less than
this, since some states are forbidden by the Pauli principle. As one moves back from the
extreme highZ limit towards lower values of, the degeneracy is partially removed by
interelectron repulsion. I¥ is very large but finite, interelectron repulsion hybridizes the
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degenerate set of states corresponding to a particular valldg.@ne can find the coeffi-
cients for this hybridization by diagonalizing the block of the interelectron repulsion matrix
T,, , corresponding to this particular degenerate value of the nuclear attraction matrix, i.e.
by solvmg

Z [TU/’,V - )"KSV’,V]BV,K =0 (37)

’
vCn,n’,...

since the eigenvectors of a matrix are unaffected by the addition to it of any multiple of the
unit matrix. The eigenvalues all are shifted by a constant amount. Thus for large but finite
values ofZ we have from(37), (24) and (16),

1
Ec~—5(ZRy + 2)?, (38)

where), is a root of equatiorf37). The largeZ approximation consists in the limitation

of the basis set to the set of configurations corresponding to a particular velRie dhe

root A, is an exact root of37) with this limited basis set, and, with the same limitation,
ZR, + A is an exact root of24). Because of the minus sign in the definitionZjf , its
rootsi, are always negative. Thus, as we would expect, the effect of interelectron repulsion
is to decrease the binding energy. To make this point more apparent, we can write

E, ~ —%(zm — hel)?. (39)

One can also find the largé{imit by diagonalizing blocks of the symmetry-transformed
interelectron repulsion matrif’/, ., using a basis consisting only of those symmetry-
adapted functiong; which correspond to a particular value Bf;. These blocks will of
course be much smaller than the ones appearing in eqL(StT()nThe advantage in using
equation(37)is that one obtains simultaneously all of the roots ofigablock, regardless
of their symmetry. Such a calculation is extremely rapid because, ablock of Tv’,’v is
very sparse.

The remarks in this section hold not only for autoionizing states but for any state what-
ever of an isoelectronic atomic series in the higldomain.

6. RANGE OF VALIDITY OF THE LARGE- Z APPROXIMATION

In Table 5 the |, | values corresponding &6 terms are the ones which are needed to
construct approximate curves representifyg Z2 as a function ofZ for comparison with

the curves shown iRig. 1 For example, the approximate curve corresponding to the lowest
curve inFig. 1is given by

1/ [1 1 ?
EKN_E(Z §+?—O.108252) (40)

while the second lowest approximate curve is given by

1 1 1 2
E.~—--(z,/=+ = -0.168814 41
2( 72t ) (41)
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Table 5. Eigenvalues of the 2-electron interelectron repulsion ma-
trix 7), forS=1,Mg=1n=2and’ =3,4,5

n=3 term n=4 term n=5 term
A | A | A |
0.108252 3s 0.077484 3S 0.056075 23S
0.134734 3P 0.087582 3P 0.065019 3P
0.135408 3D 0.090845 3D 0.061128 3p
0.138421 3p 0.093401 3p 0.063370 3D
0.155155 3F 0.099235 SF 0.067758 SF
0.160439 3p 0.099991 3p 0.067934 3p
0.165613 3D 0.104253 3D 0.070494 3D
0.168814 23S 0.106271 3D 0.071269 3D
0.173917 3D 0.107976 3S 0.072413 3F
0.186893 3P 0.108188 3F 0.072857 3S
0.111210 3G 0.073295 3G
0.111264 3F 0.073588 3G
0.113313 3p 0.073920 °F
0.114381 3D 0.074306 3G
0.074578 3H
0.074963 3F
0.075173 3P
0.075545 3D

and the third lowest by

1/ [1 1 2
Ec~ _§<z wt 0.0774849 (42)

and so on. These curves are shown by solid lindsgn 4, while the dots represent points
calculated with the full basis set. FroRig. 4 it can be seen that the lowest curve is ap-
proximately valid even for very low values &f, while the higher curves begin to lose
accuracy wherZ is between 10 and 20, although they retain rough validity for loger
values. This behaviour can be understood by remembering that for the higher curves, the
R, values of neighbouring blocks become closer together, and therefore interelectron re-
pulsion is better able to introduce hybridization between neighboudgingdplocks. Such
inter-block hybridization is neglected in the largeapproximation, which limits the basis
set to a particulaRR,-block.

We said in the previous section that all of the remarks contained in the section hold for
any state whatever of an atomic isoelectronic series in the lArgemain. To illustrate
this point, we have constructed the roots of the carbonlike 6-electron block with

2 4
Ru=\1+5="3 (43)
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10 20 30 40 50
Fig. 4. The largeZ approximation forE, /Z? as a function ofZ (smooth curves) is com-
pared in this figure with values calculated using the full basis set (dots). The curves in the

figure, starting from the bottom, correspond to 23states, equatig@0), 2p3p°S states,
equation(41), and so on. See ald@ble landFig. 1

Table 6. Eigenvalues oTv/,‘v for the carbonlikeR,, = +/3 block

(Al term degen. configuration

1.88151 3p 9 0.994467(18]2sF(2p;+0.105047 (1Y 2pY*
1.89364 D 5 0.994467(12)(2sF(2p)?—0.105047 (1) 2p)*
1.90681 s 1 0.979686(18]2sf(2py+0.200537(18Y2pY*
1.91623 5s 5 (1s¥%(2s)(2p§

1.95141 3D 15 (1s¥(2s)(2p¥

1.96354 3p 9 (1s¥(2s)(2pf

1.98384 3s 3 (1s$(2s)(2p¥

1.98524 D 5 (1sf(2s)(2pf

1.99742 p 3 (1s%(2s)(2p§

2.04342 3p 9 0.105047(18)2sY(2py—0.994467 (13 2p)*
2.0556( D 5 0.105047(18)2sF(2py+0.994467(13(2pY*
2.0790( s 1 0.200537(18}2s¥(2p)>—0.979686(15) 2p)*

i.e. the block with 2 electrons in the= 1 shell and 4 electrons in the= 2 shell.Table 6
shows the roots of the interelectron repulsion mampgv for this block together with the
terms, degeneracies and electron configurations to which they correspond.

Table 7shows a comparison between the energiggienerated from

1 2 4 2
E.~—=(Z)% 4+ — — A 44
2< Ve tz| I) (44)

using the|A, | values inTable 6and experimental energies taken from refergddg. As
can be seen from the table, the number of accurate significant figures improves with in-
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Table 7. The approximate validity of the largé-approximation is illustrated here for the
carbonlike 6-electron isoelectronic series. The roots of the 112222 blabke 6 were
substituted into equatiof#4) to generate the calculated energies in Hartrees. The experi-

mental energies were taken from the NIST taljley

SP lD 1S SS 3D SP
C —36.217 —36.113 —36.002 —35.922 —35.624 —35.522
expt. —37.856 —37.809 —37.757 —37.702 —37.564 —37.513
Nt —52.458 —52.333 —52.199 —52103 —51744 —-51621
expt. —54.078 —54.008 —53.929 —53.865 —53.658 —53.580
o+ —71.699 —71553 —71.396 —71.284 —70.864 —70.720
expt. —73.317 —73.225 —-73121 —73.043 —72771 —72.669
F3+ —93940 —93.773 —93.594 —93.465 —92985 —92819
expt. —95.576 —95.461 —95.332 —95.238 —94.902 —94.778
Ne*t —-119181 —-118993 -—-118791 118646 —118105 —-117917
expt. —120852 —-120714 —-120561 —120449 —-120051 —119903
Na>+ —147422 —-147213 —146988 —146827 —-146225 —-146016
expt. —149151 —-148989 148812 148680 —148221 —148051
Mg6+ —-178664 —178433 —-178186 —178008 —-177345 —-177115
expt. —180469 —180283 —180081 —179931 —-179408 —-179217
Al —212905 —-212653 —212383 —212189 211465 -—211214
expt. —214823 —-214610 —214384 —214213 —213628 —213414
Sigt+ —250146 —249873 —249580 —249370 —248585 —248313
expt. —252209 —-251968 —251718 —251522 250878 —250642
po+ —290387 —290094 289778 —289551 288705 —288412
expt. —292636 —292364 —292089 —291871 —291163 —290905
Slo+ —333628 —333314 332975 332732 —-331825 —331511
expt. —336105 —335799 335499 335257 —334487 —334205
cii+ —379869 —379534 379172 —-378913 377945 377610
expt. —382631 —382287 —381962 —381692 —380862 —380556
Arl2t —429110 —428754 —428370 —428094 —427065 —426709
expt. —421019 —-420631 —420280 —419093 418762
K13+ —481351 480974 —-480567 —480275 —479185 —478808
expt. —484878 —484441 484063 483736 —482788 —482429
cal4t —536593 536194 535764 535456 —534305 —533907
expt. —540654 —-540159 539753 539397 538391 538003
Sciet —594834 594414 593961 593637 592425 592006
expt. —599318 598756 —598322 597945 596874 —596454
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creasingZ, but even at low values of the approximation of equatiof#4) has some

qualitative validity. For example, the ground states of ¢, 82", etc. are predicted to be

3p states, as is confirmed by experiment, and the order of the higher states sHaniein

is correct. We hope to discuss the laigepproximation in more detail in a future paper.
The programs used in this article will be made available on the following website:

http://www.ccs.ki.ku.dk/~john/
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Abstract

This chapter is a discussion on the electronic density functions formal structure and mathematical properties.
A primary objective of this study is focused on the easy description of the quantum object concept, in connection

with the quantum similarity measures framework. Several mathematical tools are discussed concerning the de-
velopment of this task, among others: inward matrix products, extended Hilbert and Sobolev spaces, convex sets,

vector semispaces, generating rules, diagonal representations, etc.
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1. INTRODUCTION

Early studies related telectronic density function (eDF) structure by Léwdirjl] and
McWeeny[2—4], as well as the later contributions of several authors found in the litera-
ture within the following time period5-8], and culminating in théolographic density
theorem of Mezey[9], form the inspirational background of the present work.

Numerous papers issued from this laboratory recently have been devoted to the devel-
opment of a specific framework able to be applied to the DF studies. Also included are
many related theoretical branches and mathematical practical aspects, in an effort to con-
struct the basis of a well-defined reference foundatiaguahtum similarity (QS)[10-22]

Central to such a mathematical evolution is the presence of DF’s theoretical structure and
computational algorithms, which has dominated as a leitmotiv many of the internal aspects
of the published work. The obvious reason can be found in the fact that probability DF's
are the basic material on whi€ps measures (QSM) are essentially built. The importance

of DF within any quantum mechanical theoretical structure is, undoubtedly, a consequence
of the crucial role DF plays in its basic compositi@3,24], and this leading presence has
been consequently transmitted into the general QS framework.

Within all these mentioned developments and characteristics, many aspects and prop-
erties of the DF are dispersed between varied, already published, material by this lab-
oratory[25—-28] The present chapter aims to gather together all this information, while
treating the most interesting aspects of DF general construction, structure and properties
in more depth. Such an aim corresponds, finally, to the need of having a really well-
established background, where the notiogudntum object (QO) [29-33]obtains a solid
reference and can be unambiguously defined. Once the QO nature has been established,
the definition of QSM becomes a straightforward task. At the same time, the various pos-
sible DF forms and their main characteristics will permit us to follow the path, where at
the end can be found how to describe the approximate DF, essentially within the so-called
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atomic shell approximation (ASA). The ASA DF can be helpful in simplifying some calcu-
lations, related to the superposition problem associated with the reatwl efular QSM
(MQSM) [34] and for other purposes.

This prospect will be perhaps incomplete without mentioning the large amount of math-
ematical techniques, definitions and procedures related to the DF structure, which have
been aggregated into the general framework, while QS theory has been developed. For in-
stance: Tagged sets, convex conditions, generating rules, extended Hilbert spaces, vector
semispaces, diagonal representations, inward matrix products, discrete molecular represen-
tations, quantum object sets and ensembles, quantum similarity matrices, quantum similar-
ity indices, stochastic transformations, fundamenqtaintum QSAR (QQSAR) equations
[35,36]and so on, are at this moment inseparable elements of the theory revolving around
the DF conceptual background axis.

Owing to these previous considerations, the present chapter will be organized in the
following way:

(A) Basic definitions will be given in order to provide the reader with a specific working
language.

(B) The general properties and the generating rules for DF will be discussed.

(C) The inward matrix product will be introduced in order to discuss the intrinsic features
of the DF structure and find the way to generally construct them.

(D) The DF discrete form generation and properties will be given and commented upon.

(E) Several examples of approximate DF forms as well as the possible method to construct
them will be provided.

(F) Extended Hilbert spaces will be introduced as a manner to obtain a new extended DF
family.

(G) Some problems related with the density and shape functions as elements of vector
semispaces are finally discussed.

2. INITIAL DEFINITIONS

Numerous introductory definitions will be used to structure the main features of the DF
theoretical background. They will try to put in a sound logical basis all the initial knowl-
edge, which can be attached to the DF formalism. In addition, several applications could
be obtained with a few fundamental items and the theory can be connected in this fashion
to the general definition of QSM.

In order to achieve this preliminary objective, first the algorithm serving to establish the
basis of the quantum mechanical background will be described.

ALGORITHM 1 (Classical Quantum Mechanics). For a given microscopic system:

(1) Construct the associated Hamilton operaltr:

(2) Compute the state energy-wave function pdifs, ¥} by solving Schrddinger equa-
tion: HY = EW.

(3) Evaluate the state DF’p, = |W¥|2.

The third point of the previous algorithm can be studied and further developed using the
following set of definitions.
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2.1. Definitions related to the construction of DF

DEFINITION 1 (Vector Semispace). A \ector Semispace (VSS) over thepositive definite
(PD) real fieldR™, is aVector Soace (VS) with the vector addition part provided by a
structure of Abeliarsemigroup.

By an additive semigroup37] an additive group without the presence of reciprocal
elements is understood. Thus, all VSS elements can be seen as directed towards the re-
gion of the positive axis associated wah involved coordinates. It will also be accepted
thatnull elements can be chosen to be included in the scalar field as well as in the VSS
structure Strict VSS (SVSS) can be the name of all those VSS, which lack null elements.

A VSS can be symbolized by means of the VS usual symbol, followed by the PD real
field identification:R™ between parenthesis, for instanagR™*). Examples of VSS or
SVSS in theoretical chemistry are easy to furnish, because many aspects of chemical pa-
rameters are associated with an ordered PD set of scalars. An obvious molecular SVSS
subset is constituted by the ordered set ofititeratomic distances, D = {d;;}, associ-

ated with the possible conformations of a given molecular structure made atbms.
Indeed, the upper triangle of the distance matrix for a given conformation, ordered as an
N (N —1)/2-dimensional vector, e.gd12, d13, d23, ..., dny—1n), COrresponds to an SVSS
element. Another example, belonging to&adimensional space, is constituted by a set of

DF possessing an equal number of variables. Any DF, defined according the third step of
Algorithm 1, is a PD function for all variable values. PD linear combinations of DF are
still PD. This property will appear several times within this chapter.

The construction of DF, can be organized by means of simple rules, which can be easily
extended to finite-dimensional VSS.

DEFINITION 2 (Continuous generating rule). A generating rule can be easily written,
summarizing the third step of the quantum mechamidgbrithm 1:

R(W — p) = {YW¥ € H(C) — 3p = ¥*¥ = |¥|? e H(RT)}. (1)

In equation(1) are given explicitly the wave function Hilbert \f8,38], H(C), and the
DF VSS,H(R™).

The next definition becomes a trivial useful symbol, which will be frequently employed
in this chapter.

DEFINITION 3 (Element sumof an (i x n) matrix A). For an(m x n) matrix A = {a;;}
designated by the symb@A) it is meant:

(A)=>">"aij.

i=1j=1

The same summation device, as giverDiafinition 3 is also aFortran 95 compiler
intrinsic featurg39]. Moreover, this symbol acts as a linear functional over matrix spaces.
It can be considered to apply also over the elements of a set where an additive operation is
defined, so one can apply it over a givenSet {s;}, then:

(S) = ({si}) =) _si.
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The sum symbol can even be extended and employed over function spaces, where the
symbol can be exchanged by an integral. That is, it can be written:

(o) = /p(r)dr.

The matrix elements summation symbol acting on arbitrary vectors or matrices, has been
defined and employed some years §f0] to ease the mathematical notation, as well as
in order to define a mathematical symbol set, able to have an immediate translation into a
high level programming language like Fortran 95; see, for exarfg®é.

The summation symbol can also be associated with a linear operator, transforming vector
semispace elements into scalars.

Also, nested summation symbols (NSS)[40] can be substituted by the sum symbol, like:

(Z) =) (z().

whereby:i = (i1, i2, ..., i) is symbolized by a set of indices, which vary according to
the NSS:
SUEDI) IR
i1 ip in
and thus:
D0z =YD ziigi
i1 i in

From here, a particulay-dimensional form of theo-dimensional generating rule given in
Definition 2is readily constructed, allowing the connection of finite-dimensional VS with
the infinite-dimensional ones with respect to the DF construction.

GivenW = {w;} C R™ as representing any PD real numerical set, it can be supposedly
generated using a complex coefficient 3et= {x;} C C. This can be stated in this way, as
the set of coefficients/ can be obtained as the modules of the elemen¥s af; = |x;|2,

Vi. Supposing we define a normalized column vector made with the elemeXtsyof=
{x;}, then the normx|x) = xTx = 1 also corresponds to the last normalization condition
in equation(4) below, related to a functional VSS.

For this purpose, the followindjscrete generating rule can be described, after collecting
the elements of the s&¥ into a column vectow:

DEFINITION 4 (Discrete generating rule).

R(X — W) = {VX e Vy(C) — Iw = {wi =x]x; = |xi|2} € VN(R+)

/\X+X:Zl_x;“x,~=2i|xi|2=1—>(W):Ziwizl}. 2

Itis time now to describe a typical first order DF form as a first step model to study other
DF structures and extensions.

1 In Fortran 90 and 95 compilers, an intrinsic function is present, which can be employed to sum up all the
elements of a matrix. Such a compiler facility is called within the code by the function symbol written as:
SUM([Argument]), with [Argument] being any previously defined as integer, real or complegy name.
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DEFINITION 5 (First order MO €lectronic DF). The first-order eDF form, as expressed
within MO theory, can be defined by means of the linear combination:

p(r) = Zwi\wi(r)\z- 3

i

Where the coefficient s#¥ = {w;} C R™ corresponds to the real PD occupation indices
of the MO set{g; (r)}. This MO eDF, for example, within the LCAO approach, can also be
written in a general way, as a double sum of products of function pairs, coupled with a set of
the so-called charge and bond order matrix coefficients; see, for insfah@gs] However,

a simple matrix diagonalization, followed by a unitary MO basis set transformation, can
revert any DF to the formal expression in equati8)) [6,44—46] Using an AO basis set
x = {x..(r)} to construct the MO within the so-called LCAO MO technique, we get:

@i(r) = Zcui)(,u(r)a
"

then one can write:

P =D Duxu)xi(r) = ZZ(Z wicﬂic:i)x,L(r)x:(r)
noov nwoowv i
= w (Z cmmr)) (Z cvixv(r)> =3 wilei 0]
i 12 v

i

Moreover, an MO unit norm convention could be also adopted:

f|¢i|2dr=1 = /p(r)dr=2wi/|¢i|2dr=2wi=1, @)

and these results present the PD occupation coefficieM/set {w;} as a discrete prob-
ability distribution. When this kind of properties holds for a known set of functions, then
they can be used to construct new functions possessing the same properties. This will be
discussed below and later on in more detail in SectibbB8 and 5.1

From these considerations, the concept of convexity and the definition of convex set, as
will be studied below, become necessary elements of the theory.

DEFINITION 6 (Convex conditions). By the termconvex conditionsover anN-dimensional
vectorw it is formally understood:

Kyw) = {W € VN R+ Zw, = 1} (5)

The set of the vector elements, W = {w;}, can be used instead in the convex conditions
symbol, that is:

({w})z{ Vi w,~eR+A(W)=Zw,-=1}. (6)
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Equationg5) and (6)can be considered the discrete counterparts of smmténuous con-
vex conditions, defining a convex DF:

Koo(p) = {p e HR™) A (p) = fp(r)dr = 1}.

Convex sets (see, for examp[é,,48) play a leading role in optimization problems.
They have been recently introduced to deal with some chemical prolpl&alelated to
shape analysis.

Elementary Jacobi rotations (EJR)[49] can be applied over a generating vector to obtain
optimal coefficients, while preserving convex conditi¢fis], see also Sectiob.2

Convexity can be used for the construction of a new DF from a set of well-defined DFs.
Suppose a set of convex DF associated with an arbitrary but homogeneous set of variables
R is known, that isP = {p;(R)} A VI: Kuo(p7). Suppose a convex set of coefficients
W = {wy;} is known, thusk (W) holds, and then the function

p(R) =) wipr(R)
I

is such thak (o) holds. This is an obvious consequence of the VSS linearity.

2.2. Definitions leading to quantum similarity measures

While the previous definitions are associated with the idea of DF and the related sets shar-
ing its main properties, the set of definitions provided in this section have been used up to
now in order to construct a pathway to the definition of QSM. They start with the concepts
of Tagged Set and Tagged Ensembles.

DEFINITION 7 (Tagged sets). Let us suppose that a given set, @lgect Set: S, and another

set, made of some chosen mathematical elements, which will be hereafter called tags, form
aTag Set: T. A Tagged Set: Z, can be constructed by means of the ordered prodiiet:

S x T, thatis:

Z:{Vz€Z|EIoeS/\EI1:eT—>z=(0,r)}.

For example, a given molecular set takepriori as an object set can be easily trans-
formed into a tagged set, just considering as appropriateNagsnensional vectors with
their elements associated with an ordered set of properties, attached in turn to any chosen
molecule of the object set. The tags can be freely selected with respect to their information
content. For instance, they can be made of physicochemical properties such as: boiling and
melting points, molecular weight, density, solubility in several solvents, etc. However, the
adopted vector tags must bemogeneous in the sense that they must contain dame
kind of information, ordered in theame way, for every member of the tagged set. Also,
the construction oBoolean tagged sets has been studied in previous pgdpérsH5] En-
compassinduzzy sets as a particular cag®9], the Boolean tagged sets constitute a very
general example of how tagged sets can be built up. Boolean tagged sets are constructed
using bit strings in the Tag Set part, thus they can be considered as a reduction of the in-
formation, gathered about the Object Set part, of a great class of Tagged Sets into a binary
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tag form. This kind of transformation can be easily accomplished within molecular Tagged
Sets, as described above.

Sets made of Tagged Sets are also worthy of being described and studied. The following
definition uses the freedom of choice on the nature of the Object Set to allow the formation
of larger structures.

DEFINITION 7’ (Tagged Ensemble). A Tagged Ensemble is a Tagged Set whose Object
Set elements are Tagged Sets.

For example guantitative structure-properties relationships (QSPR) studies could be
described as the way where a connection has to be found between tagged objects belonging
to a known tagged set and new tags, formed for instance by property values ordered as
vectors, defining a Tagged Ensemble. This superstructure may be also considered a way
to augment the information associated with a given object set. In order to describe another
example, suppose a set of molecular structures, attached to a property vector. As each
molecular structure can be associated in turn with a set of nuclear configurations, then
to each molecule there can be associated a set of conformations connected, in turn, by
means of the Born—Oppenheimer approximation, with a set of energy-DF pairs. Each set
of conformers as objects with the pairs of energy-DF acting as tags can be easily considered
as forming a tagged set. The former molecular property vector acts as a new tag attachable
to each molecular conformer tagged set, the whole structure being a tagged ensemble.

DEFINITION 8 (Quantum Object). A Quantum Object can be defined as an element of a
particular Tagged Set structure: Quantum Systems in well-defined states are taken as the
Object Set part and the corresponding quantum DF, associated with the state of the object
set elements constituting the Tag Set part.

A collection of Quantum Objects can be consequently calléuantum Object Set
(QOS), which becomes a patrticular kind of tagged set. For example, a set of molecules
in well-defined nuclear conformations acting as objects can be transformed into quantum
objects by constructing a tag set made by their first order ground state DF, computed for a
fixed nuclear conformation. A set of ground state conformers of a given molecular structure
or a set of excited states can be considered a QOS, provided that each conformer or each
excited state respectively has a known homogeneous DF as Hdampgeneity in QOS
definition and structure has to correspond to the necessary condition consisting in that all
the DF tags, intervening in the QOS construction, shall be of the same order, being, thus,
functions with the same amount of variables.

These previous definitions lead to the possibility of easily describing in a completely
general way a QSM structure.

DEFINITION 9 (General QSM). A General QSM, y (), can be considered a PD multiple
scalar product defined by a contractedirect product of a QOST:

y(ﬂ):@Te RT.

K=1
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This allows us to mixv DF: {p;(r), I = 1, v} of the QOST with 2 PD operators,
collected into a se®@ = {2k (r), K = 1, 22}, belonging to the same VSS, for example:

2 v
y(sz>=/ [TexO || ]]ei)]|ar, (7)
K=1 I1=1

where the coordinate vectar, shall be taken here as a general position vector.

Equation(7) can be interpreted as a quite free system to define generalized expectation
values. A general picture of QSM was already given in referefike§0—62] Sectiord.1
will describe particular practical QSM forms and Secttohbelow will study in detail the
connection between QSM and expectation values.

2.3. Definitions related to the algebra of diagonal vector spaces and their
applications

Diagonal vector spaces (DVS) are not only related to the construction of general DF but
also with theinward matrix product (IMP), which will be discussed next in Secti@l

For this reason DVS will be studied first. Another motivation to proceed in this way is
historical, because DVS were used f{ist] in connection with the study of DF, before the
introduction of IMP for the same purpose.

Compared with Dirac’s bra-ket formalism, DVS, except for the possibility to have their
elements conjugated, lack the dual space distinction that bra-ket or row-column vectors
have. A possible way to overcome this situation is to construct bra-ket diagonal matrices
with the aid of a set of auxiliary matrices adopting the appropriate dimension. The follow-
ing definition will be hereafter useful.

DEFINITION 10 (Unity matrices). A unity matrix,1, is an(n x m) matrix whose elements
are entirely made of the scalar multiplicative unit eleméhil; = 1, Vi, j. Unity row or
columnn-dimensional vectors may be also expressed by the synibloded|1), respec-
tively.

Then, multiplying a given diagonal matrix by a unity matrix on the right or the left,
respectively, can generate a bra-ket structure in diagonal spaces. To see this, it is only
necessary to observe, for example, that if the diagonal mBtrix Diag(d;) is defined,
then the matrix produdD generates the matr{x;|1)}, while the product in the alternative
order isD1 = {d; (1]}.

A tensorial product of two diagonal matrices can be obtained using the unity matrix of
the appropriate dimensioD:.® D = D1D = {d;d,}.

The product of diagonal matrices can be a good vehicle to construct DF with the ap-
propriate properties as discussed in the previous section. In the following section, the
technique of constructing DF within the structure of diagonal vector spaces will be out-
lined as a first step to construct general DF structures based on IMP, which will be given
later on.

2.3.1. The structure of the generating N-dimensional VS

The discrete generating rule as describebdifinition 4is a shorthand notation for some
non-linear transformation involving the generating Mg, (C), and the Final VSS con-
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taining the coefficient vectors/y (R™). The lack of a simple natural operation, producing
the desired results, implicitly stated within the generating rule in the discrete case, can be
circumvented using the following scheme.

Assume such an isomorphic pair d-dimensional VS, which will be name@y (C)
andFy(R™). Both can be good substitutes for the origina} (C) and Uy (RT) VS de-
scribed above, respectively. A sound isomorphism of column or row VS is constituted by
DVS, whose elements possess the structure of diagonal matrices. Let us consider that the
isomorphicGy(C) and Fy(R™) VS are made of diagonal matrices. The choice has not
been arbitrary, because matrix multiplication is closed in DVS, that is: matrix products of
diagonal matrices yield diagonal matrices as a result. Moreover, diagonal matrix products
are commutative. Considering only the diagonal part of the matrix elements, and discard-
ing the off-diagonal elements, the DVS possess the same dimension as their isomorphic
column—row vector counterparts. Then, it is easy to see that using this simple isomorphic
device, both the continuous and discrete generating rules, as sh@efimitions 2 and 4
acquire the same formal structure. Indeed, the discrete rule in eq@@Yioil be rewritten
within any DVS framework, as:

Ry(D — A) = [3D € Gy(C) A (DTD) = Zu P=1 =

A = D*D = Diag(|d;| )/\( ) =1— Ky(A)}. (8)

The summation symbol, which is used in this case aBéfinition 3 over the diagonal
matrix D:

=Zdi,
i

can be made equivalent to the trace of the corresponding diagonal matrix. The convex
condition, as set iefinition 6 has to be slightly modified to take into account the new
DVS element structure:

Kn(A) = {A Diag(w;) € Fy(R1) A an = 1} 9)

Thus, working with DVS instead of conventional VS and VSS, the coefficients in discrete
DF description possess the same structural properties as the DF themselves. The generating
DVS elementsD € Gy(C), act in the same manner as the QO wave functions. And

the resultant coefficient diagonal matrig, ¢ Fy(R"), satisfying the convex conditions

K y(A), can be written as a squared module of the former diagonal matrix. This can be done
using a discrete form of the generating rudg; (D — A), similar to the wave function-DF
generating rule:

Reo(W — p) =Ry(D — A)
= {VD e Gy(C) —
3A =D'D = DD* = |DJ? = Diag(l4;|?) € Fy(R)}.

The Gy (C) DVS may be considered normed spaces, with one of the possible norms defined
as the trace of the squared matrix module, which acts in this way as a sort of Euclidean
norm. As a consequence, the DV3S;(R™) elements are constructed in such a way that
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their trace is always normalizable, and thus an easily made unit. Thati®#) € Rt,
then:A = |D|2, can be straightforwardly transformed intg, as to fulfil: (Ay) = 1.

A Diagonal Tagged Sehy, can be derived in the usual way by using a given Object
Set part,S, and a DVSS convex subsét, as the Tag Set part, that is:

Dy =Sx {K c Fy(RT)}.

The question, now, mayot need to be: why do th&/-dimensional DVS fulfil in a
natural way the same conditions as the-dimensional function VS? It could be much
better stated as: which kind of consequences will produce this DVS characteristic feature
in the development of a discrete quantum chemical framework? The next section will try
to illustrate some of the possible features of this DVS structure.

2.3.2. Expression of the DF and other problems

It can be shown that the best discrete representation of the DF, when formally expressed as
in equation(3), is described as a diagonal matrix instead of a vector as is customary. Then,
the scalar-like expression of this DF type must be redefined in terms of the operations
presented in the discussion of the preceding section.

In order to obtain a coherent image of all the possible redefinitions, which can be found
as a consequence of the adoption of the DVS representation, it will be worthwhile to make
some preliminary considerations, as follows:

The DF generating rule formal structure is better represented from the point of view of
diagonal matrices instead of column-row vectors.

Thus, both the generating and coefficient vectors are transformed into elements of some
DVS. The DF form presented iDefinition 5 besides the coefficient vector, are associ-
ated with a PD function set, which is in turn connected to the squared module of another
function set, further belonging to another structure, which can be named as a Generating
Functional VS. This situation can be managed in the same way as in the preceding discus-
sion on DVS.

Suppose now that a function basis set is kno#nr= {¢; }. Nothing opposes the situation
in which the setb can always, without loss of generality, be arranged into a diagonal matrix
structure, and considered constructe@as Diag(¢1, ¢2, ..., ¢n) € F(C).

Then, it is obvious that when the following diagonal matrix product is made:

P = "0 = Diag(le1l l¢2l?. ... len1?) € P(RY).

it will always produce a new diagonal matrix, whose elements belong to a special Func-
tional VSS made of PD functions, that is: made of function squared modules. Thus, taking
into account the definition of the diagonal product of the initial basis set, one can consider
that the result above produces an entirely new PD basi®set{|¢;|?}.

Also, having defined the generating and coefficient VS, one can construct the following
hybrid diagonal matrix:

vD = Diag(d;) € G(C) AV® = Diag(¢;) € F(C) =
¥ = D® = Diag(d;¢:) € P(C) C G(C) x F(C). (10)

Once we have constructed this kind of mixed structures, then the DF can be simply built
up by computing traces of squared modules of the diagonal structdress defined in



Mathematical Elements of Quantum Electronic Density Functions 133

equation(10) above. That is:
p= (W)= "|digi* =D ldi)PleiP =) _ Qip;. (12)
i i i

The formalism appears now clear on how we should construct the necessary generating
elements and the road is open to obtain, in a very natural way, the DF structure. The most
interesting aspect of the whole procedure, perhaps, will consist in finding out how closely
the deducible formal rules, based on discrete DVS, are equivalent to the formalism based
on continuous Quantum Mechanics.

In fact, it only remains to express the formal problem, on how an expectation value
(£2) of some observable, associated with an oper&tocan be computed within the DVS
formalism. A possible way could be written using the diagonal matrix algebra properties
as:

(2) =/9pdvzfg<w*w>dv =Z|di|2/9|(ﬂi|2dv

=Z.Q,~/.Qp,-dV Ezgi/go;"rz%dv =f<tp*9w>dv. (12)

The last linear combination of integrals is suited to differential operators, and can be natu-
rally obtained when considering the operafdas a scalar matrix21. In Sectioné below,
the structure of equalities likg.2) will be studied in more detail and extended.

3. INWARD MATRIX PRODUCT: DEFINITIONS, PROPERTIES AND
EXAMPLES

Fortran 95 contains as a built in featy89] the Hadamard, Schur or, perhaps a better ter-
minology, theinward matrix product (IMP). Such a matrix product is defined between two
matrix structures, belonging to the same matrix space. As IMP has been previously used in
several papers, related with quantum chemical applicafte$63,69] it will be presented
here as a first step to describe its connection with DF structure and generalization. IMP is
related to the DVS product structure, and as such can be seen as some sort of generaliza-
tion of the diagonal matrices product to the general matrix VS. Curiously enough, IMP is
scarcely referenced in the current literature, mainly in footnotes in a few §6@ks

IMP can be widely used in quantum mechanics for various purposes. In this section,
some pages are devoted to this, just to show the simplicity of the concepts that can be built
up around it and the interesting problems where IMP can be employed.

3.1. Inward matrix product 2

IMP can be defined in a simpler way than the classical matrix product, as the associated
structure mimics the matrix addition. The next definition tries to provide a general form of
this matrix operation.

2 From now on either the term matrix or hypermatrix will be used in reference to IMP. Such product can
be applied either to matrices or hypermatrices, without changing anything but the structure of the involved
mathematical objects.
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DEFINITION 11 (Inward matrix product (IMP)). Consider any arbitrary hypermatrix space
over a field:M xn)(R). Let A, B € M «n). An IMP involving the hypermatrix pair is a
closed operation, resulting in a new hyperma®ix M «ny, and symbolized byP =

A x B, whose elements are defined by the algorithm:

Y(@): p(i) = a@)b().

Above, the elements of the involved hypermatrices are identified by means of an index
vector(i) = (i1; iz; . ..; ip). Thus, one can consider that the hypermatrix space dimension
is given by(xn) = (n1 x n2 x --- x n,). The notation follows a previous one, employed
when dealing with NSS structurg40].

3.1.1. IMP general features

Having presented the simple definition of IMP, some of the most interesting properties and
applications will be provided. IMP acts over hypermatrix spaces almost as if hypermatri-
ces were treated as a product of scalars; this attractive feature can be employed in quantum
chemistry computational problems (see, for examjlé,63,68,69) as well as in the de-
velopment of new theoretical structures, which can present the peculiarity of being easily
transferable to a high level programming language like Fortran 95.

3.1.1.1. IMP properties. The following properties can be attached to the IMP, defined
over the elements of an arbitrary hypermatrix spts ), provided that it is defined over
a field, which is the usual case. IMP, when defined over vectors defined in turn over a field,
is distributive with respect to the matrix sum, as well as associative, and comm{&&iive

The interest in defining such a matrix product stems from the possibility to attach to it
the most usual features of a multiplication composition rule. The following properties can
be attached to the IMP:

LetA,B,C, ..., € Mn). IMP defined over them are:

(1) Distributive with respect matrix sum:
AxB+C)=AxB+A=xC.
(2) Associative:
AxB+*xC=AxBxC)=(A*xB)xC.
(3) Commutative:
AxB=BxA.
From the inspection of these properties, it is easy to see that IMP acts over matrix spaces
in the same way as the matrix product in DVS.
3.1.1.2. IMP unit element and inverse.  Also, an Inward Unit Element exists, which can
be called theunity matrix,1 € M «n), as given irDefinition 1Q such that:
I1xsA=Ax1=A.
Using the real multiplication unit it can be defined as:

1={1() =1, ¥}
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The existence of an IMP Inverse is subject to the following important limitations imposed
by the following definition:

DEFINITION 12 (Inwardly invertible matrices). If A = {a(i)} AV(i): a(i) # 0; thenA can
be callednwardly invertible or regular. A new matrix defines the IMP inverse of a matrix
A: AlFU = (4[=1(i)}, with elements, which are computed as followsi): al~1(i) =
(a(i))~L. This definition produces the sequence of equalites Al=1 = A=« A = 1.

These IMP properties are sufficient to define a commutative algebra over any matrix
vector space. One can refer to this kind of algebreladamard or Schur algebra.

3.1.1.3. IMP powers and functions. IMP powers of a given hypermatri& are readily
defined aAl?! = {a(i,j)?}. The square bracket enveloping the exponent is used here to
distinguish an IMP power from the one defined involving classical products. For example,
wheneveZ = A x A, then the matrixA, can be also considered as the IMP square root of
Z:A =22 5 vij:ad,j) =/7G,])).

IMP functions of a given hypermatrix are also easy to deffi&] = {¢(z(i,]))}. As
noted in a previous pap§s6], and put in evidence, when remembering the discussion on
DVS performed in Sectio2.3 above; IMP algebra is tightly related to diagonal matrix
computational algorithms and the above definitions are the consequence of another shared
isomorphic characteristic between DVS and VS associated with an IMP.

3.2. IMP applications

Having described the main features of the IMP and in order that the reader can grasp the
interest of such a simple computational structure, two application examples will now be
presented and, afterwards, a mathematical development involving the sign part of matrices
discussed. This last development connects IMP with tagged set structures.

3.2.1. IMP and Taylor series expansions of multivariate functions

A Taylor series of a multivariate functiory,(x), in the neighborhood of a poing could
be expressed in a simple form using the IMP of two tensors, as:

o]

£ =0, f X0)] % ®,[x — Xol)-

p=0

Where the symbod,[ f (Xo)] collects all thepth order partial derivatives of the function
evaluated at = Xp; and® ,[X —Xo] collects the elements of theth order tensorial product
of the vector difference argument. It must be noted that the following conventions must be
supposed to holdip[ £ (Xg)] = f(Xo) and®g[X — Xo] = 1.

This IMP application constitutes a very good example of the vast possibilities presented
by the IMP.



136 R. Carbo6-Dorca

3.2.2. Scalar product of two hypermatrices

The IMP involving two hypermatrices can be trivially related to scalar products. If such a
scalar product is defined, using a NB9], as:

(AIB) =Y " (ha()b(),

then, we also employ the auxiliary definitioA) = > (i)a(i), as provided irDefinition 3
to symbolize the sum of all elements of a given hypermatrix. Then, the following equality
might be immediately written:

(AIB) = (A % B).

As an application example of this definition, a special property of quadratic forms can
be studied. A quadratic form involving the hypermatfixand the hypervector may be
written accordingly:

g0 =x"Ax =) Y _(ali, Hx)x().

Itis well known that ifA is positive definite, theMx # 0 — ¢(x) > 0. The quadratic form
above can be also written constructing a tensorial product of the variable vector employing
the algorithmT = x® x = {¢(i,j) = x(i)x(j)}. Then, the following IMP construction of

the quadratic form will also be possible:

g = (AxT)=Y ()Y (al,ed,]). (13)

The above expression can be analyzed by means of an interesting structure, which can
be associated with any matrix: thatrix signature. Some details will be given below.

3.2.3. Sign separation in hypermatrix spaces and IMP

In the following description, hypermatrix spaces are used in order to provide the reader
with a general situation; of course, when substituting the term hypermatrix by matrix every-
thing continues to hold in the same way, except dimensions. Considering this, suppose any
hypermatrix space defined over the real fidlfi;.n) (R). A separation between the numeric
absolute values of the hypermatrix elements and their signs can be made using two sets:
a hypercube made of Boolean strings as elemdhtgy) (B), with B = {0, 1} acting as the

sign symbolg—1, +1}, respectively, and a VS3/ («n)(R™1). The signs are collected in an
array with the same shape as the elements of the parent hypermatrix space, constituting the
elements of the hyperculd n,, of cardinality 2. Finally, the part made by the posi-

tive numeric hypermatrix elements will be associated with the VSS strusfyrg, (R™).

Thus, employing the above commented partition, any real hypermatrix can be written by
means of some IMP like:

VA € Mxn(R): A = g% LA,
whereas € H (xn)(B) A +A € Mxn)(R™).

Then, in this case, the IMP involving two hypermatrices can be defined, for example, as:

VA, Be Mun)(R): A+xB = (4S* £A)* (gS* +B) = (4S* BS) * (+A * B).
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3.2.4. Sgn separation in hypermatrix spaces and Boolean tagged sets:
Hypermatrix signature

This last trivial relationship is not the unique IMP-based manipulation one can perform on
hypermatrix spaces. For instance, the same discussed relationship may be used to transform
hypermatrix spaces into Boolean tagged sets. In the present section, this possibility will
now be discussed.

In order to demonstrate that any hypermatrix space can be transformed into a Boolean
tagged set, first assume the following partition of the real fiBldinto two setsR =
RT UR™ ARTNR™ = {0}. An isomorphic Boolean tagged s&,to the real lineR, can
be defined in the following way:

VreS r=(;p)AoceB={0,1; peR"—->S=BxR".

Thus, the Boolean tag;, acts as the sign of the strictly positive real objectThen, the
Boolean tagged se§, can be decomposed into a pair of disjoint sets, in a similar way but
not exactly equivalent as before:

S=StuUsS AS'NS =¢23

This second relationship is due to the fact that provided it is assumed in this Boolean
tagged set context that @ R™ holds, two kinds of neutral elements can be defined:
(0; 0) € S~ A (1;0) € S*. Moreover, both Boolean tagged se$s, andS—, are isomor-
phic. Rememberingpefinition 7, it is a straightforward matter to construct now Boolean
tagged sets from hypermatrix objects, whose elements are defineR.over

To exemplify this last statement, suppose as before any hypermatrix vector space:
M «n)(R). A Boolean tagged set can be made usihg: H (xn)(B) x M (xn)(R"), where
the Boolean tags are chosen, in the same way as in S&RoBabove, as elements of
some hypercubé (., of cardinality 2™, arranged in the same shape as in the associ-
ated hypermatrix space.

Therefore, any Boolean tagged set hypermatrix element could be connected to the struc-
ture:

VAeT: A= (ss +A), whereisse Hny(B) A +A € Mxn)(RT).

The Boolean tags, in this case, represent the collection of the hypermatrix signs arranged
in the same order, shape and dimension as they appear in the parent hypermatrix. One can
refer to the tag part of this kind of Boolean tagged set asttaehed hypermatrix object
signature, or simply by the hypermatrix signature. When necessary, a specific hyperma-
trix signature can be symbolized hys = Sign(A). Any signature attached to a given
hypermatrix space, due to the usual properties of Boolean alg8hsan have a dual

or antisymmetric one, that i¥ 45 € Hxny — 3(0- 45 € Hxn), where all the signs

of the initial signature become changed. For example, to the unity signature there corre-
sponds the null signaturé:— 0 = (0-1). In a logical context, one can use the expression:

YV AS— d—4S.

3 ThesetS possesses a natural product definitien;; pq) o (op; pp) = (04 0 0p; pPa © pp), Which has attached
the same properties as h However, addition does not have so clear and immediate attributes, due to the sign
separation from the number body. A special algorithm shall be prepared for classical sum definition, involving
the notion of order iRt.
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In case a unity signature has to be associated with a given hypermatsay, or
Sign(A) = 1, this is equivalent to considering all the hypermatrix elements positive:
Vi,j: a(, ) € RT. SeeDefinition 10for more details on the unity hypermatrix.

With respect to the previous discussion on hypermatrix signatures, the following defini-
tion will be interesting.

DEFINITION 13 (Strictly positive matrices). Any matrixA = {g;;} with elements belong-
ing toR™, thatisVi, j: a;; € R, can be calledtrictly positive and noted a#* > 0 and
consequently Sigih) = 1.

Signatures are sufficient to classify the entire hypermatrix set'fift! Asomorphic
classes. In addition, any hypermatrix class obtained in this way can be made isomorphic
to the VSS:M () (R™), that is to the class of the strictly positive matrices. Alternatively,
owing to the possible translation of Boolean strings into integers, the Boolean signature
tags, conveniently transformed, might also be used to order a given hypermatrix subset.
With all this in mind, then it is easy to define a relevant product within the hypermatrix
Boolean tag set. Using the IMP definition on both the Boolean tags and objects, in such a
way that:

VA,BeT: AxB=(45*% ps; tAx 4B)eT.

The same can be done with respect to the addition. Adopting a Boolean algebra structure
on the Boolean tag elemerjtsl, 58], then the whole construct results in such a hypermatrix
Boolean tagged set possessing a structure of Hadamard Algebra, see Sdclich
Consequently, it can be concluded that IMP, associated with the Boolean tagged sets of
hypermatrix spaces, provides not only a trivial connection to fuzzy set tHjgdry3,59]
but opens the way to exotic hypermatrix manipulation possibilities. An additional feature,
as commented before, consists in that all operations, discussed here or later imagined, could
be directly connected to the usual electronic computational structure and programmed at
once in a compact way.

3.2.5. Quadratic form signature and strictly positive matrices

Taking into account the matrix signature just defined, and returning to the quadratic form
described in equatiofi3) whenever

Sign(A) = Sign(T) — SignAxT) =1

holds, then, in this particular circumstance it is always assured¢bagt> 0 holds. It can
be concluded in quadratic form evaluation, when a variable hypervegisrchosen such
that the following signature relationship holds:

Sign(x) ® Sign(x) = Sign(A),

that this will provide a positive value of the quadratic form.

When a unity signature is present in the hypermatvix> 0, the quadratic form pos-
itive values,g(x) > 0, will be always assured, when signatdris chosen in the variable
hypervector, that istx > 0. This corresponds that within VSS, quadratic forms are PD.
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3.3. Normed vector semispaces: Minkowski norm

After this previous discussion intended to make evident the basic nature of vector semi-
spaces, it is time to start a discussion on the natural semispace metric features.

3.3.1. Minkowski norm

A natural norm can be easily adopted in semispaces, and it seems that the most immedi-
ate rule at hand for such a task becomégiakowski norm. Indeed, as vector semispace
elements are positive definite, a sum of their components within matrix semispaces, or the
integral of the function, when dealing with infinite-dimensional probability density semi-
spaces, will produce a positive real number in any case.

As an example of such a Minkowski norm definition, let us choose a matrix semispace
of dimension(m x n), M xn)(RT), supposing in addition that the basic construction
algorithm holds:

VA € M(mxn)(R+) — A ={a;j} AVi, jajj € RT.

3.3.2. Matrix summation symbols on matrices

Then, a Minkowski norm in such a semispace can be simply symbolizéd)ognd com-
puted by means of the algorithm associated Witfinition 3

(A) = ZZ“U S RT.
i

Also, as commented before in Sectidr, as another example of a Minkowski norm, it is
worthwhile to consider the domain of Hilbert semispae¢e®R ™), where quantum density
functions, p(r), can be considered as their elements, thapis) € H(R™). There, in

the present context, the Minkowski norm is immediately defined as the integral over the
appropriate domain of a given function:

(p(0) = /,o(r)dr e RT.

D

The real positive definite result is a consequence of the real positive definite nature
over the domairD, associated by construction to quantum density functions in particular.
The same definition can be applied to any set of continuous statistical probability density
functions.

3.4. Shell structure in vector semispaces

Vector semispaces possess a characteristic structure, which can be easily exploited in ma-
nipulations and property seeking among its member elements. This section is devoted to
find out the most relevant outcomes.
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3.4.1. «-shells

An interesting albeit immediate application of Minkowski norms can be employed to clas-
sify vector semispaces in terms of shells. #shell, S(«), is defined as a closed subset of
a vector semispace, whose elements possess the same Minkowski rtbahis:

S(a) C V(R+) — VX € S(a): (X) =a.

From all the possible shells thanit shell, S(1), is the most representative of these ele-
ments belonging to a vector semispace, as it is straightforward to demonstrate that from
the elements of the unit shell anyshell element can be constructed, or:

Vae S(a) > Ix € S(1): a=ax,
and conversely:

Vx e S(1) > Jae S(): x=a ta

3.4.2. Homotheties and convex sets

Thus, anyx-shell belonging to a given vector semispace is nothing else hornathety of
the unit shell. Therefore, and because of the possible primordial role that semispaces can
take in order to construct vector spaces, as discussed above, it can be immediately deduced
that the unit shell, being the core to construct any other shell in semispaces, can also be
considered the ultimate core to generate any vector space.

Moreover, thex-shells in vector semispaces aanvex sets; see, for examplg96,97]
In order to see this property fulfilled for any arbitragyshell, it is worthwhile to define a
convex condition symbol over a set of appropriate scalars. By the symiaa{w;}), asso-
ciated with a known set of scalaf®;}, according tdefinition 6 we can now understand
the pair of features:

K({wr)) = [VI: w; eRPAD “wy = 1}.
1

Thus, knowing an arbitrary set of vectors belonging to a giveshell:{x;} € S(«) and a
convex condition symbol over a known scalar $&t{w, }), then the convex linear combi-
nation

Z= ZU)[XI
1

belongs to the same-shell as the generating vectors:

(2) =Y wix))=a) w=a—>2zeS@).
1 1

3.4.3. Semispace partition and equivalence classes

This last property indicates that any vector semispace can be considered as the union of all
of its shells:

V(R = [ S@.

VaeRt
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Still more interesting is the property by which semispace shells are disjoint sets, that is:
VS(a), S(B) C Va(RT): S(@) N S(B) = .

This allows saying semispaces aeetitioned by thea-shell structure. In consequence, the

a-shells themselves can be consideggdivalence classes of the semispacf7].

3.4.4. Shell direct sums

A shell sum corresponds to another shell, with their elements possessing a Minkowski
norm, which is the sum of those associated with the involved shell norm values, that is:

S@+8P)=2—> X =Sa+p).

To prove this, we simply need to define the shell sum in the usual way:
T={sls=a+bacSanbecSP}

then the elements of the shell sum possess the property:

seYss=a+b— () ={a+b)=@+ Db =a+p
= X =Sa+p).

Moreover, the shells being disjoint sets as commented above, the shell sum can be written
as thedirect sum of two or more shells, that is:

S(e) @ S(B) = S(a + p).

3.5. Scalar products in vector semispaces

In the same fashion as Minkowski norms were adopted as a natural way to choose a norm
in semispaces, it seems that a natural way to defiakar products in vector semispaces
could exist as well.

3.5.1. Minkowski scalar products

Such a choice has to be coherently structured in a manner allowing us to match the previ-
ously chosen Minkowski norms. This prospect could be initiated by means of the following
symbol:

vx,y € V(R"): (xy) € RY,

which will be attached to the following algorithm:
(xy) =Y (xiyi) 2.

1

To stress the parent norm structure, the same symbol as in the Minkowski norm has been
assumed, however two or, as it will be studied later on, more vectors are written within the
symbol without separation signs added. This scalar product symbol has also been chosen
in this way in order to distinguish it from other possibilities already discuf#@®8]and,

of course, from the well-knowEuclidean scalar product.
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In this manner, it can immediately be seen that the property below holds, connecting the
scalar product, as defined in the algorithm above, with the previously described Minkowski
norm:

1/2
o) =Y (D)= x = ).
i i
Such a coherency characteristic found in this simple manner, tells us it is already time that
such a scalar product can be named asabg for short, orMinkowski scalar product.

3.5.1.1. Inward matrix product structure and Minkowski scalar product of two vectors.
The definition provided above of the root scalar product can be also interpreted in terms of
an IMP, only one must take into account the definition of inward product:

Xxy = {xiyi},

which shall be associated with the inward square root form:
X2 = (12},

It is obvious that one can then write the equality:
(xy) = (72 yl1/21)

where the second bracket has to be taken as a matrix summation symbol.

3.5.2. Minkowski scalar product main properties

Due to the nature of vector semispaces, it is interesting to simplify the root scalar product,
taking into account the shell structure of the involved vectors:

X@ ¢ S(a) /\y(ﬁ) € S(B) — (X(a)y(ﬂ)> — (01,3)1/2<X(1)y(1)),

where superscripts have been used to stress the association of each vector to a given shell.
Thus, this result implies that any root scalar product within a vector semispace can be
related to the root scalar product of the unit shell associated homothetic vectors, appropri-
ately scaled by the geometric mean of the Minkowski norms of both vectors.

This kind of root scalar product produces a symmetric metric with positive definite ele-
ments on it, as the following property:

(xy) = (yx) A (xy) € RT

holds for any couple of vectors, according to the root scalar product above defined. How-
ever, there is no assurance that, in any case, the metric is positive definite, adopting for the
metric matrix the usual sense for this property, associated Eithidean vector spaces.

In order to discuss this issue, even if it has to be from a simple point of view, the main
arguments shall be postponed until some other properties of root scalar product have been
studied.

The rest of the main properties of root scalar products have to be observed now, as it is
not so obvious whether they are fulfilled in the same way as scalar products in Euclidean
spaces. For example, multiplication by a scalar of one of the involved vectors in the root
scalar product appears to possess similar properties as the usual Euclidean scalar product:

A e RT: ((axy) = 2M2(xy).
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The next property to be handled is related to root scalar product and addition. The ade-
guate handling of this part is most interesting in order to make root products as similar as
possible to the Euclidean counterpart.

3.5.3. Distributive law and root scalar products involving linear combinations

A distributive law with respect to vector addition has to be sought through the definition of
inward matrix product subjacent structure of root scalar products. The algorithm definition
of root scalar product must be adapted to vector sum, and the straightforward way to define
the interaction of sum and product is:

1/2 12\ 1/2
(x+y12) = 3" (52 +3/%)5"% = x2) + (y2).
i
At the same time, in order to obtain a coherent reduction to the Minkowski norm, the

product of two vector sums has to be structured in the formldddamard product, that
is, just dropping the cross terms while keeping the diagonal ones:

(x+y)t+uw) = (xt) + (yu).
With these definitions the Minkowski norm of a sum is preserved as can be easily deduced:

(X F=YXHY) = (xx) 4 (yy) = (X) +(y) = (x+Y),

and the product of two linear combinatiomestricted to possess an equal number of terms,
can be handled in the following way, using again the Hadamard diagonal formalism:

P P
Xx=Y g Ay=Y Bib:
i i
P

P

(xy) =Y (ip)"*(abi) = Z[(aiﬂi)l/zZ(akibml/z}.

i i k

A final remark should be given, before we proceed with the study of the possibilities of
root scalar products in semispaces. One must insist that Hadamard products were originally
defined within infinite sums pairs of elemeff@9]. When described, as in the present case,
within sums possessing a finite number of terms, then the sum upper limit shall be the same
in both factors. Otherwise the product is not feasible.

3.6. Angles subtended by two vectors

Root scalar products and Minkowski norms can be joined together in order to construct, as
in the classical Euclidean way, the cosine of the angle subtended by two semispace vectors.
To grasp such a goal, we only need the following practical definition, based on Minkowski
norms and root scalar products as defined beforehand:

vx,y € V(RY) Ax e S(@), y € S(B):

_ ~1/2 vy — (xDy@
Cosp) = iz = @BV 0y) = Py D).
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Such a classical definition demonstrates again the coherent result that, under the present
semispace description, the angle subtended by a pair of semispace vectors, even if they
belong to different shells, can be established within the unit shell by the root scalar product
of the unit shell vectors. In order to stress the different nature of the cosine defined here
from the usual Euclidean algorithm, the present cosine computation will be namedthe

or Minkowski cosine.

3.7. Minkowski metric properties

Minkowski products possess a set of interesting properties, which will be discussed in the
following sections.

3.7.1. Minkowski product fundamental property involving unit shell vectors

There is still a point to be demonstrated, which can be postulated in the following way:
X,y € S(1) — (xy) < L

A straightforward demonstration of the previous inequality can be put in the following
terms. Given two arbitrary vectors of the unit shglly € S(1), then one can suppose that
both unit shell elements are constructed by means of the*rules {u?} andy = {v?},
just to fulfil: (x) = (y) = 1. Using generating symbols we can simply wikéu — x)
A R(v — y), and the unit shell association of both generated vectors can be symbolized
by the convex conditionsK (x) A K ().

The setdu;} and{v;} can always be found, the vector components in semispaces being
real positive definite scalars. This also becomes the same as considering that the generating
vectors,u = {u;} andv = {v;}, are normalized in the Euclidean space sense:

uu=vliv=1

This can be always stated because, for example:
uu=>"uf=) " x=x=1
1 1

can be directly written and an equivalent relationship holds relating the components of the
other chosen vectogsandv.
From here, recalling the well-knowschwartz inequality in Euclidean spacdg400]:

()% < (W) (V).

which, in this particular case where the involved vectors are normalized, permits us to
finally write:

u'v<l

4 sucha procedure has been formally descrii8éd101,102)with the use of aenerating symbol: R(u — X)
= {Xx = u * u}, where the inward matrix product is explicitly written. This kind of symbolic form can be easily
extended in order to connect Hilbert spaces and semispaces, one just has to remember the construction of density
functions with squared modules of wave functions.
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As a consequence, the scalar product used here can be written as:

(xy) =Y (ryp"? =Y uw=u’v<l
1 1
Thus, the root scalar product obtained with a pair of arbitrary vectors of the unit shell
is always less or equal to one, and consequently behaves as a cosine, inducing the same
behaviour into the previously defined root cosine.

3.7.2. A property of the elements of the unit shell vectors

It is interesting to know a general form of this cosine definition based on root scalar
products, when one of the vectors involved in the root scalar product is the unity vec-
tor, 1 = {1; = 1}, already described. Such a vector in aviydimensional semispace, in
order that it is forced to belong to the unit shell, has to be written with a normalization
factor N~1. Then, choosing any unit shell semispace vector, defined for instance as:

z={0) eSSV~ @)= 0=1
I

it produces the following root cosine, when confronted with the unity vector:
cogp) = (z(N711)) = N~Y2 Z 911/2.
1

According to the previous discussion this particular root cosine expression, as obtained
above, has to be less than or equal to one. From here, one can deduce that the unit shell
vector components in any-dimensional semispace will fulfil in any case the relationship:

D07 < N2
1
The unity vector used twice within this argument will allow the equality to hold.

3.7.3. Positive definite structure of Minkowski metric matrices involving two unit
shell vectors

The property(xy) < 1, associated with unit shell vectors and demonstrated above, can be
used to build up a particular proof of the positive definiteness of metric matrices involving
two vectors ofS(1). Assume two linearly independent unit shell vectorss € S(1). The

root metric matrix associated with both vectors can be written as:

(3 %)= 2
xy) 1 p 1)
The characteristic polynomial, and its roots, of such a metric matrix is simply:

1-» p |_ 2 2 _
Det[ ) 1_J_(1—x) -p°=0 = Ar=1+4p.
This proves that being the root scalar prodyet< 1, because the vectors have been
chosen linearly independent, then, the two possible eigenvalues will bear the property:
A > 0. Thus, the root metric matrix associated with a couple of linearly independent unit
shell vectors is positive definite.
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3.7.4. Linear independence of unit shell vectors

Here a remark must be proposed, concerning the unit shell elements and, by extension,
implying the elements of any shell. By construction, the vector pairs of a given shell are
linearly independent. This can be proved by using the fact that Minkowski norms of all
shell components are equal. Then, there is no séalgr 1 for which two vectors, say

X,y € S(1), fulfil x = Ay. This is so, becausg) = (Ay) = A{y) —> 1 =A.

3.8. Positive definite nature of root metric matrices

In order to get a hint about the positive definiteness of root metric matrices of arbitrary di-
mension, one can also employ the argument consisting in the following reasoning. Suppose
a set ofM linearly independent vectors belonging to some vector space is known:

={z1,22,...,zy} C V(R),
such that their inward product generates another set:

={X1,X2, ..., Xy} > VI. X; =27 % Z; —2[12].
Euclidean normalization of the sgtis equivalent to Minkowski normalization of the s€t
as can be easily proved:

VI 1— Z1|Z1 ZZPI_ZXPI_ X[ —>X1€S(1)

S0, using this construction, the sétC S(1). As the setZ has been chosen linearly in-
dependent, then the Gram matrix of the 8etG = {g;; = (z/1z;)}, is positive definite:

G > 0. However, the matrix constructed with the root scalar products of the parexif set
can be manipulated in such a way that:

R:{}"IJ:(X]XJ>}—)VI Jrry = (XiXy) Z(XP])CPJ)]'/Z

= Z(z%,z%,)l/z = ZZPIZPJ =(z1lzy) = g1s
P

P
= R=GAR=>0O0.

Then, as a unit shell subs#&t can always be supposed to be generated by a set like the
setZ, one arrives at the conclusion that a root metric matrix over a set of unit shell ele-
ments will be positive definite, or at least that, when the generating vectors are not linearly
independent, it will be non-negative definite.

3.9. Root distances in vector semispaces

From the previous definition of the root scalar product, it is almost compulsory that an
associatedoot or Minkowski distance definition be also proposed. This can be done again

by inspection of the classical Euclidean definition, while substituting the usual distance
elements by the appropriate Minkowski ones. After scaling by two, the following rule can
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be used, despite the need of using a difference in a strictly positive definite set:

1
d(X,y) = §(<X) +(y)) — (xy).

Now supposing that € S(x) Ay € S(8), the algorithm, which takes into account the shell
structure in semispaces, is easily deduced:

d(x,y) = %(a + B) — (@p)M3xDyD),

and, using the definition of the root cosine of the angle subtended by both vectors, the root
distance can be also written as:

dxy) = = — (ap)/?
Y) = 5@+ ) — («f)”" codg).

This proves that, under the proposed definition, root distances in vector semispaces can
be computed over the unit shell with tlaeithmetic mean shell value as origin and the
geometrical mean shell value as scale factor.

3.9.1. Root distance properties

Also, the root distance symmetry obviously holds, that is:
d(x®,y®) = d(y@ x®).

The following property must also be noted now, when both vectors are equal:
d(x,x) = a(1 - xPxD)) = a(1- (xP)) =a0=0.

The interesting result must be also noted which appears when two homothetic vectors,
related to the same unit shell vector, are studied:

d(x@, xP) = %(a + B) — (@p)Y2xDxD) = %(a +8) — (@p)¥2.

This result may be taken as a constant, connectingrasiyell with anotheB-shell. One

can, then, speak ofshell root distance when referring to this quantity. As arithmetic means

are always greater than or equal to geometric means, then this statistical property assures
the positive definite nature of shell root distances.

The same root distance positive definiteness property holds as well in the general algo-
rithm involving any pair of vectors, as the root scalar product or the equivalent root cosine
within the unit shell are less than one. Then one can write, in general, that the positive
definiteness of root distances is fulfilled:

d(x@,yP) e RT.

There is no proof by which thigiangleinequality [100] generally holds within the root dis-
tance description. We can easily find a counterexample, involving for instance the shell root
distances of three different collinear homothetic vectors, proving that the root distances in
this casedo not fulfil the triangle inequality. Thus, perhaps one can speak al@ametric
definition in the present root distance case and in further generalizations, employing this
word to represent the distance axioms when void of the triangle inequality.
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3.10. Generalized root scalar products and distances

It is interesting to study, besides the highlights and limitations of both semispaces and
their natural root operations, if such algorithmic definitions can be associated with more
than a vector couple. Such an aim is unusual in Euclidean spaces, although some attempts
have been made recent]96,98] within other ideas, just to provide a prospect of open
computational horizons in the field of QS descriptors.

As has been previously described, various QS measures involving the density tags of
several quantum objects can be compyg3j101,102] One of such possible definitions is
the so-calledriple density QS measures, where three quantum object density functions are
involved in the measure computation. Such measures involving multiple quantum object
tags are not unique, due to possible alternative definitions of the density funitiesis
Because of this lack of uniqueness, several possible forms have been put forward (see,
for example [96,98)) although the most straightforwardly defined triple density measure,
associated with the integral of a triple product of first order density functions, is the one
which has been employed several tinie33,104]

3.10.1. Generalized root scalar products involving several vectors

Now, the structure of the root scalar product is such that it can be also naturally generalized
into a form involving an arbitrary number of vectors. In order to obtain a general algorithm
for a root scalar product, assume a set of vectors of some semispaee,{x;}(I =

1, P) C V(RY), defined in such a way as allowing each of them to belong to an arbitrary
shell, that is¥I: x; € S(a;) C V(R™). A root scalar product of order P can be defined

over the se by means of the algorithm:

p 1/P
(X1X2...Xp) = Z(X11x12~~-x1P)1/P = Z(H XIJ> .
I J=1

1

Taking into account the above definition, the already discussed root scalar product corre-
sponds to a second order algorithm. In any case and up to any order, the root scalar product
reverts to the Minkowski norm when the involved vectors are the same. Also, it is trivial to
see that the root scalar product bears permutational symmetry, and thus is independent of
the order of the factors.

Besides, the following property is also trivially demonstrated:

)@ D1/ P
(X1X2...Xp) = (a102... OéP)l/PZ ;1) 52) 513)) /

1,1 1
= (alaz...ap)l/P<x( )Xé ) .Xg))),

which shows that the root scalar product can be referred to the homothetic unit shell vec-
tors, while scaled by the geometric mean of their shell values.
3.10.2. Generalized root distancesinvolving several vectors

It is straightforward to construct a generalized root distance. Owing to the previous dis-
cussion and the second order formalism discussed above, we can writettbistance of
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order P as:

P
1 P, D L) D
d(X1X2 ... Xp) = F(XI:O”> — (@102 ..ap) P (XX x5,

Thus, we produce a computational structure with the same properties as the second order
root distance previously discussed.

3.10.3. Proving the fundamental property of generalized scalar products involving unit
shell elements

Moreover, if the following conjecture can be admitted to hold for any number of semispace
unit shell vectors:

D,@ @
(7% xp’) <1,

then, not only will this ensure the positive definiteness associated with the root distances
of any order, but it also will permit us to define a kind of generalized root cosines of the
pseudo-angle subtended byP semispace vectors. To illustrate this affirmation one could
write, mimicking the second order result:

DL 1
cogPp) = (x(l)x(z). .XED)).

In order to demonstrate the above stated conjecture, consisting in the root scalar product
of an arbitrary number of unit shell vectors being less than or equal to one, assume a set
of unit shell vectors with the superscript dropped to simplify notation:= {x;} c S(1).

Then, the following equalities will be associated with the elements of thE:s€k; € X:

(x7) = 1. Keeping this in mind, one can recall the definition of the root product involving
the elements ok, supposedly associated with a cardinalty

1
1/P
(X1X2...Xp) = Z()lexj'z...x./p) /P < Z[?(le—i_sz—}_ +ij):|
J J

= %[szﬂ] = %Z(x,) = %P =1
I 1

Then, in this way the less than sign part of the conjecture is simply proved. We just needed
the already employed argument, consisting the well-known property of making geometric

means less than arithmetic means, and this property, holding for each term in the sum,
produces the global result. Such a property involving the arithmetic—geometric means has
an exception when all the terms are the same. In this situation equality will hold between

both means, even if this is not the most interesting case. It is obvious that under this cir-

cumstance the property:

vx e S(1): Z(x]x] PP = Z 1/P ij =X =
j

will be found. Then, it has been proved that in any situation the root scalar product, involv-
ing an arbitrary number of unit shell vectors, will always be less than or equal to one.
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3.11. Inward matrix structure of generalized root scalar products

It has been proved that the cornerstone of semispace metric can be associated with the root
scalar product of an arbitrary number of vectors, belonging to arbitrary shells, which can
always be associated with the product of the homothetic unit shell parent vectors. This is
so because it has been proved that, when all vectors in the root scalar product are the same,
then the Minkowski norm is recuperated as a result. So, the scalar product is involved in
the same manner in order to describe root cosines of the subtended pseudo-angle and root
distances as well. Keeping these considerations in mind, then it is straightforward to write

in the same way as it was set for the second order root scalar product:

X={x}I=1P) CcVR")—

(X1X2...Xp) = Z(x11x12 .. .x1p)l/P = ([Xl * Xo %k - % Xp][l/P]>.
1
Here the last expression present within the matrix elements sum corresponds to the inward
matrix power of the inward matrix product involving the vectors of theXseind is defined
accordingly as:

[X1 % Xp % - x Xp | Pl = {(xllxlz. . .xlp)l/P}.

4. DISCRETE DF FORMS AND RELATED QUESTIONS

The following section sets the mathematical structure to show that any discrete DF has to be
accepted as the usual, practical, computational tool, related with the quantum mechanical
use of the DF as a source of QO information. Discrete DF’s appear when practical numeri-
cal uses of the quantum theory are sought. In this case, finite-dimensional subspaces of the
functional infinite-dimensional space have to be used to construct practical DF structures,
and then discrete DF forms can be defined and evaluated. S@cBdyives a previous
simplified account of this occurrence. A possible way to obtain such discrete DF forms can
be based on the definition of QSM within the elements of a QO set. The development given
below will provide details of this question.

4.1. Quantum similarity measures involving two QO

The first precise definition of QSM was proposed several yeardHioActually, any
QSM can be made by an application of the direct product of two, or more, QO tags, be-
longing to some QOS, into the set of the positive definite real numBer§29].

To start developing the necessary basic conc&aBnition 9presents a general basis of
QSM. On the other hand, in the simplest way and from a practical point of view, a QSM is
defined involving only two QO{£24; £25}, and then using their tags in terms of quantum
mechanical DF: p4; pp}. Finally, a way is structured to connect the involved DF by means
of a chosen positive definite operat&r, through the volume integral:

ap(2) = / / a2 1: 12)pp(r2) drydra. (14)
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Equation(14) has been used as the computational starting point to practically implement
QSM calculations. Several QSM variant forms have been defined. For instance, substituting
the positive definite operata®, in equation(14), by the Dirac’s delta functiors,(r1 —r2),
anoverlap-like QSM is obtained:

ZAB = /PA(r)PB(r)dr- (15)

Similarly, when a Coulomb operator is employed in equatioh), $2(r1; r2) = |[r1—ro| 71,
a Coulomb-like QSM appears to be connected with the integral form:

aap(r™?) = // pa(rD)lrs —ra| top(ra) dridr. (16)

A QSM z44, involving only a unique QO tag, is usually calledQaantum Self-Smilarity
Measure (QSSM) and can be written as:

74A(22) = // pa(r)2(r1;r2)pa(ra)dridro. (17)

Other operators can be employed instead of the previously described ones, even another
QO DF tag can be used for this purpose, produtiige density QSM’'s [60].

In any case and whatever choice is made, QSM defined in these particular ways can
be interpreted as generalized volumes and they can be easily connected with quantum me-
chanical expectation valuga3,24], see Sectiob below. Other alternative QSM definitions
are possible, and throughout its historical development, quantum similarity has become an
extremely flexible and general theoretical tf29—33,35,36,61,98]

4.2. Similarity matrices and discrete QOS

Smilarity matrices (SM) are obtained when a QOS is studied and some kind of QSM is
computed among the involved QO. After construction of an SM, then the corresponding
elements can be used as a new set of tags to describe in a discrete environment the QOS
anew. A simple definition gives the basic ideas, which can be used for this purpose.

DEFINITION 14 (Smilarity matrix). Given a well-designed QOS, constructed according
to Definition 8 the collection of QSM involving all the QO pairs can be ordered in the
form of a symmetric matrixZ = {z;;}. Such an ordered array is calle@anilarity matrix
(SM).

Any SM can be partitioned in terms of its columns (or rowshat is:

Z=(21,20,...,2N) = {21}, (18)

where every column corresponds to a precise QO, belonging to the studieb@6%63]
Thus, if 24 is a given QO ang, is associated with its DF tag, then the corresponding
column of the SMgy4, is in correspondence to thig4 QO DF tag, and can be consequently

5 The usual convention consists into performing a column matrix partition. However, later on, a row transfor-
mation will be also used. Whenever appears important to describe which one of the two possible vector forms is
adopted, then bra-ket formalism will be used to note the difference between row and column vectors.



152 R. Carbo6-Dorca

considered as a discrete QO representation. This situation may be written symbolically as:
24 < pa < Z4; 0r, in a better way asi24; pa) < (£24; 24), taking into account the

QO structure, made by the ordered pairs like (quantum system; DF). In this manner, the
QSM collection of any chosefth QO with respect to all the elements of the QOS, defines

a discrete set oV-dimensional tags{z;}, N being the cardinality of the QOS, which can
substitute the former DF tags.

DEFINITION 15 (Discrete QOS). A discrete QOS (DQOS), of the same cardinality as an
original QOS, can be constructed in this way: the Tagged Set objects are the same quantum
systems of the QOS as before, but the columns or rows of the SM, substitute the former
DF Tag Set elements.

From this last definition, the next one is easy to formulate:

DEFINITION 16 (QO point cloud). The set of DQOS discrete tags naturally define a poly-
hedron inN-dimensional space. The DQOS Tag Set, for obvious reasons, can be called a
QO point cloud [29-33]

This ends the simple conceptual framework where discrete QOS can be made. In the
next sections several developments will be presented. One of the most appealing is the
description of stochastic matrix structures, which can be made from plain SM, just by
using an elementary transformation.

4.3. Stochastic transformations of QSM

The computation of SM over a QOS providing a new DQOS structure, as discussed above,
produces a set aV-dimensional tags, which can be associated with the original infinite-
dimensional DF tags in several modes.

Despite the strict positive definiteness of the SM column (or row) set elemien}s,
which appear as a consequence of the QSM definition presented in eql4dfjiche con-
nection between th& -dimensional tags and the DF is not immediately evident. However,
it can be deduced after taking into account the nature of the involved DAt&giswhich
can be considered in turn either as PD functions or projection operators. The present sec-
tion will present an SM transformation, producing a new collectioN afimensional tags,
which are provided with such a structure that they can be considered to form a discrete
probability distribution. This possibility shall be expected as a plausible outcome of QSM
theory, due to the quantum mechanical origin of all the QO tags employed so far.

N-dimensional quantum SM columns (or row§;}, or, simply, their elements, are
made, by construction, of strictly positive definite real, in computational practice rational,
numbers. This characteristic property can be summarized again, saying that the set of the
SM columns or rows, the molecular point cloud, belongs to a \(88:C vV (R™), that
is: the SM is a strictly positive matriZ > 0.

It must be noted, for example, that the QO point cloud, defined by the DQOS tag set
elements and commented on a few lines ago in the previous sectiorDeimition 16
provides a characteristic set of points: the QO point cloud. They belong to Sedimen-
sional VSS, because due to the nature of the QSM definition strictly positive humbers
constitute all their components.
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The VSS structure in general and, in particular, the construction of SM precludes that,
in any case, the sum of every SM row (or column) elements is a positive real number,
for example:(z;) = Y, z;; € RT. These sums can be used as row (or column) scale
factors in order to trivially obtain a new row (or column) set belonging to the same VSS,
i.e.s; = (z;)~1z;, but possessing the imposed form of a discrete probability distribution.
That is, the following equalities can be easily written:

(s1) = ((z))z1) = (@) M) = 1.

So the following definition is easily made:

DEFINITION 17 (Stochastic similarity matrix). The set of theN SM based rows (or
columns):S = {s; = (z;)"1z;}, ordered forming a squargV x N) matrix S, produce
a non-symmetristochastic similarity matrix [63] as a result.

A trivial, compact way to produce th®w stochastic matrix is to first construct the di-
agonal matrixP, whose elements are made by the sums of row (or column) SM elements:

D = Diag((z1), (22), - .. (zn)), (19)

and then produce the matrix produst= D~1Z. In the same manner,aalumn stochastic
matrix can be defined straightforwardly by computing the transpose of the previous def-
inition: S = ZD~!, where one must take into account the symmetrical structure of the
original SM.

The row{(s;|} or column{|s;)} stochastic sets, being associable to a collection of dis-
crete probability distributions, may be even better connected to the DF tag setf the
original QOS, than simply the rows or columns of the attached SM.

DEFINITION 18 (Discrete stochastic QOS). When combined with the microscopic sys-
tems belonging to the object s€t2;}, of the original QOS, the row{(s;|} or column:

{|s7)} stochastic vectors can be used in either of both forms as forming a tag set to create
an attached tagged set, which can be callBilsarete stochastic QOS (DSQQOS).

For instance, taking into account the same considerations as those used before, see Sec-
tion 4.2, when previously discussing the nature of the SM rows, the connection between
the original QOS elements with the stochastic matrix ro@s;; p;) < (£2;; (st1), VI,
defines the elements of a DSQOS.

Such newly formed tagged sets, in the same fashion as the formerly constructed QOS,
possess tag parts which can supposedly bear a probability distribution, contrary to the
DQOS defined through the columns or rows of the associated plain SM.

4.4. Matrix representation of density functions

In this section, first order density matrices are viewed as Hermitian operators and thus
their matrix representation is sought. Then, once the molecular density function matrix
representation (DMR) is computed, for every molecular structure in a well defined state,
such a matrix can be seen as a discrete representation of the corresponding state density
function. Such a representation may be used afterwards to compare quantum objects. In a
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molecular collection a set of DMR acts as quantum object tags, so in this way molecules
and DMR attain the structure of a tagged set. Comparison of the DMR tags can lead to
guantum object similarity measures, where if the objects are molecules the superposition

could be avoided. This possibility demands the definition of some sort of metric between
the elements of matrix spaces of different dimension.

4.4.1. Diagonal elements of the density matrix

Suppose the diagonal elements of the first order density matrix are defined within the
LCAO MO theory as:

p(r) = ZZDaﬁ|a )(Bl = ZZDaﬁxa(r)xﬁ(r) (20)
where{|a)} = {x(r)} is the set of monoelectronic basis set functions.

4.4.1.1. Matrix representation.  As the first order density functiof20) can be viewed at
the same time as an operator, its matrix representation could be written as:

P= {P;w =/x§(r)p(r)xu(r)dr}. (21)

A simple form of equatiorf21) can be immediately deduced because the density operator
matrix elements can be expressed, after using definffi@hin equation(21)

Py = [ XEMp M) dr =Y > Dug f X xa X OxuM)dr.  (22)
o B
However, the fourfold overlap integral:

/x;(r)xa(r)xg‘(r)xu(r)dr = (napv) (23)

becomes nothing else than the well-known overlap self-similarity basic building blocks.
In this manner, the matrix elements of equat{@h), can be written:

Puy =" Dup(uapv). (24)
a B

4.4.1.2. Mulliken approximation. The Mulliken approach can be used in the defini-
tion (24) to obtain the elements of equati¢®¥)in simpler integral forms, that is:

(napv) = Sﬂasﬁv[maﬁﬁ) + (@avv) + (LuBB) + (nuvv)],

where the integral&xa88) and so on, are nothing else but the overlap integrals of the basis
functions squared modules:

(cafp) = /|xa<r)}2!x,e<r>|2dr.
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4.4.1.3. ASA approximation. This last result suggests that, instead of the Mulliken ap-
proach, one can also substitute the AO basis set by an Atomic Shell Approximation (ASA)
expressioni50], see SectionS.1 and 5.below for more details. In this case, the first order
density function becomes:

PN~ D" Qapall —ra),
A

where{Q 4} are atomic density condensed charges{andr — r 4)} atomic density func-

tions centered at the poinfis4 }, which can be associated with linear combinations of fitted

s-type functions as usually used in ASA theory. The DMR can be reduced in this case to a

vector with the dimension equal to the number of atoms in a given molecule, using:
p={ps}

and defining the vector elements as:

pr= fp(f),ol(f —rpdr
=> 04 / pa(rt =t a)pr(r =) dr = Qalpaps). (25)
A A

So, under the ASA theory the integrals required are to be computed-daype orbitals
only:

(pap1) = wazw{ﬂsg‘(r —rw)|fsia —rp|Par.

acA iel

This can be written in terms of a matrix containing the overlap integrals:

S = {s;/ _ /|s;:‘<r —r)fsf - r1>|2df}
and, furthermore:
(papr) = (wh[SH|w/).

The set of vectorp, defined in this way, are elements of a vector semispace as their
elements will always be positive definite real numbers.

4.4.1.4. Atomic DMR. The ASA idea can be combined wid initio density matrices,
simply taking into account that the density function can be rewritten as a sum of atomic
contributions:

p() =" pa() = pa(®) =Y Y Dapxa()xj(): (26)
A aeA B

then, it is straightforward to construct a vecfotike in equation(25), using the atomic
density definitions as constructed in equat{@f) as basis functions for the DMR. Subse-
guently, we obtain for each component:

pi= [ eOodr =Y [ oa®pi@rar =Y toarn (27)
A

A
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so each element is reduced to an easily defined sum of terms:

(pap1) =YY Dag Y Y Das / X (D)X (D) 0 (N x5 (1) dY

acA B kel X
= Z Z Daﬁ Z Z Dkk(ﬁa)\/()
aeA B kel X

using the fourfold overlap integral definition as previously described in equgn
An alternative possibility is to construct a matrix representation, like:

pry ={pipJy),

but this choice will not possess the mathematical background which can be attached to the
vector definition(27). However it can obviously be considered the metric of the atomic
density set{p;}, within a given molecule.

4.4.2. Off-diagonal elements of the first order density matrix

Alternatively, one can employ the corresponding off-diagonal element of the density matrix
in expressior{21), then:

P= {P;w =ff X (r)p(ra; rZ)Xu(rZ)drler}
in this context one will have:

Py = // X, T r2) xu(r2) dradra

=YY Dup /f X (T Xa (M) X5 (r2) xu (r2) dridra
o B

= ZZDaﬂ/x;(roxa(rodrl/x;(rzm(rzmrz
o B

=YY DupSuaSpy = [SDYu0.
o B

So, the DMR becomes the symmetric product:

P =SDS

In this case the DMR can be written as a new charge and bond order matrix. Defining a
new set of vectors:

f, = Sc, (28)

then
P=> @fff.

This construction has the disadvantage of being constituted by sums of tensorial column
vector products. They are Hermitian but positive semi-definite.
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The matrix whose columns are the transformed ved2Bs
F=(fyf...if)
has the following property:
F=SC— F'F=C"S’C AFF" =SCC'S,
but as the original MO coefficient matrix is orthogonal with respect to the AO metric:
ctsc=1-st=cct,
one arrives at the conclusion that:
FFf =S
and at the same time that:
CF'FCtT = I ACTFFTC =1.
Also, it can be said that:
CtTF=C*fSC=I1AFfC=C"SC=l1,
FCT =SCC" =1 ACFT=CC*S=1.
So one can write easily that:
Ct=F1rc=(F) " o (C) ' =FrCt=F"
Thus, the transformed columns of mat@Xconstituting the columns of matrix can be
considered the system MO eigenvectors in a dual reciprocal space.
4.4.3. Thepractical use of the DMR

Given an arbitrary number of molecular structures: How can the associated DMR be used
in order to compare them, in the way the continuous function counterparts are employed
in molecular similarity? Such a question appears to be an obvious proposal of paramount
importance. In any case, vector or matrix representations of different molecular structures
will be of different dimension. The situation is well studied when dealing with vectors
belonging to the same space, but it is not so obviously defined when two objects of dif-
ferent dimension have to be compared. Thus, the problem inside the initial question has
to be reformulated as: How can two DMR matrices of different dimension be compared?
Then, it is easy to pose the required question in a general, mathematical way as: How can
one compare elements of two or more matrix spaces of different dimension? Formally the
guestion can be stated with:

Vx e Vy AVy e Vy — A(x : y) e RT?2 (29)

where the symbolx : y) is employed in equatio(29) to denote any kind of comparison
involving the vectors: andy. Suppose tha¥ > N, then itis perhaps possible to define a
linear operatoP, such that:

P:Vy — Vn.
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Admitting that the lower dimension vector space will contain the images of the vectors of
the higher-dimensional space upon application of the linear operator:

Px) = xwvy € Vn,

then, it is always possible to compare two elements belonging to the same space, and one
can envisage next the choice of the algorithm leading to the comparison:

(P&x) :y) = (xvy = y).

The problem now stated is how the linear operdocould be defined. An immediate
possibility to solve it consists of the construction of an overlap matrix relating the ASA
s-type functions of both molecules, say:

S {Su ;b /3}
referring to moleculed with atomic centerg and functionsy centered in atora. Where
there areM atoms in moleculed and N atoms in moleculeB, then the overlap matrix:
SAB will certainly transform vectors from one space into another. When knowing two
DMR vectors{p,; pp}, associated with a pair of moleculgasand B, respectively, one can
write:

(Pa : pg) = p;S*Bps. (30)

However, the structure of this comparison type will depend on the relative positions of
the atoms of both molecules, because the ma&fiZ elements depend on the relative
molecular positions. This fact is the point which one is trying to avoid; otherwise the com-
parison(30) will possess the same intermolecular relative position dependence as in the
superposition optimization encountered in the evaluation of quantum similarity measures.

Now the crucial question can be formulated as: Can we define at all a possible matrix
structure, which provides an equivalent result as the m&#t#, without depending on
atomic positions? If such a projector or linear transformation can be described, the problem
will be solved.

4.4.3.1. Redundant solutions. A simple solution could consist of substituting the overlap
matrix by some standard constant matrix, like the unity mafirix: {1;; = 1}, however,
the construction of a few examples shows how the resultant comparisons can become quite
redundant.

Another highly redundant solution may be associated with a tensorial product of the vec-
tors to be compared. An hybrid scalar product can be composed by the tensorial products:

Tap=pPa®@PpATes =P P4, (31)

followed by a complete summation of the resultant matrix elements:

TAB = ({TaB) = (Pa @ PB) Atga = (Tpa) = (P ®Pa).

The couple of scalars could be employed afterwards as generalized scalar products, but one
must note that, for instance:

TAB = (Pa ® PB) ZZPA iPBj = <ZPA l>(z PB,j) = (Pa)(pB). (32)
J
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then, it is obvious that the following equality will hold:

TAB = TBA-
Although the crossed products of the matri¢g8$) may lead to better comparison struc-
tures, it is also easy to show that:

Raa =TapTra = (PB *PB)(Pa @ Pa) A

Rpee = TpaTap = (Pa *Pa)(Pr ® PB)
so the resultant matrices are still more simple than the preceding ones. Furthermore:

(Raa) = (pB *PB)Taa A (Rpp) = (Pa *Pa)TBB.

The use of the preceding matrices and of the sums of their elements will lead to highly
redundant comparison measures. For instance, in case one tries to define a squared distance
as:

dig = ((Pa — PB) ® (P4 — PB)) = Taa + 8B — 2TaB
however, taking into account the definiti(82), one can also write:

d3 5 = (pa)? + (p5)% — 2(pa)(PB) = (Pa)? — (PB)% = Tan — TBB.

4.4.3.2. Averaged submatrices. A completely different approach solves the problem pro-
visionally, but further research should refine the procedure or lead to other more sophisti-
cated and accurate algorithms. As a starting point suppose two column vgziorss}
possessing dimension®t > N, respectively. They can be reduced to the same dimension,
2 say, with the following algorithm:

M-1

Q= (rAi) = R} (pa) = WMZl f: (”A ) =Wy ((%— i)p"’i) (33)
A T - .
a2 i=1 j=i+1 i=1 Zj:H—l PA.j
with the averaging weigh defined as:
W=2(MM —1)". (34)

The same procedure can be used over the v@gfpteading to a two-dimensional vector
(2) RN(pB) Now, for example, one can write the comparison in a cosine-like fashion:

R L R R )
or alternatively in an Euclidean distance form:
©a o) = (2 wr @) (12 00 P) = 22 40 D)2 (36)

The average represented by equatf{®8) corresponds to a linear operator transforming
someM -dimensional vector space into a bi-dimensional one. It is easily found tfpatdt
are M-dimensional column vectors and, 8} two arbitrary scalars, then:

RY (ap + Ba) = «RY (p) + BRY (q).

Similar definitions to the bi-dimensional ones in equati(8%)—(36) can be easily gener-
alized to three or higher-dimensional transformations.
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To obtain such a general dimension reduction formalism, one has just to take the
("A’]’) combinations ofM indices takenW by N without repetition, then construct av-
dimensional sub-vector containing the corresponding index combination of the initial vec-
tor elements, summing up all the resulting sub-vectors, averaging finally the result with the
inverse number of combinations. Using a nested summation symbol, see Settione

can write:

Piq

-1
Ny _ pMon _ (M N 2
r') =Ry (p) = <N> ;(I)F(I) ek (37)
Pin
where} " (i) is a nested summation symkaD] formed byN sums.F (i) is a filter leaving
overall the generated possible index vectoes: (i1, i2, ..., in), only those corresponding

to the needed combinations; that is, one can wiit@) = §(i1 < i» < --- < iy), Where a
logical Kronecker’s delti[40] is employed within the filter definition. The reduced vectors
of typer ™ can be then compared with avdimensional vector.

However, the resulting comparisons:

Pa: PR A (pa:pp) (38)

will possess a quite annoying drawback: As the involved vectors are dependent on the
ordering of the atoms in the respective molecules, then the meg8&esill not be in-
variant upon molecular atomic indices reordering. And this will not be overridden by the
dimension reduction; the non-invariance could even be enhanced by the use of a linear
operator(33).

A possibility to take into account is that the optimal match between both vectors will be
obtained when the following conditions are met:

(N)
C

maxps : Pp)¢ AMin(pa ; pp)Y, (39)

where the vector indicates any permutation of the dimension of both involved vectors.
From this point of view the search for the best matching appears as a discrete counterpart
of the molecular superposition problem encountered when computing quantum similarity
measures. The amount of work involved would not be as overwhelming as the molecular
superposition problem. Forcibly, in some cases, redundant solutions may be met, but then
it will be a matter of choice to accept one or another atomic ordering.

4.4.3.3. Optimization algorithm. Certainly, a brute force algorithm in order to choose

the proper atomic ordering should test all the possidléndex permutations, making it al-

most impossible to apply the algorithm to molecules with reduced vectors still possessing a
dimension larger than 10 to 12, depending on the available processor speed. A massive par-
allel computer allows us to arrive at higher dimensions, but in a good guess a computation
of no more than a dimension around 20 could be reached, unless a special computer is de-
signed to cope with this numerical explosion. Even so, the impractical growing rate of the
permutation number seems hopeless. However the problem can be stated, as €8@)ation

6 A logical Kronecker deltd (L) is a generalization of the Kronecker symidgl, whereL is a logical expres-
sion, then whenZ = True — §(L) = 1 A L = False— §(L) = 0; one can consequently writg;; = §
=5
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shows, as a mini-max one, thus this may make the development of game-like algorithms
to solve the discrete superposition problem easier. As the vector norms remain invariant
upon index permutation, the problem remains one of obtaining a maximal scalar product;
that is, the optimal problem can be limited to solve the optimal problem-ftimensional
reduced vectors:

max R, (p4) * R, ().

in complete parallel with quantum similarity measure optimization. Of course, lower-
dimensional reduced vector problems will be easily handled with a total permutation su-
perposition. These results connect without doubt quantum similarity with discrete density
matrix representations, but also the optimal discrete reduced vector products connect the
theoretical discrete similarities with the procedures described several years ago by Avnir
and coworker$42].

4.4.3.4. Smpler representation. In case the reader wants an easer framework, then the
one provided by the density function itself may be sufficient as a starting point for molecu-
lar description. Indeed, it has been described that easily constructed, appropriate projection
operators can project the density function into atomic or fragment parts, which in turn sum
up into the initial density. Taking the expressi@d), and defining the atomic projectér:

=3 Sl
nel v

then it is easy to see that the partial density associated with the considie@om can be
obtained as:

Pr(p(n) ZZDaﬂZZS,w ) {(vler) (B]

nel v
—ZZDaﬂZIZ%aIM (8l = ZI;D upli0) (B1 = pi (1)
ne v ne

and in summing up the atomic projectors of a moledudl¢he unit operator is found:

ZP,:I,

IeM

then it is obvious that:
> p1r)=p(n).
1

Thus, one can construct a vector, which contains as elements atomic densities, so:

p1
o) = | P | =tor} = (10)) = p- (40)
PNy

7 Such a projector definition has been recently employed to set the quantum mechanical basis of atomic charges
and bond indicefl10,111]
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Integrating the vectof40), we obtain a charge vector attached to condensed density into
atomic fragments:

Jp prdr 01
Q= [orar = | Jorzar | = | €2 | —(0n > @=Y 0=,
) ,
poNAdr Ony

N being the number of electrons in molecMg as the elements of the vect@rare nothing

but Mulliken’s gross atomic populations. Thus pairs of atomic charge vectors, attached to
molecular pairs, can be employed for the same comparison purpose as before. Of course,
to the same extent atomic projectors can be added to define some molecular fragment, like:

Pp = Z Py.

IleFCM

The molecular vecto® can be made of fragments instead of atoms, and compared with
other vectors constructed in a similar way.

In an approximate way, one can consider tNdte M: Q; = Z; and proceed accord-
ingly in a kind of non-polarized molecular atoms way.

5. APPROXIMATE, GENERALIZED AND AVERAGE DENSITY
FUNCTIONS

DF can possess various structures, mainly related to the form they bear with respect to an
appropriate DF basis set. In this section some analysis of such a property and related items
will be done in reference to eDF.

It is well known[1-7] how eDF can be variable reduced. Integrating the raw eDF defi-
nition over the entire system particle coordinates, exeajftthem, produces arth order
eDF. The procedure may be schematized within the third stefdgufrithm 1 or as de-
picted in the generating rule @fefinition 2 This kind of coordinate or, which is the same,
random variable reduction, has been studied in many \id&ay# and will not be repeated
here.

In the practical implementation of QSM, a simplified manner to construct the first-order
eDF form[8] has been proposed and is named the Atomic Shell Approximation (ASA)
eDF. A procedure has been recently descrid@d with the necessary conditions to obtain
positive definite ASA eDF, and possessing appropriate probability distribution properties.

5.1. Convex conditions and ASA fitting

Definition 5in Section2.1 succinctly presents the structural details of first order eDF, and
connects their form with the ASA eDF. The ASA eDF coefficients veetos {w;}, must

be optimized in order to obtain an approximate function that is completely adapskd to
initio eDF. In order that these last conditions hold, therector component values are
restricted to lie within the boundaries of some VS&;(R™), seeDefinition 1, and its
element sum({w), seeDefinition 3 shall be unity. As commented previously, this feature
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can be cast into a unique symbol, which can be referred toragx conditions. K y (w),
applying over theV-dimensional vectow. Details can be found within the corresponding
Definition 6.

As commented iDefinition 5 the DF form shown in equatiof8) can be used to build
up new DF elements, while preservirg, (o) as set inDefinition 6. If w is taken as a
vector, assuming that = {p;(r)} ¢ H(R™) is used as a given set of homogeneous order
DF, and that convex conditiorisy (w) hold, then the linear combination:

p(r) =Y wipi(r) € HRY) = Koo(p) (41)

1

can be used to produce a new DF with the same order and characteristic properties as the
ones associated with the elements of themsdt can be said that convex conditions over
vector coefficients, affecting DF superpositions, are the way to allow the construction of
new DF of the same nature. Quite a considerable proportion of chemical computations, per-
formed over large molecular systems, are based on such a principle. A recenf5tsgjer

and its seque]50f] provide a complete up-to-date study of ASA eDF fitting and some
detailed analysis will be given below in Sectibr2.

On the other hand, the DF themselves may in general be considered as elements of a
VSS or, alternatively, as members of a PD Operator Set, which can be collected in turn
into another isomorphic VSS, whose elements may be PD Operators.

The most important thing to be noted in the context of PD Operator VSS, as well as
in the isomorphic VSS companions, is tdesed nature of such VSS, when appropriate
PD coefficient sets are known. That is, PD linear combinations of PD Operators remain
PD Operators. Discrete matrix representations of such PD Operators are PD too, and PD
linear combinations of PD matrices will remain PD in the same way. Identical properties
can be described using convex conditions symbolss if (o;); Vi} andK,, (w) hold, then
equation(41)is a convex function fulfillingk o (o).

A connection between these considerations on PD operators and functions and Diagonal
Matrix VS can now be easily made as previously discussed in Seztton

5.2. ASA and CASA

Although a set of recent papg&0] gives the complete details of ASA fitting, recent algo-
rithm developments and new atomic fitting tables will be of help to the readers interested
in applications of the ASA DE50f].

Essentially, the ASA fitting algorithm can be divided into three well-defined parts:

(a) generation of ASA exponents usiegen-tempered geometric sequencés4];

(b) coefficient optimization using aglementary Jacobi rotation (EJR) techniqu@49,50e,
50f];

(c) DF basis set exponent optimization using a Newton meféoj

In the present study only point (b) will be discussed, being the most relevant to DF analysis.
Several basis sets collections, already obtained in this way, can be downloaded from a www
site [66].



164 R. Carbo6-Dorca

Optimal sets of ASA coefficients and exponents are obtained by minimizing the func-
tion:

e® = / |o(r) — pASAM | dr (42)

which corresponds to the common definition of the quadratic error integral function be-
tweenab initio DF, p(r), and ASA DF,p”SA(r), eDF, subject to the convex conditions
K oo (p™S?) as described iDefinition 6

On the other hand, equati@¢f2) possesses the structure of an overlap QSSM, involving
the difference of the implied DRA(r) = p(r) — p”SA(r); see equatiolil5) to grasp this
fact. Thus, although the usual practice shows the quadratic error integral with the simple
overlap QSSM structure, there is nothing to prevent us defining a general quadratic error
form, weighted by a chosen PD operafa(r; r»), as in a general formulation of a QSSM
associated with equatiqi7), that is:

£@(2) = // ACDR(1: 12) A(r) dry dr.

Substituting the ASA DF defined in equatiffil)into the integra(42) and using matrix
notation, the functiom® can now be written as:
e@ =g +wlzw—2a"w, (43)

where:
6’=//ﬂ(rl)ﬂ(rl;rz)p(rz)drldrz

can be interpreted as ab initio QSSM over the original DF to be fitted. The elements of
the matrixZ = {Z;;} as well as those of vectar = {a;} are given, respectively, by the
integrals:

Zij = //|<pi(rl)|29(r1; r2)|<pj(r2)|2drldr2
and
ai = //"Pi(rl)|29(rl§ r2)p(ra) drydro.

The first set of integrals can be interpreted as QSM involving the basis set functions, trans-
formed into DF, and the second set can be associated with a QSM between the basis set
functions transformed into DF and the exact DF.

The ASA functions not only can be applied to QS measures calculation—see refer-
ence[122] for a recent example on antimalarial QSAR—but appear to be interesting for
initial HF procedures in molecular structures with heavy elemg#3], among other ap-
plications[124—126]

5.2.1. ASA coefficient optimization using elementary Jacobi rotations

The set of positive coefficients collected as a veoctor= {w;}, in equation(41) can be
defined as the square modules of some auxiliary vector compomreatét; }, which could
be called theyenerating vector:

2, Vi, (44)

w; = |x
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thatis:Ry (x — w), and in this way the convex conditiagty (w) could be easily fulfilled.
Moreover, because the matiixis PD, a unitary matrixJ can be found such as:

utzu =D,

whereD is a diagonal matrix with positive real elements, thatDs: > 0. The first step

in the procedure consists in diagonalizing the mafj)n order to obtain their eigenval-

ues and eigenvectors. Then, the initial coefficignig} can be made equal to the squares

of the most suitable normalized eigenvector of the mafrixacting as generating vector,
and consequently the required convex constraints are automatically fulfilled. Starting from
this generating vector, and applying orthogonal EJR, the constraints will hold along the
optimization process.

ASA coefficients are obtained by an optimization procedure, which minimizes the
guadratic error integral between the exact and the ASA DF’s. Substituting every ASA
coefficientw; by |x;|?, and only considering the caserefl generating vector coefficients,
the quadratic error integral function can be rewritten as:

e@ =0+ Z xl-zx]z-Z,-j — Zinza,-, (45)
i,jea ica
wheref the exact self-similarity measurgZ;;} the QSM between the basis DF afig}
the QSM between the exact DF and the DF basis set, have been already defined.

EJR are easily constructed norm-conserving tools to obtain unitary or orthogonal trans-
formations usable over vectors or matrices. The origin of such transformation matrices can
be found in the paper of Jacddi], dating to the past century. Being orthogonal, EJR may
also be viewed as rotation matrices over real (or complex) vaNretimensional spaces.
Applied to a givenN-dimensional vector, an EJR, which will be written here/gg(a),
will transform the vector componenis and g only, keeping the rest of them invariant.
The EJR transformation on the generating vector chosen components is defined by the
equations:

-
X, < CXp — SXg,
r

Xy < SXp +cxg, (46)

wherec ands are the cosine and sine of the EJR angleacting over the components:
{xp; x4} and transforming them into the new rotated valu@g;; x;}. The norm of the
transformed vector remains invariant with respect to the initial one, as orthogonal vector
transformations possess this property.

Over the generating vector coefficients in equatiéh) it is easy to apply the EJR rep-
resented by equatiof#6), and then, the variation of® with respect to the active pair
of elementéx,; x,} may be easily expressed. To compbit it is necessary to evaluate
the second andfourth order variation of the transformed elemen{s;; xg}- Substituting
such variations into the corresponding equation and collecting terms, one finally arrives at
a quartic polynomial on the rotation sine:

5@ = Eo4s4 + E130S3 + Eozs2 + E11cs, (47)
where the paramete(&;;}, appearing in equatiof#7), are described as follows:

Eoq = @[(xﬁ — xg)z — 4xix§],



166 R. Carbo6-Dorca

Ei13 =460 (x§ — xg)xpxq,
Eqr = 4@x,2,xq2 — 2(x,2, — xg)G,
E11 = —4xpx4G,
using the following auxiliary terms:
O =Zpp+Zgg —2Zpq
and
G= Z XA Zpi = Z4i) +X§pr - xgzqq - (x[27 —x[f)qu —ap t+ag.
i#p.q

The optimal sine can be chosen with the null gradient Condf-@gﬁ) = 0, taking into
account thaf = ¢ and thatd¢ = —, then:

dse@
ds
holds with the auxiliary definitions:

= —c(T1t2 — 2Tt — Tg) =0 (48)

T1 = E135° + Ex1,
Ty = 2Eo4s® + Eo2,
T3 = 3E13S2 + E11.

The best Jacobi rotation angle is found by solving the quadratic polynomial equation in
the EJR tangenrit}, appearing in expressidd8). The optimization is conducted through

an iterative procedure, until the global variation of Jacobi rotation angles or the quadratic
error integral function become negligible, see referdbfe] for more details. A simpli-

fied algorithm can also be used, the interested reader should consult ref@@ihctor a
complete account.

5.2.2. Alternative approximate expression of density functions. Complete ASA (CASA)

Although losing the elegant simplicity of the ASA approach, there appears to be an alter-
native, very natural way to express the first order DF, using the ggmeeating vector
concept as before, within the ASA approach, as discussed above.

Assume a spherical basis set made as is usual in ASA environmesittgpe functions
{S;}. Then, the first order DF may be approximated by a function like:

pASAM) = ) xix Si(0)S;(n), (49)
i,jea
where{x;} are the elements of the generating veatorhis approach will be called from

now on theComplete Atomic Shell Approximation (CASA). The quadratic error function
can be written in a similar manner as using an ASA DF expression:

£@ =240+ Z XiX jXkXIZijkl — 2 Z xixjBij, (50)

i,j,k,lea i,jea
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where the hypermatrix elements;;;} are overlap-like similarity integrals involving four
different S-type spherical basis functions:

Zijkl =fSi(r1)Sj(f1)9(f1; r2)Sk(r2)Si(rz)dradrz

while the matrixB = {B;;} corresponds to an integral between a pai§-djpe functions
and two AO’s:

By = Y- D [ SiT0S; (0203 12720, 1) drdr.
W,

EJR can be used in the same way as in the ASA approach in order to optimize the
new CASA quadratic error expression; although with adapted different variation terms for
the generating vector coefficients. Nevertheless, the structure of the CASA DF permits an
alternative proposal, which leads to an elegant matrix formalism, identical to the mono-
configurational SCF computational struct(4é,67]

Here the new approximate expression of the density function leads to the normalization
condition, which must fulfill the CASA generating vector coefficients:

/pgASA(r)dr -y xixiji(r)Sj(f)df =Y xix;Si =1 (51)

i,jea i,jea

That is, in matrix form:x” Sx = 1, whenever the matrixS = {S;;} collects the metric
matrix elements of thé-type basis function set.

Thus, the problem is reduced to minimizing equati@®), submitted to the con-
straint(51). A Lagrange multiplier technique can produce a more elegant result here than
EJR. The Euler equations of the constrained optimization problem are written easily in
terms of a generalized secular equafién]:

Gx = ySx, (52)

wherey is half of the necessary Lagrange multiplier, while the matrix struc@ydepends
on the generating vector coefficients and the involved integrals already defined:

Gij =—Bij + Z XkXiZijki» Vi, .
k,lea

The CASA generating vector coefficients computational procedure should be made iter-
ative, and during the process, the eigenvaiugas to be chosen as the one with minimal
module. This has to be done in this way, because eigenvalues in eq{f&joan be shown
to be the same as the scalar product between the CASA DF and the difference between this
approximate DF and the exact one.

5.2.3. Bader'sanalysis of ASA DF

It is well known that ASA DF, as discussed before, provides a reliable and sufficiently
accurate formulation to be used for quantum similarity measures calculations and in order
to obtain iso-density surfaces for large molecular structures.
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5.2.3.1. ASA atomic and molecular density functions definition. ASA density functions
are constructed by means of simple rules, taking as basic building blocks 1s GTO functions.
That is, suppose that the following symbol:

lo; A) = N (@) exp(—alr — AJ?) (53)

is used to denote such a GTO, centred at some point in space with coordinatéging
a scaling parameter and final\(«) representing a normalization factor such that:

(A; alo; A) = |N(a)|2/exp(—2a|r —Al)dr =1 (54)
D
An atomic ASA density can thus be built up by means of the convex linear combination:

N N
p(A) =" 2l AP =D 2rlars A)YA: o), (55)
1 1

by convex linear combination it is meant that the convexity property, represented by the
convexity symbol,

N
Kv({£21) = ({Q,} |VI: 2, eRT /\Z.Q[ = 1),

I=1

holds for the coefficient s€t2;}.
A molecular ASA DF, as mentioned before, can be obtained by means of the convex
linear combination:

pu(r) =Y wap(r; A) (56)

AeM

with the convex propertK ({wa}) being considered active for the molecular coefficients.
In this way, the molecular ASA density functi¢b6) is chosen as shape function, that
is, will be normalized in the sense:

/pM(r)dr =1
D

The alternative normalization to the number of electravs,can be obtained simply by
using in equatior56) the coefficient set:

Zg = Nowy

instead of the convex sét 4 }.
5.2.3.2. Gradient and Hessian of a molecular ASA density function.

(A) Gradient. The gradient of an ASA molecular density function can be written as:

d 0
—[om] =) wAa[PA(“A)],

ar
AeM
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s0, in this way, one arrives finally at a convex linear combination of 1s GTO functions, as:

N
8 a
[piA)] = Zsz]— llar; AY|?] = 2; Q5 [lers M)
Thus, because the 1s GTO gradient can be easily written as a vector with the form:

aa—r[|a; A)] = N(oz)%[exp(—oﬂr - A|2)] = —2a(r —A)|a; A).

Then, the gradient of the molecular ASA density function can be written:

a
o [on (] = —ZZwA(r—A)(ZQ,A HMag; A ) (57)

AeM I€A

(B) Hessian. TheHessian of an ASA density function is easily constructed too, taking
into account that it can be formally written by means of the tensor product of a gradient
vector symbol:Z r ® M So, the second partial derivatives matrix of a 1s GTO function can
be written using:

ad d ad d

— @ —[lo; A)] = N(@)— @ — [exp(—a|r — A[?

ar ® ar[|a’ >] (a)ar ® ar[ xp( o | )]

ad
= (—205)3—r ®[(r —A)a: A)]

and one can finally write:

3 _ 0 9
ar ©3r =[les A)] = o ® [0 = Al A)]
= (—2ala; A)) (13— 22[(r —A) @ (r — A)]),

wherel 3 corresponds to the8 x 3) identity matrix.
Thus, the Hessian matrix of an ASA density function may be written in a similar way as
the gradient expressiqb7):.

3 9
ar 8r[pM(r)]
=—ZZwA(Z.QIa1 | — 20} [(r = A) ® (r — A)])|ers'; )). (58)
AeM IcA

(C) Further gradient and Hessian forms. Equations(57) and (58) can be easily trans-
formed using simple definitions. Suppose that a new set of functions can be defined using:

N
rsAlp) =Y R1(—2a)" lay; A),
1
the gradient can be rewritten as:

ad
Lo @] =3 war = A AL (59)

a
AeM
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and, in this manner, the Hessian can be rewritten in a simplified form as well:

d 0
o ® 5 lom(] = > wa(Ir ADIz+ I AR[(r — A) & (r — A))).

AeM

5.2.3.3. Bader analysis on ASA density functions. Although there is now a wide discus-
sion about certain mathematical aspects in the literd@8k by knowing the gradient and
Hessian of density functions a so-called Bader analysis can be easily perfifdmad-
cording to Bader, the null gradient density function surfaces are interesting elements to be
connected with chemical information about bonds and so on.

Null gradient ASA conditions are quite easy to obtain from equati®), as one can
see that some gradient terms will be null just in the sites where the atomic ASA functions
have been centred. Moreover, equatibf), after equalizing it to zero, can be arranged in
such a way that the following expression can be written:

-1
r= (Z wAlr;A|1)> (Z wAA|r;A|1)>, (60)

AeM AeM

thus one can try to find out iteratively which values of the position vector, surrounding the
associated molecular structure, produce a null gradient result.

In any case, the situation may be obtained, where for a sufficiently far from the molecule
position vector, the exponentials could be considered small enough to become equal to a
similar numbers. Then:

N
Ir; AJll) = —282910” = —26(Q *a)a,
1

and, in this manner it can be written:

o= ) vaA, (61)

AeM
where the coefficient s¢4} is immediately defined by means of:

-1
ya = <Z wa($2 *(x)A> (wa(82 % a)a).

AeM
However, as the sum of the coefficiefiis } is the unit, that is:

Z)’A=1
A

as well as being positive definite, the set is convEx{y4}) holds. So, the value of the
electron position at this pointg, given by equatiorf61), can be seen as an average of the
atomic centres with weights provided by the coefficigpts}. This means that the values
of the null gradient condition are to be found inside the polyhedron defined by the atomic
centres.

This result provides a solution, contradicting the assumption that these points are far
away in space. It can be concluded that there are no such kind of null gradient surfaces far
away from the molecular centre of mass.
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5.3. Generalized density functions

In order to describe a general DF form, the definition and properties of IMP are needed, as
found in Sectior8 above.

These IMP features and definitions permit us to express DF’s in a compact and extremely
general forni68,69] The previous discussion may be employed, first constructing a matrix
W as bearing a convex coefficient hypermatrix of arbitrary dimensions(\®im= {8},
that is the convex conditiok (5, (W) holds. In general, this can be obtained by choosing a
complex matrixX with adequate dimension, DitX) = {8}, such that the inward product
is: W = X* x X.

Then, symbolically it is assured that the generating rule also holds, as follows:

RX —W)=1|V2 eW — 3y e X: 2 = x*x = [xI° e RT}.
This special choice can be also described by imposing convex conditions tivat is:
Kisi(W) = {VR2 e W - 2 e Rt A (W) =1}

In the previous definitions and in what follows next, hypermatrix elements are written
without subindices. This is permitted because in IMP definitions the involved hypermatrix
elements have to bear tkame subindex set.

Let us define now a hypermatriR, possessing such a dimension that: O#n =
Dim(W) = {38}. Moreover, the chosen matriXcontains, as elements, normalized positive
definite multivariate functions of a position vect®rof arbitrary dimension. That is, it can
be formally written:/ P(R) dR = 1, 1 being the unity matrix, as appearsDefinition 1Q
such that Dingl) = {8}. More specifically, one can compactly write the convenient struc-
ture of P, using the following construction rules, which can be summarized by a unique
hypermatrix convex condition:

K5 (P) = {Vp(R) € P — VR: p(R) e Rt A / P(R)dR = 1}.

This convex structure can be accomplished by constructing an IMP likel™* « W, being
Dim(¥) = {6}, so that a generating rule may be issued in such terms that:

RW — P)={¥peP—3pecW¥: p=|pf}

Keeping this in mind, a normalized density function of the position variables vBotan
be also expressed as an IMP, like:

p(R) = <W*P>;»/p(R>dR=1,

where the matrix elements sum has been used as previously commebfthition 3

5.4. Average density functions

Several examples of average DF can be imagined from the DF properties described in
preceding sections. Some particular cases have been chosen in order to describe represen-
tative problems in the field of QSM evaluation for molecular sets, possessing some kind of
degrees of freedom not yet taken into account in the usual computations performed to date.
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A recent paper by Meze}70] describes several aspects of the theoretical basis of the
DF distribution problem when numerous conformational coordinates are active, although
it must be said that the paper studies some formal aspects, which are not taken into account
here.

Two sections will present, first, the problems posed by conformational Boltzmann av-
erages within a discrete as well as in a continuous framework. Next, a DF chiral average
will be analyzed in order to take into account possible similarity comparisons in molecular
structures within the presence of R-S isomers. Finally, a general algorithm to perform any
kind of DF average will be presented.

5.4.1. Discrete conformational Boltzmann averages

One of the most obvious problems in quantum chemistry, when studying a molecular struc-

ture possessing a flexible atomic backbone, is how to use the conformational surface in
order to take into account, simultaneously and as much as possible, the information asso-
ciated with the presence of conformers. This is most necessary, for example, in QQSAR

studies based on molecular QSM, where by employing a unique conformation the associ-
ated molecular discrete description could deviate from the optimal values.

The problem posed when comparing two molecules with a chosen number of internal
degrees of freedom, besides presenting great difficulties, is a challenging one. Here, we
present a possible solution, which will be based on the theoretical description previously
given. Essentially, the discussion accompanying equédibyand the generalized DF form
of the preceding paragraph can be taken into account to seek a solution to the problem.

From the point of view of the clamped nuclei approach, for evétl conformer of a
given molecular structurey, there can be associated a set of fixed atomic coordinates:
R’,‘g = {r k1, I = 1, N, whereN is the number of atoms in the molecule. For each
molecular state every conform&r can be associated with a particular pair of energy and
DF: {EY; pM (r; R¥)}, as already discussed in Sectba.

A unique DF, representative of the average molecular conformations, can be easily built
up, by means of the definition of the energy differendesty = EY — E{!}, being
Eé” = minK(E% ). With the set of conformational energy differences a convex vector can
be built up, simply using a Boltzmann distribution, with a partition function immediately
defined with the conformational energy information as:

zu = {zf = exp(—AEY /kT)} € V,(RT) A Oy = (zu) —
Wy = 9;41ZM A Ky (W), (62)

The Boltzmann partition function vectery, = {w}‘g} can be used as a set of weights over
the conformation DF set in order to obtain a unique average DF:

om(r) = ZprK (r; RY). (63)

In this way a unique similarity measure, involving two molecular struct(#ess} say, but
possessing several conformelns;, vg} in number, can be obtained as:

VA VB

2aB($2) = ZZwKwL lox|2eL). (64)
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Expression(64) amounts to the same as considering each conformer like a distinct mole-
cular species, because of the Born—Oppenheimer approximation. Gathering all QSM pairs
between conformers into a uniquey x vg) SM: Z48 = (z48 = (p412|pB)}, then the
conformationally averaged QSi84) can be conveniently expressed in terms of a bilinear
functional. Using the Boltzmann weight vectdsg,; wp} for each conformer molecular

set, hence:

zap(£2) = Wiz Pwp.

5.4.2. Continuous conformational Boltzmann averages
Where the conformational surface can be associated with a continuous set of vdtiables
then instead of discrete energy-DF pairs, two functiongtjofan be associated with each
state, and symbolized byE (1), py (r, t)}. From the energy set a convex partition func-
tion may be obtained, using:

ES ) = mtin{EM(t)} A AEy(t) = Ex(t) — ES (1)
thus, a partition function is easily constructed:

zm(t) = exp(—AEpM(t)/kT)
and then a continuous Boltzmann weight function can be defined as:

wi () = 0y 2m (V) A Oy = /ZM('E) dt — Koo(Wpm),

so, an average DF can be readily computed by means of the integral:

pm (1) =/wM(t)PM(T,t)dt~ (65)

Equation(65) appears to be the continuous equivalent of expregsid)
Finally, the QSM between two continuous averaged DF can be also expressed in a com-
pact integral form:

2aB(2) = // PA(FDR2(r1. 12)pp(r2) dr1drs
= // (/ wa(t1)pa(r, ta) dtl)Q(rer)
X (/ wB(tz)pB(rz,tz)db) dridry
- / / walt)ws(t) ( / / PA(TL )21, 12)p5(T2, tz)drldr2> dtydty

= // wa(t)wp(t2)@ap(ty, to) dt1dty

which is the continuous equivalent part of equat{64).
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5.4.3. Chiral R-Saverages

When R-S chiral structures are to be studied and included in similarity studies, a Boltzmann
average computation is not possible, for the simple reason that in the absence of a chiral
field the Schrodinger equation will yield the same energy value for both R-S enantiomeric
forms. However, this is not the same when similarity integrals are concernefd,1der
a recent application.

To understand the problem, let us suppose that the DF of the enantiomers are written as
the pair:{pg; ps}. The QSSM will yield the same values, that is:

ZRR = 28§ =}

however, the cross-QSM between the enantiomers will be symmetric:

ZRS = 2ZsR = B,

but different from the common R-S QSSM. Both values will be related as:
o> f.

Therefore, the symmetri@ x 2) similarity matrix involving the chiral DF will present two
definite positive eigenvalues in the form:

0L =a =+ 8,
to which corresponds the following eigenvector pair:

1
ur = — (L =17, 66

7 (66)
The corresponding orthogoné x 2) matrix, which has the eigenvector couple, as de-
scribed above, as columns, can be considered as a possible transformatio(2ok the
SM so as to make it diagonal. The maximal eigenvalle, corresponds to a maximal
QSSM of the R-S pair, which results in a value like:

Zmax = ZRR + ZRS = 78S + ZRS-

This is the same as is used for the chiral system, a corrected DF average expressed as an
arithmetic mean mixture of both enantiomers:
av 1
P = E(PR + ps)-

Thus, the difficult case, from the point of view of classical QSAR treatment, associated
with the descriptors of molecular chiral structures, can be solved in this simple, but logical,
way. An SM element between two chiral systems of this sort is computed straightforwardly
as:

1 RR , RS | _SR , _SS
24y = (03" |92]05") = Z(ZAB + 245 + Zap + ZaB)-
The integrals involving R-R and S-S pairs will be equivalent, and the central terms involv-
ing the R-S and S-R DF may differ slightly due to the need to search for a superposition of
both structures to achieve a maximal QSM. However, due to the average even these slight
differences could be smoothed. Then, the averaged QSM will become equivalent to the one
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involving a unique chiral system, with the crossed term transformed into a possible arith-
metic average. Finally, the form which SM element values take when a chiral structure is
compared with some achiral one should be noted. Then, for example, it can be written:

1
2y = (08" [2lps) = 5 (25 + Zas)-

The most general case, where several chiral centers are present, generating an indefinite
amount of chiral pair structures, cannot be studied in this simple way but demands a deeper
analysis. The section below presents a possible solution of the average problem, which can
be widely used in all the discussed cases and in other situations involving the same QO but
diverse independent DF.

5.4.4. General average DF

The R-S case analyzed above is nothing more than a very particular case of a possible
general situation, which was studied several years[agpin another context and in a
quite schematic way, in reference to SCF Theory.

In order to see how an average DF can be obtained from QSM analysis, suppose that
for a given QO—A, say—there a® known sub-structural features, which can produce
a homogeneous set of DPy = {pIA(R); (I = 1, N)}, reflecting in turn the differences
between the isomers, conformers, states or whatever source of diversity can be taken into
account over the original QO A. In order to have a generic name for these difference char-
acteristics one can choose the descript@@:distinct features (QODF). Thus, QODF split
a given QO into several QQO’s and can be considered, accordDgftoition 7, as a source
to build of Tagged Ensembles.

As discussed above, an SM attached to the QO A can be built-up from a chosen PD
weight operators2, and the DF sePy4. At this stage one can easily see that the QO A
sub-structural QODF can be considered as a QOS itself, where the distinct QO A DF's, act
as tags. Such a QOS can be named as a gE@&ated by the QO A. The attached SM,
whose columns can be used to build an attached DQOS to QO A up, may be identified as:

Zaa = {zif = o7 2]07)}-

The SMZ 44, itself can be used in turn as a source of averaging coefficients in a straight-
forward manner. Suppose the eigensystem of theZSM has been computed and can be
expressed by the symbdiigensys[Z 44] = [{04; c;‘}; (I = 1, N)]. This means, then,
that the following secular equation is fulfilled:

VI: Zaach =6;'ct.
In addition, the following relevant properties also hold:
VI () Zaact =6 A (cf) cf =1 (67)

These eigensystem properties allow us to consider at least two possible forms of weighting
coefficient averages.

5.4.4.1. Frobenius average DF. Because any SM has the feattg 4+ > 0, seeDef-
inition 13, of being strictly positive, then the Frobenius theorgt®] can be invoked to
confirm that if the spectrum @ 4 4 is ordered in such a way thaf > 64" > --- > 64,
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then consequentlyf* > 0. Thus, a convex transformation can be easily imagined, pro-
ducing a new vector:

Wy = (Cﬁilcf = {w;‘ = (Cﬁilc?l} — Kn(Wa).

Afterwards, the convex vectav, can be used to obtain an averaged DF, which can be
considered as a unique tag for the QO A, including contributions over all the teg s&s$:

pa =y wipf, (68)
1

with the important additional structure such tikat, (0 4) holds. So an average QSSM can
be easily written for the QO A:

T A, A_AA
Z‘qu = (palf2|pa) = WAZAAWA = E E Wy wyiry
1 J

= () (ct)" Zaact = (ef) 61"

Invoking the same arguments and using the appropriate QODF for another QO B, an aver-
age SM element can be described in the same fashion:

T A, . B_AB
%' = (0alR2|pB) =Wy ZapWp = E E wiw;z)y
T

= ({e)fef) " (et) " Zane. (69)

Such an average procedure leading to a specific DF, which can be called, for obvious rea-
sons, &robenius average DF, has the disadvantage of providing, as Boltzmann averages,
a unique possible DF choice. In the next section a more flexible approach will be analyzed.

5.4.42. IMP average DF. IMP properties can be invoked once thg, eigensystem is
known. The setcf‘; (I =1, N)} of Z,4 eigenvectors are a natural source of normalized
vectors, which can be used as generating vectors for another set of convex vectors weights,
that is:

VI Ry(cf — wi) = Ky (w),

or, alternatively, using the properties in equat{6ii) plus the IMP definition a set of aver-
age convex weights can be easily defined as:

VIDwi =cf ke — Ky (wy).

The possible average DF, which can be constructed in this framework, can be written in
the form:

A A
:074';]1 = Z Wyipy-
J
In this case the averaged QSSM will be written as:

Ty = (pfx?1|9|l)%1> = (WIIL‘)TZAAwﬁ4 = Z Z wiwe 2ok

J K
= Z 2(0?1)2(021)21?2~
J K
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So, adopting therinciple of the maximal QSSM value, the final average QSSM associated
with the QO A, may be easily chosen with the algorithm:

4 = max(zsy, ).

QSM between two different QO can be obtained in a similar way as in equéBgrjust
substituting the involved average DF by the corresponding ones obtained in this approach.
The IMP convex averaging in front of the former Frobenius average has the freedém of
possible choices.

5.4.4.3. Concluding remarks. Consequently, one can say that general algorithms to con-
struct DF and QSM averages over QOS, where specific QODF are well defined, can be
easily applied to any QOS tagged ensemble to reduce it to a simpler QOS. Those described
geometry based average algorithms can be used, of course, instead of the Boltzmann aver-
age procedures, even in the conformer average case.

6. EXTENDED HILBERT SPACES, SOBOLEV SPACES AND DENSITY
FUNCTIONS

Following the previous discussion, we now develop some ideas about the connection be-
tween DF as a product of the squared wave function module and the distribution-like
function, arising from the squared module associated with the gradient of the wave function
itself, which has been formerly considered as a distribyii@y74]in the literature.

This study, connecting wave functions and their attached gradients, may have interesting
consequences when writing expectation values in the fashion QSM needs to attain a co-
herent theoretical background. Several arguments permit us to discover the role performed
by the practical formalism attached égtended Hilbert spaces (EHS), where wave func-
tions and their gradients are taken simultaneously into account. In EHS one can connect
expectation values to a unique statistical formalism. Mainly, this theoretical structure is re-
lated to the approximate way the Schrddinger equation has to be studied, when a molecular
solution is looked for.

There is another interesting question, not yet discussed in the quantum mechanical liter-
ature as it deserves, and which will be studied as far as possible here. It could be attached
to the interpretation of the differential operators role, as momentum representatives within
the framework of classical quantum mechanics, when the position space point of view is
chosen.

In order to achieve these objectives, we first discuss several novel aspects of the expec-
tation value concept.

6.1. Expectation values

When studying a quantum mechanical system, the expectation value of some observ-
able?, in a well-defined QO system state, can be written by means of the integral:

(£2) =/W(r)p(r)dr, (70)
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whereW (r) is an associated Hermitian operator to be determined for a given QOS, and
o(r) the system state density function.

On the other hand, the expressi@0), from a QQSAR point of view, can be interpreted
as a scalar produg6a), that is:

(£2) = (W]p). (71)

Taking into account the unknown nature of the QQSAR opefi&tor, one can consider
that it can be decomposed as a product of the operator leading to the expectation value
W (1), still unknown and to be determined, by a known PD weight operagr, ro).
Thus, the expectation value as presented in expre§s@rcan be written now as:

(£2) = (Wal$2[p). (72)

This is the same as transforming equat{@g) into the equivalent, more general integral:

(2) = / Wo(r)$2(r, ro)p(ro) dr dro. (73)

It is easy to see that the PD weight operafdfr, ro) can particularly be chosen as the
Dirac’s delta functiong (r —rg), and, thus, in doing so, equati¢rD)is recovered. In order

to distinguish the expectation value general definition, as presented in eq{f&)drom

the usual choice in equatidi0), where the weight can be considered a unit operator, the
general integra(73) can be named as\seighted expectation value integral expression.

It is interesting to note that expressi¢r3) has a formal structure highly resembling the
two-system QSM integral as given in equati{dd).

6.2. Problem setup

After structuring the statistical representation of the expectation value integrals, a more
in-depth study shows that there appears to be present a formal quantum mechanical puzzle
when one tries to connect a second order differential operator, representing a QO kinetic
energy (KE), using the expression of an expectation value in the statistical formalism,
represented by equatigi0). KE expectation values, as usually presented in the literature,

do not fulfil the general statistical formalism represented by equatititis-(73) On the
contrary, as they are described, they possess a kind of expression according to the following
well-known equation:

(£2) = (¥|Q2¥) = // TH(r)R2(ra ra)¥(ra) dridro, (74)

as can be found in any treatise; see, for instance, the Bf@#}y Messiah[75] or
Shankaf76] discussions. However, the KE expectation value adequately transformed and,
avoiding some scalar factors, looks like a norm. This can be easily seen when writing the
following equalities:

2(K) = —/w*vzw dr =/(W/)*(W/)dr, (75)

where the change of sign can be attributed to Green'’s first id€i@fly A similar pro-
cedure has been also used in the evaluation of KE integral representation over atomic
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basis set§78]. Equation(75) has been customarily employed since the first description of
DFT [73] and is used as a working tool in this context heredftdt. Concerning the ab-
sence of a scalar imaginary unit factor accompanyingnéitiba operator in expressiafrs)
and in the following equations, it is apparently not imperative for the purpose of the present
discussion to use this imaginary scalar factor. Moreover, equéfi®rindicates that KE
will necessarily become a PD quantity, being the result of a norm-like expression.
Available textbooks do not explain this situation; see for a recent example ref¢r&hce
However, the current literature presents it adeafacto characteristic feature of quan-
tum mechanics. The usual trend is to classify this oddity within the fuzziness of quantum
mechanical postulatésOther authors introduce KE expectation values throughout mathe-
matical manipulations that are not exempt of difficyy].

6.3. Extended Hilbert spaces

In order to summarize the whole picture concerning expectation values, it can be said
that quantum mechanics allows generic expectation values as computational forms, like
the integral(70). When using this formal structure and the particular examples, where
the involved Hermitian operator is expressed by functions of the position coordinates,
the integral values represent an expectation value, exactly in the same way as in theoreti-
cal statistics. However, when gradient operators appear in the computational scenario, the
expectation value integral has to be modified, adopting a form as the one shown in equa-
tion (74). This kind of integral expression transforms into equafie®) only in the case
where the operatot?, does not depend on the momentum as a variable. Equétin

loses sense, for instance, when the kinetic energy Laplacian operator is to be computed,
and integral(74) necessarily emerges. On the contrary, when the involved operator is a
function of the position only, then both integrals are equivalent. Thus, one could take the
decision to accept the form given in the integiéd) as the adequate quantum mechanical
expression of the expectation values that should be always adopted. However, when doing
S0, the presence of the DF role is paradoxically lost.

The question may be formulated whether it is possible to find a coherent computational
way to obtain a statistically meaningful expression for expectation values in any observ-
able operator case. This is irrespective of the system'’s observables being made either of
momentum or position functions. Moreover, if it is possible to find such a general way, in
the expectation value general expression, the DF must be explicitly present and featuring
the customary role of probability distributions as in theoretical statistics.

A possible way to solve the problem will be shortly described in terms of the points
discussed up to now, a detailed account will be presented else{@8reSuppose that
the original Hilbert spacet(C), where wave functions belong, is extended into another
one,H™)(C), which containsoth wave functions and their first derivatives, the quantum
mechanical momentum representation accompanying the wave function is:

VW e HC) = weHYC)AIVW)eHY ().

8 Proposed since the formulation of quantum theory, the quantum mechanical postulates in the literature are
characterized by quite a large set of variants. This can be evidenced by perusal of several referefit® texts
76,79-86] One can find there, from no postulate description agal], up to quite long lists of ther{B85]. The
suggestion can even be found that quantum mechanical postulates should be substituted by adequate definitions
instead88].
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Such a possible feature can be found, as an example, within a typical set of solutions
of the Schrddinger equation. The harmonic oscillator provides an obvious particular case
of such an EH space. It is well known that harmonic oscillator solutions constitute the set
of Hermite polynomials, weighted by a Gaussian func{®®i. These polynomials can be
considered to be related to the GTO basis functions most widely used in contemporary
Quantum Chemistry. First derivatives of Hermite polynomials are always well defined,
producing another polynomial of the same kind.

Following this line of thought, besides the properties customarily attached to wave func-
tions[75], a need for an additional condition can be stressed. It might consist in that the
same properties of wave functions must be fulfilled by their first derivatives. This has not
to be taken as an oddity, but it has been clearly noted in the quantum mechanical analy-
sis of wave functions. See, for instance, the work of Mespgiéh or Bohm[24] and the
Hilbert space properties provided by LéwdBl, where it is said that the norms of both
wave function and its gradient must be finite. In these studies, it was repeated many times
that both wave functions and their first derivatives must possess the same mathematical
characteristics.

6.4. Considerations on EHS functions

Then, considering the attached VS¥R™), where the DF belong, one can also accept
that:

Vp=|¥?eHRT) = 3=|V¥?eHR)
to every DF,p, there exists in this way a momentum DF. Perhaps, in order to distinguish
one DF from another, a better description would be to call this kinaf first derivative
distribution:kinetic energy DF (KE DF), in the same way as Margi4] refers to it. The
KE DF belongs to a specific Hilbert VSS, and when integrated provides the expectation

value of the associated QO KE. The following sequence, developing details appearing in
equation(75), will shed light on the proposed question:

2(K) =/KdV=/|V11/|2dV=/(VW)*-(V'J/)dV

=_/w*|V|2gvdV=—<|V|2>z—/w*mvdv:—(m, (76)

where the negative sign appears as a consequence of Green’s first igattias has been
commented upon when equati@ib) was discussed. KE DF can be considered normalized,
in the same way as eDF can be normalized too. In this case the horm of KE DF is twice
the system’s KE.

It can be concluded that KE can be considered as related to the norm of the QO wave
functions gradient. As a consequence it could be interesting to obtain Kk, Dkaps or
images in the same way as they are customarily obtained for thee[315a] Com-
plementary information to eDF will surely be obtained from these representations. Similar
shapes of both functions at large distances from the molecular nuclei can be expected, but
having very different behaviour near the nuclei.

A related discussion can be found in Bohm’s treali®, when diverse possible time-
dependent DF forms in a relativistic framework are presented. For non-stationary relativis-
tic states, a function made of a combination of eDF and KE DF is proposed and rejected
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afterwards by this author, due to the variant character of such a function. However, for
stationary states and in a non-relativistic, classical quantum mechanical environment such
a proposal may become interesting and could be related to Bader’s aff@]yJike term
KE DF, as it was commented before, can be considered here and is borrowed from March
volume on DFT[74]. In this study, KE DF is widely used in connection with the DFT of
exchange and potential contributions.

As pointed out in Sectio.3above and later on, being both Di-and«, elements of a
VSS, then there is nothing to oppose performing a convex linear combination as:

A =ap(r) + (L — )k (r), (77)

where the scalar coefficient € [0, 1], acts as a weight balancing both density distribu-
tions. The combined DF still will bear a structure of probability distribution whenever the
KE DF is adequately normalized. The KE DF normalization factor can be trivially deduced
from equation(76) to be: (2(K))~1, but in the present study, the same can be achieved
whenever the ASA approach is used with every term present in the linear combination
normalized.

This new function will propose a way to describe, within the framework of the uncer-
tainty principle, a joint particle-momentum distribution. Equat{@i), if interpreted from
the underlying statistical point of view, can be associated with the joint probability of ob-
serving the electronic density the kinetic energy density, weighted by the convex scalars
«a and(1 — «). This choice has been used to study a pretended MO paf@fipx

6.5. Generating rules in EH spaces

It now seems plausible to summarize the features of this discussion. To obtain a coher-
ent picture, with KE occupying an important place, among other quantum mechanical
structures, then the EH V${Y)(C), could be defined as not only containing raw wave
functions but their first derivatives too. This allows us to construct the associated DF VSS,
HY)(R*), as containing not only DF but also KE DF. The elements of this peculiar EH
VS, where both wave functions and their gradients are contained, can be ordered in the
form of column vectors, like:

@) = |¥; V&) e HY)(C), (78)

and this form could be attached to some scalar-to-vector transformation using a vector
operator, involving the gradient, such as:

1L V)[¥] = |¥; V¥) = |P). (79)

In the case of one particle QO, the necessary quadrivector structure, which must adopt
the extended wave functions, acquires a qualitative similarity to relativistic spi@bfs
In order to obtain mathematical coherence, even in non-relativistic Quantum Mechanics,
it seems that it can be easily employed a vector-like wave function representation, orig-
inating from the presence of momentum and thus of KE differential operators. An idea
of Levy-Leblond[92], recently quoted by KarwowsKB3] can be related to this fea-
ture.



182 R. Carbo6-Dorca

An appropriategenerating rule defined within the extended wave function domain, can
now be written as:

R(1®) — |p; k) = {VI@) = |¥; V¥) € HV(C) —
=Y = WP AT = (V)" (VY¥) = VY2 =
lo; k) € HY) (R+)}. (80)

6.5.1. Diagonal representationsin EHS

The structure of EHS elements can be also cast into a diagonal form. To present this possi-
bility, the structure of equatiofv9) wave function should be visualized in another formal
context, where the same potential operations can be performed.

Assume that the extended wave functions can be written as:

|®) = |¥; V&) = Diag(¥; V).

Then, the generating rul@0) can be applied in the same manner, but with the additional
easiness that the product of diagonal matrices can be used. Then, the extended DF can be
obtained by means of the simple operation:

Diag(p; k) = |Diag(¥; VlI/)|2 = Diag(¥; V¥)* Diag(¥; V¥)
= Diag(|¥|% V¥ ).

Finally, it should be noted that IMP can be also employed with similar results, taking into
account the close connection between the diagonal matrix product and IMP.

6.6. Extended wave function projectors

The projectors, associated with the extended quantum mechanical wave funétioas
defined in equatioKi79), will possess a matrix structure, which can be written as:

v LV ) =P. (81)

[P)P] = ((W)*w (V¥)* ® (V&)

Then, using the symmetrizatigp = %(P+ + P), the new projector could be rewritten as
the matrix:

(D)
Q‘(m K)’

whereK bears a certain resemblance to the Hessian matrix of the eDF. Then, defining the
composite density:

k=Tr(K): Tr(Q) =Tr(P) = p +«,

and the off-diagonal elements can be related to the current density (see, for eX@siple,
except for an imaginary constant factor:

R PR ;
i) =5 (¥ (V) + (V)'Y).
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6.7. Sobolev spaces
The resultant structure of the extended Hilbert space norms can be associated with the usual

form of a Sobolev spac®4]. In Sobolev space®5], the norm of any of their elements,
¥say, is defined within a general formulation as:

(82)

n’

m
115 =3[ v
p=0
where the first term on the sum in equati®2) has to be considered as a way to write the
bulk wave function:
Voy = . (83)

It is obvious that the extended Hilbert space functions from the point of view of the above-
defined norms can be considered a Sobolev space with the norm defined as:

(@|®) = |¥]|3. (84)

6.7.1. Generalized Sobolev spaces

A trivial generalization of Sobolev spaces can be readily described, taking as a starting
point the extended Hilbert spaces as defined above. Suppose that the Sobolev defini-
tion (82) can be generalized in such a way that it can be written, among other possibilities,
as:

r s
1wl =Y o], + > 1vee],. (85)
p=1 g=1

In a symmetrical way with the first term in equati(8b), the following norm can be also
defined:

r t S
=3 wre], + Y3 [ vew
p=1

k=1g=1

(86)

n’

so, in fact equatioB6) transforms intd85), whenr = 1, in the same way as equati(8b)
transforms into the original Sobolev definiti@@2) whenr = 1.

Taking this into account and the conventional meaning of the zeroth order gradient sym-
bol, as already described in equati@8), one can first try to reach an extended Hilbert
space whose functions can be associated with a generalized Sobole&pagith the
following norm structure:

(@10) = W15 = 1Wll2+ [1¥ 2], + IV¥]l.

So, we may write anew the vector form of the extended wave functions as a three-
dimensional column matrix:

v "4
D)= 1w ] =| » (87)
\4'% vy
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taking into account that the density functiprin the expression (87) is the squared module
of the initial wave function form. The explicit extended function norm will be written now
as:

(P|P) =1+ (plp) + 2(K). (88)

The Hilbert norm of the total density form appears in equaf&8) as another term in the
extended Hilbert space norm. The new positive definite term corresponds to an integral
with the form:

(plp) =/p2dr =(|W|2||W|2>=/|W|4dr. (89)

This kind of integrals is well known in the field of quantum similarity and corresponds
to a quantum self-similarity overlap-like measy@s] involving the Nth order density
matrices.

6.8. Non-linear Schrédinger equation generated throughout extended Hilbert space
wave functions

An application of the extended Hilbert spaces over the non-linear structure of Schrédinger
equation will be sketched in this section.

6.8.1. Classical Schrodinger energy expression from extended wave functions

The extended wave function for(a8) and any of the following definitions can be used
with the appropriately modified Hamilton operator in order to obtain the system’s energy
expectation valugB9]. For an application to a generalized form of Hohenberg—Kohn theo-
rem[73]; see, for exampld99]. In order to arrive at this expression the Hamilton operator
could be written as a diagonal matrix with the form:

H= <‘6 %01) - Diag(v; %1) (90)

whereV is the potential operator arfdan appropriate dimension unit operator. Taking into
account the definitiof90) and the extended wave function structure in equafi®), as

well as the following discussion, the energy expression is obtained in a quantum mechani-
cal expectation value form:

E = (Q|H|®) = (¥|VI¥) + }(VWIVW = (V) +(K)

2
1 2
=/Vpdr+§/|V!I/| dr (91)

but it is readily expressible within a statistical density probability function integral struc-
ture. This is obvious for the potential part and elementary to see that for kinetic energy the
same holds, as the square module of the wave function gradient can be considered too as a
kinetic energy density function, using the simple definition:

k(r) = [V (92)
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This last equality also permits us to construct a total or extended density function starting
in the usual way to construct density functions from general well-behaved functions:

T(r) = @2 = W2+ |[V¥|? = p(r) + «(r).

6.8.2. Energy expression from generalized extended wave functions

If one takes into account the alternative extended wave fun¢giejthen the appropriate
Hamiltonian to be used here, in order to write an energy-like expectation value, has to be
constructed in a similar way as the diagonal opergg0}, just taking into account the extra
functional term in the wave functiof87):

v 0 O 1
Hy,=10 o O0]= Diag(V; a; 51) (93)
0 0 11

where only a scalar value: € R, is added105]. As in the Hamiltonian expectation value
expressior{91), the operato(93) with the wave functior{87) will produce the energy-like
form:

Ey = (P|Ho|P) = (V) + (¥ |p|¥) + (K) = (F|HI¥) + «(¥|p|¥)
=E +alplp) (94)

in the resultant ending expressidnjs the expectation value as discussed in equdfa
while the last term corresponds to the overlap-like self-similarity oveMtieorder density
function as commented in equati(8n).

This result will be obvious if it could not be associated with the Hamiltonian operator of
the so-called non-linear Schrédinger equation. See for an excellent review on this subject
the book of Fraga et aJ106]. In such an equation, to the usual Hamilton operator of the
linear Schrodinger equation is added the density function multiplied by a real scalar factor.
Thus, in the same manner as equati®fh) corresponds to the energy expectation value
of the linear Schrddinger equation, to equat{d) one can attach the form of the energy
expectation value associated with a stationary non-linear Schrédinger equation.

In this formalism, the unique difference between both linear and non-linear equations
corresponds to the presence of the overlap-like self-similarity term and so, variation of
expression(94) will coincide with expressior{91), but the integrakp|p) shall be taken
into account. A self-similarity term can be interpreted in several Wa996], however
in the present case it could be seen as the expectation value of the density function itself,
which can be considered as a distribution and as a projection operator as well, then:

(plp) = (0).

6.9. Extended non-linear Schrodinger equation

When observing the structure of the non-linear form of both the Hamilton operator and
the extended wave function, one can easily propose a symmetrical extended Schrddinger
equation with respect to the wave function and their gradient powers. This will correspond
not only to the presence of a second-order wave function term, a density function term
appearing in the system Hamiltonian, but owing to the kinetic energy interpretation as
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given in equatior(92), one can construct a similar term with respect to the kinetic energy

to be used in the extended wave function. This can be obtained throughout an extended
Sobolev space as defined in equat{86), with a norm particularly defined for this case

as:

(@1P) = W55 = 1wl + 1% 2], + IV¥I2+ [ IV 2],

which will correspond to a possible four-dimensional extended wave function, that could
be expressed in turn as:

v 17
11,2

?) = lvq'/ =ve | (95)
[V |2 K

wherex is the kinetic energy density, as defined in equatii), and in this manner the
corresponding diagonal Hamilton operator could be written just as the non-linear Hamil-
tonian discussed so far, and described in equdf8hwith an extra term:

v 0 0 O
0O « 0 O . 1

HO(;IB = 0 0 %‘I 0 = DIag(V, o EI, ﬂ), (96)
00 0 B

where the parametér € R, can be used in the same manner as the former non-linear term
a was defined. Alternatively, there are also other possibilities, which can be associated with
the parameteg.

The first one corresponds to considering the geometrical nature of the kinetic energy
density. In some discussion about the extended wave fun€ti®nand the correspond-
ing total density functiori89,96] and earlier in this chapter the construction of a convex
mixture of the space and kinetic energy densities was proposed. In this proposal, if the
parameters2 € [0, 1] is defined, then a composite density can be obtained with the simple
form:

y(r) = 2p(r) + (1 — 2)x(r).

Some visual examples of this density convex mixture can be obtained from ref¢@@8hce
Thus, from this point of view the non-linear parameters can be taken as convex coefficients
and chosen in the Hamiltonig@6) accordingly, for example using: € [0, 1]A8 = 1—q.

A physical interpretation of both the non-linear paramgtand the possibly connected
extended energy term is somehow related to the variation of mass with velocity in the Breit
Hamiltonian[91a,107,108]Indeed, if the associated energy in the present extended wave
function (95) and Hamiltonian(96) is obtained in the same way as in the other previously
studied cases, the following expression appears:

Eyp = (®|Hap|®) = Eq + B(IVY P[IVW1?) = Eq + BlklK),

so the last term, owing to the similarity with the Breit Hamiltonian interpretation, can be
supposedly multiplied by a corresponding constant composed of equivalen{108is

The resultant integral form of the similar Breit term corresponds to the norm of the kinetic
energy density function, or employing quantum similarity terminology, this term is a self-
similarity measure involving the kinetic energy density distribution. It is structured in a
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similar norm form to the one Bethe and Salp¢1€¥9] recommend computing the variation
of mass with velocity integral, as will be discussed below. However, one can insist that the
extra term in this extended non-linear Schrddinger equation energy expression can be also
described as a kinetic energy distribution self-similarity.

The exact form of the Breit Hamiltonian term, associated with the variation of the mass
with velocity, can be obtained by means of a Sobolev space of the kind related to the norms
defined in equatioB85). Indeed, using the Sobolev norm:

2,2
(010) = |W5° = ¥z + [I¥P], + IV¥l2 + V22,

then, to this extended Sobolev norm one can attach the following extended wave function:

1/ 1/

SN 25N I

0) = v | T lve |
vy AP

which can be used with the same Hamilton oper&6) as in the previous case, yielding
the energy form:

E() = (OHu:p|0) = E, + B(AV|AW),

which has the Breit correction in the appropriate form recommended by Bethe and

Salpeter{108]. Therefore, in this situation, the corresponding paramgtéas the true
meaning of the mass variation with velocity Breit Hamiltonian constant.

6.10. General non-linear terms in Schrddinger equation

The results obtained so far show without doubt that not only first order terms on the density
function can play a role in the definition of non-linear Schrédinger equations but that there
are no obstacles to considering more general non-linear structures. In order to provide an
example of this possibility for both electronic and kinetic density functions, a schematic
discussion will be developed.

Supposing that the density functior§g: «} are known, then the following Hamiltonian
operator can be used within the extended wave function form provided with eq(zgijon

H= Diag(v + a(expap) — 1); %1 + b(exp(Bx) — 1)),

where{a; o} and {b; B} are parameters associated with the non-linear density contribu-
tions. The zeroth order Hamiltonian will be the classical one as expressed in eq@ajion

and the present exponential terms will produce the non-linear contributions in both density
classes. It is easy to see, employing a trivial Taylor series expansion on every exponential,
that the includegth order Hamiltonian non-linear terms could be written in this case:

H, = %Diag(a(a,o)”; b(Bx)?), Vp =1 (97)
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The corresponding expectation value can be obtained consideringttiherder Hamil-
tonian term(97) as an isomorphic two-component vector. In this case the following ex-
tended density vector can also be defined:

P) = (f)

so thepth order contribution to the energy expectation value could be simply written as:

1 1

E, = (P|H,) = —(aa (p|pP) + bBP (k|kP)) = — (ac”(pP) + bBP (k")).
p! p!

A general framework containing non-linear terms in the Schrédinger equation is set in this

manner. It must be finally noted that the nature of thetkeorder correction terms can be

associated witlip + 1)th order self-similarity measures involving the two density classes.

7. DENSITY AND SHAPE FUNCTIONS SEMISPACES

In this last section several problems related to the density functions and to their homothetic
parent functions, the so-called shape functions, will be discussed.

7.1. Hilbert semispaces and root products

All the definitions, algorithms and properties of Minkowski operations on vector semi-
spaces can be translated to the spaces of density functioHsllmrt semispaces. An
example of this possibility has already been described when Minkowski norms were de-
fined in semispaces. Another application has been based on the possibility to use unit shell
functions to construct, by means of convex linear combinations, other unit shell density
functions. This relates the discussion in this section to the so-called shape function, and a
brief analysis of this subject with respect to quantum similarity will be also given.

7.1.1. Atomic shell approximation functions

The already discusseatomic shell approximation (ASA) can be considered a practical
consequence of the theoretical ideas developed in Segtispecially starting at the 3.5
paragraph and further. The ASA technique constructs quite accurate approximate atomic
density functions by using a convex restricted fitting of a knownSetnade of spherical
density functions, to atomiab initio densities. This can be summarized by the statement:

K({fwi)) A2 ={si(N} €SO S HR") = p(r) = Zw,s,(r) e S(D).
1

7.1.2. Minkowski scalar products between ASA functions

Minkowski scalar products, as described in SecBpmay be employed within the ASA
approximation, but may produce difficult integrals when applied over eataittitio den-

sity functions. Coming back to the ASA possibility in order to describe feasible compu-
tational structures, the appropriate root product involving a pair of ASA density functions
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may be defined as:

(pa®08) = [(ea1pa0) dr = [ (o4 @2 s p(0)2) .
defining the square root of both ASA density functions as an inward power:
p0) = wisi(r) = pMA =" wi%s7%n),
1 1

while the inward matrix product, involving both density functions, can be expressed as a
Hadamard product. Then one can finally write:

(pa00) = S wFwy? [ iPwsiio ar,
1

Such an algorithm, although unusual has been described to coherently describe the
Minkowski norm, in the same way as the related property is fulfilled in finite-dimensional
vector spaces:

(pa(M)pa()) = (pa(r)).
From this definition cosines and distances involving two ASA density functions can be
straightforwardly computed. In the same way, products of higher order than two can be
so easily defined, that there is no need of supplementary description. The limitation here
appears to be that both expressions for the ASA densities involved had to possess the same
number of terms. The general case will be discussed below.

7.1.3. ASA pseudo-wave functions
The Hadamard square root of an ASA density function can be defined as:

1/2 1/2
p(N/2 = Zwl/ sl/ (r)=w(),
1

and may be employed, in the same way as semispace vectors have been used, that is to
construct any vector space element. However in the Hilbert semispace case one is facing
continuous vectors, so as thssudo-wave function, ¥ (r), is positive definite everywhere

in the associated domain, as is the original ASA density function. The function signature
and nullity may be structured as a phase function, so one can construct in general a Hilbert
space function as:

U(r) = ¥(r)e'® e H(C).

Then, it is quite interesting to note how the phase function acts in this case as a signature-
nullity tag of the Hilbert semispace pseudo-wave function. The most similar finite-
dimensional tag to the phase functions tags to be used in the pseudo-wave functions may
be the ternary tags involving sign and nullity, already discussed above.

7.1.4. Minkowski scalar product between ASA functions belonging to different Hilbert
semispaces

In order to find a Minkowski scalar product between two functions belonging to different
Hilbert semispaces, for instance:

pa € HEV(RY) A pp € HEM (R)
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in this case, one is facing the impossibility of performing an appropriate inward product
between both expressions wheneder # Ng. However the inward power of both func-
tions is in any case well defined, as in general it can be written for any function and any
Hilbert semispace:

N N
Vp:ZQIUIEHO(éV)_)p[l/Z]E Z XI87T,
=1 =1

where:x; = /21 Asp = /o]

In this sense, the square root density functions obtained in this manner approach the
form of apseudo wave function. It must be taken into account that pseudo wave functions
present an undefined signature. See Sedtidfor a discussion of this feature.

Then, a first approach may be taken employing the Euclidean scalar product of the in-
ward square roots:

Ny Np Ns Np

(palps) szli/SIA(r)ﬁ(r)dr SO xSt = (xalSaslxs).

1=1J=1 » I=1J=1

constituting an obvious definition, but with the characteristic that the overlap n&tgix

is in general no longer square but rectangular Wit x Np) dimension. On the other
hand, the Euclidean norm of the involved inward square roots can be written in the same
manner, for example:

Na
(Palpa) = (XalSaalxa) = (Wa) +23 > xfxf st
1 J>1

= (Wa) + (XalSaa — T aalXa)
with a completely equal expression for the other function, which can be obtained by simply

exchanging the index by B.
One can then define in this case the Minkowski scalar product by means of:

1
(pa : pB) = (palpB) — §[<XA|SAA —laalXa) + (x8ISss — | BBIXB)].

an equation which, wheps = pg, transforms into the appropriate Minkowski norm. The
expression above also can be written as:

1
§[<WA) + (wg)].

However the first term is just half of the negative squared distance between the involved
functions square root density functions:

1
(pA : pB) ~ (palpB) — E[(PAU?A) + (palpB)] +

1 2
(pa : pB) ~ Z[(Wa) + (WB)] — llpa — pPBII~.

2

This may be a good answer for a general Minkowski expression for the scalar product of
two different ASA-like densities.
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7.2. Density functions and generating wave functions

Eleven years ago Hohenberg, Kohn and Sham (HH$2], in the introductory chapter
of an issue especially dedicated to Density Functional Theory (DFT): the 1990 volume
21 of Advances in Quantum Chemistry, presented in a masterly way both the historical
development of the ideas, which conformed the DFT throughout time, and proposed new
thoughts on the future of the theoretical and practical issues of DFT. There, a sentence
caught my eye, it was literally written as follows, with straightforward changes of notation
to fit the present chapter:. through H, a knowledge of p(r), afunction of three variables,
implicitly defines the entire 3N -dimensional ground state wave function & (r1,ro, ..., ry)
and its energy E. For that matter it also defines all excited states ¥;(r1,rp, ..., ry) and
energies E;. .. After reading the HHS chapter | was puzzled, as their authors probably
were, when disclosing this property of the density function. | tried to find out by myself if
there were other possible proofs or additional properties related to this extraordinary result.
Not far away in the same paper, HHS disclosed similar situations, apparently produced
earlier also in the minds of other researcherand HHS somehow concluded that it was
thereductio ad absurdum argument of the, now called, Hohenberg—Kohn theorem (HKT),
which could be used in order to overcome the possible scepticism.

In this aspect, this was not the first time that | was interested into the HKT. In fact, along
with Sen and Besal[®9] we studied the implications of the original HKT formulation in
a paper devoted to celebrate the Kohn and Pople Nobel prize-winning event. There, the
main argument, in order to reformulate the HKT, was the possibility to express directly ap-
proximate qguantum mechanical system energy expectation values, through the knowledge
of the system Hamiltonian and the density function, instead of the usual formulation. This
statistical way to define quantum mechanical expectation values could be employed in the
mentioned work because, reformulating the way wave functions are written, in fact defin-
ing the concept of extended wave function as previously described along Séctiwmn
any expectation value could be written in such a statistical manner. This was not only a
completely new formulation: earlier discussions based on the so-called density matrix ele-
ments, which can be found, masterly described, in the first edition of McWeeny'J&4ok
have been developed leading to the same formalism as the one proposed by us employing
other arguments. Also, in a parallel way, the work which has been done on the computa-
tional problems and correct expression of the approximate density functions, when fitted
by linear combinations aof-type Gaussian functions, has produced the so-called atomic
shell approximation (ASA), as described earlier in Secfion

The sentence quoted from the HHS chapter, along with these previous experiences, has
inspired the structure of this section. Here, from the necessary properties which density
functions must possess, the concept of generating wave function will be presented and
its non-unique character will be shown. Afterwards, the concept of extended wave func-
tion will provide a simple reformulation of the variational principle, based on the density
function statistical expression of energy expectation values.

7.2.1. Sructure of density functions

7.2.1.1. Convex conditions. Consider a set of positive definite functions of an, in princi-
ple not restricted to three, indefinite number of variables. Let uskcal {p;(r)} such a
previously described set. Suppose additionally that concerning the elements of fhe set
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the following property holds¥p;(r) e P — fv pr(r)dr = 1. Then,P can be considered

a subset of some functional Hilbert semispae: Vo (R™). The important property con-
cerning such semispaces can be formulated in the following way: Whenever one tries to
construct a functiom (r), fulfilling the convex conditions:

Koo(p(n) = [p(r) € Voo (RT) A/p(r)dr - 1} (98)
\%4

in the wayDefinition 6is set. Then all that is needed is anyRgas defined before, along a
vector of real and positive coefficients, whose sum is unity. This is the same as employing
a vector,w: Ky (w), whenever the cardinality of the set #(P) = N. This simply can

be expressed by means of the alternafit:elimensional definition of the one previously
presented for functions:

KyWw) = [w:{w,}e VN(R+)A(W)=Zw1 =1}. (99)
1

Using such a vector, fulfilling the appropriate convex conditions, then it can be written:

p(r) = wipr(r). (100)
1

It is a trivial matter to show that this expression fulfils the convex conditions presented
before, or shortly to say tha (o (r)) holds.

The consequence of these definitions and properties can be expressed as follows: in
order to obtain a density function one just needs to know a set of density functions, with
all elements possessing homogeneous variables, and a convex vector of the appropriate
dimension.

7.2.1.2. Generating wave functions. Moreover, the nature of both the convex veotor

and the set of convex functior’s can be easily found in the usual vector and Hilbert
spaces, respectively. Indeed, using the current way to produce density functions within
the quantum mechanical structure as shown inQbénition 2 to each density function

one can attach a wave function belonging to an appropriate Hilbert space, whose squared
module produces the required density function.

This is the same as to say that to the density functionPsehe can attach another
function set:F = {¢;(r)} C V(C). Both function sets are related by the simple set of
relationshipsYp; (r) € P — 3¢;(r) € F: p;(r) = |¢;(r)|%. Thus the seF can be said to
be composed of the generating wave functions of the density functigh 3éte problem
consists at this stage of how to express the generating wave function of a density function
described as the linear superposit{@00).

For this purpose it is easy to translate in a similar manner the generating function defin-
ition into any N-dimensional vector space. That is, the following construction rule can be
easily written:

Yw = {wy} € Vy(RT) — 3x = {x;} € VN(C): wy = |x1[%,  VI. (101)

This can be expressed elegantly, employing the inward matrix product (IMP), as defined in
Section3:

W= X" % x = x|, (102)
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The convex condition& y (w), seeDefinition 6, attributed to the vectow, can be written
as a normalization condition imposed on the generating vector

W)y =1->>"w; =) |xf=xtx=1
1 1

an equivalent condition to the wave function—density function generating relationships.
The generating function for a density function form, like the one presented in equa-

tion (100), can be thus represented by the following two vector entities: one constructed

by the elements of the density function Bednd the other being simply. The first vector

may be considered an element of a Hilbert semispace product:

N
P)={piO} e x Vao(RY),

and a simple IMP operation will then give a new vector:
|p) =wx|P) = {wpr (N},

which produces the density functi¢h00), simply by summing up their elements:

p(r) ={(Ip)). (103)

This result would be useless if it could not be related to the generating functigh et
order to obtain such a relationship, one can define the generating function vector:

N
|F) ={p1(N} € X Voo (C)

as well as the hybrid vector obtained through an appropriate IMP by the general coefficient
vectorx:

|f) =x*|F). (104)

Then, itis straightforward to see that the IMP of the squared modulg)aé nothing else
but|p):

Py = 1) =11 = [1H]Z,
whenever one defines:
)" = {X7<p7} =X"%|F)".

From these previous definitions equatid®3)is simply deduced. Therefore, nothing op-
poses admitting the superposition of generating functions:

o) =(1£))=Y_ x11(r) (105)
1

as a generating wave function for the composite density function, which can be alterna-
tively written in terms of a Hadamard product, similar in this case to the IMP:
2
p() = o[ = p(r) x p(r)*.

In this framework it must be noted here that one can even consider the structure of the
generating basis set functions and by extension of the generating fuit@6h as the
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IMP square root, in the following way:

1f) = [1m]™?.

Also, a completely equivalent result could have been obtained using the previous isomor-
phic semispaces and spaces made of diagonal matrices, substituting the IMP by the usual
matrix product, and being the operation sum of all matrix eleméntssubstituted by the

trace of the matrix.

7.2.1.3. Non-uniqueness of the generating wave functions. Once the previous results,
leading to the structure of density functions and generating wave functions, are obtained,
there appears in the first place the interesting relationship between density function and
generating wave function. From one part, this relationship has to be connected with the
original HKS quoted sentence where in fact the findings of this work were included. On
the other hand, the nature of such a result can be the starting point for further analysis.

As it seems obvious that knowledge of the density function is related to the knowledge
of the generating wave function, it is not so obvious how the veathas to be related to
the generating vectox, the relationship between the function vects and | F) being
clearly established. It is easy to see that from equatl®2), the elements of vectors
andx, according to the relationshig$01) are related by the equations:

wy = |)C[|2 = Cl? —i—b% ANa; = Relxy), by =Im(xp). (106)

However, equatior{106) shows that, generally speaking, there are two signs not well
defined in everi element: those related to the real and imaginary parts ofxstHecom-
ponents. This property does not seem weird in this context, as it is well known that every
element of the generating wave function set is also undefined by a phase factor. The un-
defined signs of every componentxhave the same role as the wave functions’ phase
factors. Such signs can be chosen arbitrarily and thus can constitute in turn a large set of
quite arbitrary vectors, all of them producing the same density coefficient weight vector
The question of how many vectoxsare, within this sign sense, degeneratevtacan be
easily answered.

Any vectorx € Vi (C), and in a less general manner real defined vectors, can be written
separating its components from their signs using IMP. That is:

X=§ xa+is, xb, (107)

where, now within by the vector pair sufh07), it is understood that; b € Vy(R™) are
vectors made of real positive elements, belonging to some appropriate vector semispace.
Moreover, the pair of vectosy ; s, are Boolean-like vectors, whose elements can only pos-
sess the sign valugs-1; +1} or equivalently0; 1}. As has been discussed in Sectin

this kind of vectors can be called the signature of the attached vector (or matrix), and this
decomposition is such that any vector or matrix can be written in the following manner:
as an IMP of the signature vector or matrix by an element of a semispace of the appropri-
ate dimension. Thus, the signature vectors for a Maimensional vector space can be
constructed in #—1 ways, and in a complex space in 421 fashion. This is so, because
although there are™?possible signatures in the real case 8Y th the complex situation,

it also appears that half of the signatures correspond to the other half multiplied by

a product by a scalar fashion, producing in this manner redundant information in order to
construct the generating function vectgh, as can be easily seen from equatjhf4).



Mathematical Elements of Quantum Electronic Density Functions 195

Thus, in general one can expect that a density function like the one constructed accord-
ing to equatior(100), has an attached generating wave function with the form as expressed
in equation(105), which is undetermined in the signs of the coefficients, in general in a
22N-1 degenerate way. So, within the present reasoning one can affirm that the knowledge
of a density function precludes the knowledge of a generating wave function whose coef-
ficients can be undetermined by a signature vector, possessing in turn a degeneracy which
is associated with the dimension of the involved coefficient space. There is a relationship
as the one described by HKS, but it is not unique in the simple framework proposed here.

7.2.2. Extended wave functions and the Schrodinger equation

The analysis of the quantum mechanical expectation value expression was important to
the development of the connection between quantum similarity measures and[Q@AR
The continued studies on this subject recently permitted a description of quantum QSAR
procedures, demonstrating as a collateral benefit the quantum mechanical origin of the
structure-activity relationships.

In order to show that, when solving the Schrédinger equation in an approximate manner,
as discussed in depth in Secti6nthere was no problem in expressing the wave function
by a general extended manner, which formally can be expressed as a diagonal matrix:

v 0 .
|®) = (0 _Q[l[/]) = Diag(¥; 22[¥]), (108)

whereV is the classical wave function ael an appropriate operator. Choosing the oper-
ator in equatior{108)as the nabla, a diagonal choice of the Hamiltonian operator as:

H= (‘é ;) _ Diag(V; %|) (109)

whereV is the potential, permits us to write the energy expression in the classical way,
provided that the original wave function is normalized, thatist¥) = 1, as:

E=TI[(®|H|P)] = (V) + (K), (110)
where
1
(V) = (¥|V|¥) A(K) = z<W/|W/>.

However, as one can write, thinking of the diagonal nature of the involved elements in
equation(110)provided by equation§l08) and (109)

E=Tr[(®|H|P)] =Tr[(H|7)]. (111)
Using the total density function involving both electropi@nd kinetic energy densities:
t = Diag(|¥|% |[V¥|?) = Diag(p; 2«).

This is another proof that the quantum mechanical expectation values can be written within
the statistical formalism, as in the last equality of equafiidiil).
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7.2.3. Variational principlein density function formalism

The results obtained above permit expression of the approximate energy expectation value,
employing density function structures, similar to the one described in equatoy) and
formally using the expression:

E=(Hlp)=) Q/(Hlp))=) e,
1 1

supposing that the operations described in the previous section hold implicitly. In the usual
case where one considers the sequence of expectation ajjesrdered increasingly
upwards, then taking into account the convex conditi(9® on the set{£2;}, one can
write:

E—e1=Y Q@ —e),
I>1

and from here one can deduce the usual variational result:

E_Sl>07

as2; € Rt ande; — g1 > 0. A similar formalism structure has been successfully em-
ployed to prove the Hohenberg—Kohn theord:s].

7.3. Density functions difference, Fukui functions and quantum dissimilarity indices

A controversial point associated with DFT applications regards the definition and val-
ues of Fukui function$113,114] Although the original definition of FukyiL15] implies

a density-like set of functions belonging to the unit shell, the DFT environment defini-
tion [114] sometimes produces negative results, as recently disc[iskg€l 18]

7.3.1. The zero shell

In order to discuss the issue of Fukui functions, one can analyze the possible extension of
vector semispaces, relaxing the possibility of performing differences among the elements
of the same shell. This induces the appearance zf@shell. Indeed, assuming that a
given semispacg-shell is known, one can define the following construction:

Voa,pp € S(A) — d = ps— pp € X(0).

Here the notatior (0) is used to distinguish it from the notatisiir) sinceX' (0) C V(R)
andS(x) c V(R™). The meaning of the zero shell becomes clear when the vector sum of
the difference is computed:

(d) = (pa — pB) = (pa) — (pB) = 0.

Such a result was already described by Parr and Bartolotti in another cfirit@ktwhere
density functions are the semispace elements studied.
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7.3.2. Fukui functions

Suppose now that, within the same spirit of the semispace extension leading to the 0-
shell, one analyzes first a reduced density functﬂ'xgﬁ,), associated with som¥ particle

guantum system, then one will have(pgN)) =N — ,ogN) € S(N). In the same manner,
consider the homogeneous reduced density function for the same quantum system with an

extra electron on it, that igp (" ) = N + 1 — p"™ ¢ S(N + 1). The well-defined

difference between both densities generates nothing but the vector space unit shell, as:

N+1 N) . N+1 N
fa=o0"P = oM (p0MY oM =1 f4e Z.

In fact, the functionfy is the approximate Fukui function associated with the systeas
according to the usual DFT framework definitidri4] one can write:

N+1 N
pa) L ea ey pWNHD _ () _ g
N, WN+y-N 4 A 4

and this result proves that Fukui functions have to belong to the unit shell. This does not
imply that they are positive definite functions since they do not belong to the semispace
unit shellS(1). They do, however, if a Koopmans approach is taken. If all orbitals are con-
sidered frozen, the Fukui function will correspond to the electron density of the first orbital
available, which is naturally positive definite and belongsSta). Allowing relaxation

infers that the shell to which Fukui functions belong may change f§¢into ' (1).

7.3.3. Vector spaces generated throughout semispace element subtraction

At this stage of the discussion and as a prior step to further analysis it can be briefly studied
how the difference of two elements of a vector semispace can generate the elements of the
associated vector space. Consider two elements of a vector semispace, belonging to a pair
of different shells, as the same shell case has been already discussed:

S(@); S(B) € V(RY) Aa e S(); b e S(B),

then, a difference between both semispace elements can be written, leading to a real vector
sum:

d=a—b— ({d)={(a)—(b)=a—Bf=8cR—>de X)) C V(R).

This property permits construction of real vector space elements from the corresponding
vector semispace shell structure. Realizing that the vector semispace elements can be con-
structed by homothetic manipulations of the unit shell, then one can consider the unit shell
as the generating nuclear structure in vector spH@y, as discussed in Secti@ Com-

plex vector spaces can be constructed in the same homothetic way.

7.3.4. Quantum dissimilarity indices

Quantum dissimilarity indices were proposed already in 1H&) in the form of the

Euclidean distance between two homogeneous density functions belonging to distinct sys-
tems. This needed difference between density functions can certainly be performed when
both densities, even if they are associated with different shells, have the same number of
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variables. One can have:

pa € S(@) A pp € S(B) > pa — pp € X(a — )

in the same way as in the previous discussion, providing a function which, generally
speaking, belongs to the associated vector space. The difference function can be reversely
transformed into a semispace element again by computing the square power of the dif-
ference|ps — pgl? € V(R(’;). In this way, the squared Euclidean distance between both
densities can be written as a Minkowski norm of the squared difference function:

D%(pa: pB) = (Ipa — p8I%) = (p3) + (05) — 2(paps).

where the symbolp4 pop) stands for the overlap integral:

(pApPB) =/,0A(r),03(r)dr,

D

which as a measure appears to be one of the basic tools employed in quantum sifh@larity
36].

The Minkowski norm structure has been used in the expression above in order to stress
the direct dependence of higher order norms from the Minkowski norm definition.

7.3.5. Quantumsimilarity index: Carb6 index

An often used similarity index, known as the Carb6 infl5] is given by:

Cpa; p8) = (papr)([03)(03) .

The Carb6 index can easily be related to a distance mef&breand is invariant about
the character of the shells, where both density functions have to belong. It is readily seen
how this occurs using unit shell homotheties to express the density functions:

iff. pa =aoa A pp=PBop— Clpa; pp) = C(oa;0B).

This property enhances once more the fundamental role of the unit shell elements in vector
semispaces.

7.3.5.1. Convex sets of scalars. A set of scalar§w;} or the elements of a vectar can

be calledconvex and noted, according tDefinition 6 as K ({w;}) or K(w), whenever

they are positive definite real numbers and their sum is one, or alternatively the vector is a
semispace element belonging to the unit shell. One cabaggition 6, that is:

K({wr}) = {Vu}l eRT A Zw, = 1}

I

alternatively:

Kw) ={we V(R") A w) =1}.
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7.3.5.2. Convex linear combinations within vector semispace shells. A convex linear
combination of elements of a vector semispace belonging to the same shell results in a
new element belonging to this shell, meaning that:

{or} € SO C VRY) AK({wr}) = p =) wipr € S,
1

This is true because:

(p) = <Zwml> = ZwI<P1) = Zwl)» = )»Zwl =A.
1 1 1 1

That is: any vector semispace sheltissed upon convex linear combinations of its ele-
ments.

It easy to prove that closure under convex linear combinations also holds in shells defined
within vector spaces.

The vector semispace properties so far disclosed may be employed to search for any
useful connection between vector semispaces and the associated vector spaces. Such a re-
lationship is of capital interest to relate DFT resulting density functions and wave function
theoretical structure. Such a possible connection has been preliminarily dis¢uasgd
and summarized in Sectiofisl and 7.2

7.4. Norm variation and Fukui functions

Consider a quantum system whose state density funquﬁﬁ,belongs to some vector
semispace shel§(«). Suppose that the same system underwent some change which pro-
duces as a result a new density functipfﬁ?‘,”"‘), whereda is a suitable variation of the
vector sum. Then one has the possibility to construct the density difference as a semispace
da-shell element:

p T — p{ = pPY € S@Ga),

which can be written in terms of an homothety of some appropriate shape furmjfrbn,
belonging to the unit shell, or:
8 1
pg @) _ ((Sa)oé ).

It is interesting to note here that one can arrive at an equivalent expression to the one
defining a Fukui function, that is:

oD _ 04"
A Sa
which can be related to the discussion about possible non-integer particle time fluctuations,
studied by Perdew et dl127].

)

7.5. DFT variational theorem over shape functions

The possibility to use the shape function to set up the DFT variational thd@Biri2]has
apparently not attracted research attention in the DFT field and related problems. There-
fore, to complete this review of the shape functions in relation to the vector semispace
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structure, a reformulation of the DFT variational theorem will be given in terms of the unit
shell elements.

It has been shown that, owing to the possible definition of extended wave functions, the
energyE™) of an N particle quantum system associated with a Hamiltorfig) and
described by some state density functigf’ can be formally expressed by means of the
integral:

EN) — () ™) — / H™ (6)p™ (1) dr.
D

Using the shape function homothety:
o™ = No®D

and substituting one arrives at the definition afragle electron energy form:
EN = (HV(NoD)) = N(HMo®) = NED.

Then, the DFT variational principle, which can be written by means of the expression:
S[EM (o™ V) = u((p™) = N)] =0,

whereV is the external potential anda Lagrange multiplier, can be rewritten in terms of
the shape function as:

S[E(l) (0(1); V) — A((o(l)) — 1)] =0.

Of course, this DFT unit shell variational theorem corresponds to the homothetical counter-
part of the original one, associated with thigoarticle density and has to provide derivation
algorithms furnishing comparable results as well.

CONCLUSIONS

It is difficult to enumerate all the implications that can be attached to the analysis per-
formed on the eDF structure from such a wide variety of points of view as presented in this
work. The most important conclusion one can draw, perhaps, from the present discussion,
is the fact that eDF possess a rich source of problems which can be connected with an
imaginative set of algorithms and techniques, encompassing a broad class of mathematical
structures and theoretical concepts. Most of these points have been curiously forgotten in
the literature.

The leading role eDF has with respect to the QSM and related topics provides the pos-
sibility to obtain information, in exchange, about eDF discrete representations.

Therefore, the description of QO in general and in particular of molecular structures
appears as a subordinate problem of eDF structure. Extensions and averages of eDF can
be related to this framework, and the innermost eDF structure has been shown that can
be simply elucidated by means of a blend of classical matrix algebra as well as of new
ideas on matrix manipulation. The way is open to interesting research paths and rewarding
computational procedures.

A significant sample of possible uses of extended Hilbert spaces and the related gen-
eralized Sobolev spaces has been studied. In particular, as a consequence of the broad
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application scope connected with both extended Sobolev and Hilbert spaces, the non-linear
Schrédinger equation has been analyzed, as a mathematical structure issued of particular
extended wave functions.

Two points should finally be noted. First, from the exposed naive formalism it seems
that addition of higher order terms as elements of the extended wave function vector could
be propitiated by the structure of the extended Sobolev spaces, posing no other problems
than those associated with the increasingly difficult structure of the implied integrals in the
corresponding energy expressions. Second, and nonetheless important, this study clearly
shows the close connection of the non-linear Schrédinger equation structure with quantum
similarity measures.

USED ABBREVIATIONS

AO Atomic Orbital

ASA Atomic Shell Approximation

CASA  Complete ASA

DF Density Function

DMR Density Matrix Representation

DQOS  Discrete Quantum Object Set

DSQOS Discrete Sochastic Quantum Object Set
DVS Diagonal Vector Space

DVSS  Diagonal Vector Semispace

eDF Electronic Density Function

EHS Extended Hilbert Space

EJR Elementary Jacobi Rotations

GTO Gaussian Type Orbhitals

IMP Inward Matrix Product

KE Kinetic Energy

LCAO Linear Combination of Atomic Orbitals
MO Molecular Orbital

MQSM  Molecular Quantum Similarity Measure
NSS Nested Summation Symbol

PD Positive Definite

QO Quantum Object

QODF  Quantum Object Distinct Features
QOSs Quantum Object Set

QSAR  Quantitative Sructure-Activity Relationships
QQSAR Quantum QSAR

QS Quantum Smilarity

QSM Quantum Similarity Measure

QSSM  Quantum Self-Smilarity Measure

SCF Self Consistent Field

SM Smilarity Matrix
SVSS  Strict Vector Semispace
VS \ector Jpace

VSS Vector Semispace
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1. INTRODUCTION

This presentation will describe the quantum Monte Carlo (QMC) method for the deter-
mination of the electronic structure of moleculgs-14]. QMC methods have several
advantages:

e Computer time scales with system size roughly\&s whereN is the number of par-
ticles of the system. Recent developments have made possible the approach to linear
scaling in certain cas¢$5-18]

e Computer memory requirements are small and grow modestly with system size.

e QMC is intrinsically parallel so that associated computer codes are significantly smaller
and more readily adapted to parallel computers than basis set molecular quantum me-
chanics computer programs.

e Basis set truncation and basis set superposition errors are absent in one of the variants
(diffusion MC) of QMC computations.

* Gates Millennium Scholarship Holder.
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e Monte Carlo numerical precision can be arbitrarily increased. QMC calculations have
an accuracy dependence 9fT, whereT is the computer time. This enables one to
choose an accuracy range and readily estimate the computer time needed for performing
a calculation of an observable with an acceptable error bar.

The goal of the QMC method is to solve the Schrodinger equation, which in the time
independent form is given by

HY,(R) = E,¥,(R). (1)

Here, H is the Hamiltonian operator of the system, with wave functigiiR) and energy
E,. The index: denotes a particular staie= 0, 1, . ... HereR is a vector that denotes the
3M coordinates of the system &1 particles (electrons and nucleR, = {rq, ..., ray}.
For molecular systems, in the absence of electric or magnetic fields, the Hamiltonian has
the formH = T + V, whereT is the kinetic energy operatd?’, = —%Vé, andV (R) is the
potential energy operator. For atomic and molecular sys@ﬁsthe Coulomb potential
between particles of charge, ie, V=) q;iq_f .

The first suggestion of a Monte Carlo solution of the Schrédinger equation dates back
to Enrico Ferm{19] who indicated that a solution to the stationary state equation

1
—§V§W(R) =E¥R) — VIRI¥(R) 2)

could be obtained by introducing a wave function of the fargR, ) = ¥ (R)e £7. This
yields the equation

% = %VZW(R, ) — VIR (R, 1), (3)
wheret = it is imaginary time. Taking the limit — oo, in equation(3) recovers equa-
tion (2). If the second term on the right-hand side of equafR)nis ignored, the equation is
isomorphic with a diffusion equation, which can be simulated by a random j2@|R1],
where random walkers diffuse in &dimensional space. If the first term is ignored, the
equation is a first-order kinetics equation with a position-dependent rate corist&s,
which can also be interpreted as a stochastic survival probability. A numerical simulation
in which random walkers diffuse throud®space, reproduce in regions of low potential,
and die in regions of high potential leads to a stationary distribution proportioda(R),
from which expectation values can be obtained.

Since the pioneering work of the late forties to early six{i£8,22,23]the MC and
related methods have grown in interest. The QMC methods have an advantage over wave
function methods with system size scaling, in the simplicity of algorithms and in trial wave
function forms that can be used for importance sampling.

2. NUMERICAL SOLUTION OF THE SCHRODINGER EQUATION

Most efforts to solve the Schrodinger equation depend on basis sets. These approaches
rely almost exclusively on one or a linear combination of Slater determinants, and include
the Hartree—Fock (HF), the density functional theory (DFT), the configuration interaction
(CI), and the multi-configuration self-consistent field (MCSCF) methods. There are per-
turbation approaches, for example, the Mgller—Plesset methodsMMP® = 2—4), and
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coupled cluster (CC) approaches, which are presently popular computational procedures.
An exact basis set calculation with a given basis set expansion re@ui@smputer oper-
ations, whereV is the number of basis functions. A method that competes in accuracy with
QMC, such as coupled cluster with singles, doubles, and perturbative treatment of triple
excitations, CCSD(T), scales &8 .1

A term that we will use later is correlation energy (CE). It is defined as the difference
between the exact non-relativistic energy and the HF energy in the limit of an infinite basis
set[28,29] i.e.,

Ecorr = Eexact— EHF. (4)

The Cl, MCSCF, MRN), and CC methods are all directed at generating energies that
approachEexaci Other methods that have been developed include dimensional expansions
[30], and the contracted Schrodinger equafi@ti.

3. TRIAL WAVE FUNCTIONS

In contrast to wave function methods, where the wave function is usually constructed from
determinants of orbitals, QMC methods can use arbitrary functional forms for the wave
function, as long as it is antisymmetric with respect to particle exchange. Because QMC
trial wave functions are not restricted to expansions in one-electron functions, more com-
pact representations are routinely used.

The most commonly used trial wave function is the product of a determinant or linear
combination of determinants,g., HF, MCSCF, CASSCF, ClI, and a correlation function
that is symmetric with respect to particle exchange,

Wy = DF. (5)

Here D denotes the antisymmetric wave function factor @ds the symmetric factor.
We now describe some of the forms usedfband then we describe forms f@f. Such
products are also known as the correlated molecular orbital (CMO) wave functions.

With CMO wave functions, the antisymmetric part of the wave function is constructed
as a linear combination of determinants of independent particle functipn$he ¢; are
usually formed as a linear combination of basis functions centered on atomic centers,

i = Z CijXj-
J

The antisymmetric part of the wavefunction scales computationally®asvhereN is
the number of particles, comparedNo for the fully antisymmetrized form.

The symmetric part of the wave function is usually built as a product of terms explicitly
dependent on inter-particle distangg,= |r;—r ;|. These functions are usually constructed
to reproduce the form of the wave function at electron—electron and electron—nucleus
cusps. A now familiar form is that proposed by Bif2], Dingle [33], and Jastrow34]

1 For a more detailed analysis of the scaling of wave-function-based methods see, for ej2bhpled[26].
For a general overview of these methods, see R&f.

2 The evaluation of a determinant of siae requiresN2 computer operations. If the one-electron functions
scale with system size as well, the scaling becomiés
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and known as the Jastraamsatz.
F=eUti) = oXi<j8ii (6)
where the correlation functiog; is

aijr,-j

= 7
8ij 1+ bij rij (7)
with constants specified to satisfy the cusp conditions
i if ij are like spins
aij =43 if ij are unlike spins (8)

—Z, if ij are electron/nucleus pajrs

whereZ,, is the atomic number of theth nucleus. Electron correlation for parallel spins
is taken into account by the Slater determinant.

This simple Slater—Jastromnsatz has a number of desirable properties. As stated above,
scaling with system size for the evaluation of the trial functiorVi§ whereN is the
number of particles in the system. Second, the correct cusp conditions are satisfied at two-
body coalescence points and the correlation fungiporrectly approaches a constant at
large distance.

The inclusion of 3-body correlation terms has been shown to improve wave function
quality[35,36] The work of Huangt al. [37] shows that if the determinant parametefs
are optimized along with the correlation function parametessthe nodal structure of the
wave function does not significantly improve by including 4-body correlation terms. This
finding suggests that increasing the number of determinants is more important than adding
fourth- and higher-order correlation terms.

4. VARIATIONAL MONTE CARLO
Variational methods involve the calculation of the expectation value of the Hamiltonian op-

erator using a trial wave functiofir. This function is dependent on a set of parameters,
that are varied to minimize the expectation value of the enésgy,

(H) = ————' = E[A] > Eo. (9)

Equation(9) can be sampled from a probability distribution proportionapy%) and eval-
uated from the expression

Hur (R
J AR[TZE PR R) _ JdRELWER)

= > Eo, (10)
[dRW2Z(R) [dRW2A(R)
whereE; = @"Zg;) is the local energy. The procedure involves sampling random points

in R-space from
¥ (R)

PR) = 7de lI/TZ(R) .

(11)
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The advantage of using equati@dri) as the probability density function is that one need not
perform the averaging of the numerator and denominator of equ@atnThe calculation
of the ratio of two integrals with the MC method is biased by definition: the average of a
guotient is not equal to the quotient of the averages, and equatipavoids this problem.

In general, sampling is done using the Metropolis metl3&d, that is well described in
Chapter 3 of Ref[39], and briefly summarized later in this section.

Expectation values can be obtained using the VMC method from the following general
expression§3]:

0 = [dRW¥r(R)20(R)
~ [dR¥r(R)?

1~
= > OR, (12)

04¥r (R ~
5, = LR 191 R i Oa¥r (R:)

1
[dR W7 (R)2 N~ ¥r(R)

12

(13)

Equation(12)is for a coordinate operatoﬁ, and equatioril3)is preferred for a differen-
tial operator,0y.

The main idea of the Metropolis algorithm is to sample the electron derq!sme),
using fictitious kinetics that in the limit of large simulation time yields the density at equi-
librium. A coordinate move is propose® — R’, which has the probability of being
accepted given by

(14)

/ 2 /
PR— R = min<1 TR~ R¥ R )>,

" T(R— RHW2(R)

whereT (R — R’) denotes the transition probability for a coordinate move fto R’.
Condition(14)is necessary to satisfy the detailed balance condition

T(R — R)W2R) = T(R - R)¥A(R) (15)

which is needed fovI/TZ(R) to be the equilibrium distribution of the sampling process.

Several improvements to the Metropolis method have been pursued both in classical and
in quantum simulations. These improvements involve new transition probability functions
and other sampling procedures. See, for example, Bf-52]

5. DIFFUSION MONTE CARLO

If one transforms the time-dependent Schrddinger equation (equ@&iipio imaginary
timer,i.e,

it —> 1, (16)
then one obtains, after introducing an energy offsgtas reference energy,
d ~
B—LII(R, ) =(H — ERp)¥ (R, 7). (17)
T

For real¥ (R, 7), equation(17) has the advantage of being R, whereas equatio(®)
has, in general, complex solutions.
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Equation(17) can be cast into integral form,
Y (R, T +681) :AI/G(R, R, 80)¥ (R, 1) dR’. (18)

The Green’s functionG(R’, R, §7), satisfies the same boundary conditions as equa-
tion (17):

3 Iy
S GR. R',87) = (H — Ex)G(R, R/, 87) (19)
T

with the initial conditions associated with the propagation of a Dirac delta function,
namely,

G(R,R,0) =38R —R)). (20)
The form of the Green'’s function that satisfies equafi®), subject to equatio(R0), is

G(R. R, §7) = R|e " L0 |R)) (21)
which can be expanded in eigenfunctiods, and eigenvalueg, of the systemi.e.,

GR,R,67) =) e " FEERy R, (R). (22)
o
For an arbitrary initial trial functiony (R), ast — oo, one has

lim e " #-E0y = |m [ G(R',R, 1)¥(R)dR’

T—>00 T—>00

(W |Wp)e T EOmER) g (23)

= lim
T—>00
and only the ground state wave functigg is obtained from any initial wave function.
Sampling equatio(®1) cannot be done exactly, because the argument of the exponential
is an operator composed of two non-commuting terms. In practice, approximate forms of
the propagator are used.
In the short-time approximation (STA), the propagafaiR, R’, ) is approximated as
if the kinetic and potential energy operators commuied,

eTHVIT x o100 Vo7 1 O((87)%) = Gst = Gp - Gp. (24)

The Green'’s function becomes the product of a diffusion faGtgrand a branching factor
G p. Both propagators are known:

(R-R)?2

Gp = 2n1) 3N/2e~ 2 (25)

and
Gpg = e STVR—Er) (26)

Gp is a fundamental solution of a Fourier equation that describes a diffusion process in
wave function space, ar@g is the fundamental solution of a first-order kinetic birth—death
process.

The Campbell-Baker—Hausdorff (CBIf§2—-85]formula,

eAeB — pATBI3IABI+H(A=B).[A. Bl +-- 27)
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makes possible more accurate decompositions, such as an expansion with a cubic error
O((61)%),

eSr(T+V) — eSr(V/Z)eSITeﬁr(V/Z) + O(((S‘L’)S) (28)

There are also more sophisticated second-oj@@87] and fourth-orde[88,89] expan-

sions that reduce the error considerably and generate higher accuracy DMC algorithms at
the expense of a more complex propagator. On top of improvements in the CBH expan-

sion, there is additional expense to achieve higher accuracy in the treatment of atoms and
molecules: the cusp conditions must be satisfied and continuity corrections are required for
the drift velocity[90].

The most common implementation us€y, as a stochastic transition probability
T(R — R’), andGp as a weighting or branching factas(R). Sampling equatioii25)
can be achieved by obtaining random variates from a Gaussian distribution of varjance

Direct application of the above algorithm to systems governed by the Coulomb potential
leads to large population fluctuations. These arise because the pofé(rﬁtbad:an become
unbounded and induce large fluctuations in the random walker population. A remedy, im-
portance samplinfR4] was extended to the DMC method by Ceperley and Aldét.

In importance sampling Monte Carlo, the goal is to reduce fluctuations, by multiplying
the probability distribution by a known trial functiow; (R), that is expected to be a good
approximation for the wave function of the system. Rather th&@R, t), one samples the
product

FR, 1) =¥r(RY¥(R, 7). (29)
Multiplying equation(18) by ¥ (R) yields

f(R, T +d7) =/K(R’, R, 87) f(R, 1) dR/, (30)

wherek (R, R/, §7) = e*f(ﬁ*ER)%. Expandingk in a Taylor series gives

Hop (R)
K = Ne~(Re—Ru+3VIner Rus0)®/@0) o o~ (wmy ~EROT _ o gy (31)

Equation(31) is closely associated with the product of the kernel of the Smoluchowski
equation, which describes a diffusion process with drift, multiplied by a first-order rate
process. Here the rate process is dominated by the local energy, instead of the potential.
The random walk is modified by appearance of a drift term, that moves configurations to
regions of large values of the wave function.

Importance sampling with appropriate trial functions, such as those used for accurate
VMC calculations, can increase the efficiency of the random walk by several orders of
magnitude. In the limit of the exact trial function as the importance sampling function,
only a single evaluation of the local energy yields the exact answer. Importance sampling
has made atomic, molecular and nano-structure calculations feasible. Note that the drift ve-
locity term, 2V In &7 (R1), of equation(31) also moves random walkers away from nodal
regions to regions of large values of the trial wave function, reducing the number of at-
tempted node crossings by typically several orders of magnitude (author’s unpublished
observation).
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5.1. Fixed-node approximation

In this section, we discuss the implications of the fermion character(&). It is an ex-

cited state in a manifold containing all the fermionic and bosonic states. A fermion wave
function has positive and negative regions that are difficult to sample with the DMC al-
gorithm. For real wave function® (R) contains positive and negative regiods! (R),

and¥ ~ (R) that, in principle, could be represented as probabilities. The sign of the wave
function could be used as an extra weight for the random walk. In practice, doing so leads
to a slowly convergent method for estimating the end&jy

Returning to the importance sampling algorithm, recall that the initial distribution,
|& (R)|?, is positive. Nevertheless, the Green’s functi&R, R’), can become negative
if a random walker crosses a node of the trial wave function. Again, the signRf R’)
could be used as a weight for samplidg(R, R’)|. The problem is that the statistics of this
process lead to exponential growth of the variance of the observable.

The simplest approach to avoid exponential growth is to forbid moves in which the dis-
tribution f changes sign, see equati(@®). This boundary condition on permitted moves
is the defining characteristic of the fixed-node approximation (FNA). The nodes of the
sampled wave function afixed to be the nodes of the trial wave function. The FNA is an
inherent feature of the DMC method, which is, by far, the most commonly used method
for atomic and molecular MC applicatiof&l1,92].

The fixed-node energy is an upper bound to the exact energy of the §@$témfact, the
fixed-node wave function is the best solution for that fixed set of nodes. The DMC method
has much higher accuracy than the VMC method. For atomic and molecular systems, it is
common to recover 95-100% of the CE, cf. Secpwhereas the CE recovered with the
VMC approach is typically less than 80% of the total.

6. TRIAL WAVE FUNCTION OPTIMIZATION

Trial wave functionslr (R, A) for QMC are dependent onvariational parameterd =
{A1,..., Ay }. Optimization of A is a key element for obtaining accurate trial functions.
Importance sampling using an optimized trial function increases the efficiency of DMC
simulations. There is a direct relationship between trial-function accuracy and the computer
time required to calculate accurate expectation values. Some of the parameteng be

fixed by imposing appropriate wave function properties, such as cusp conditions.

It is useful to divideA into groups distinguished by whether the parameter affects the
nodes of the wave function. The Slater determinant paramét%*‘sand the Slater de-
terminant weights, change wave function nodal struct|B5,53-58] The correlation
function parameters,c do not change the nodal structure of the overall wave function,
and therefore the DMC energy. For some systems, the optimizatiba f sufficient for
building reliable trial functions for the DMC method, because the correlation function is
designed in part to satisfy cusp conditidf9,60].

Several optimization methods have been proposed previously. Some involve the use of
analytical derivativef61—66] others use of a fixed sample for variance minimizaf&xj,
and more recently53,68,69] Histogram analysis can be useful for the optimization of
energy, variance and geometr[@§)].
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The variance functionalVF) [53] is given by

AL A

U (R;,A)
VF = ' , (32)
ZlN:l Wi
whereE7 is a trial energyw; is a weighting factor defined by
W2(R;, A)
i(A) = ——-—, 33
Y= gaR, A (33)

and Ag is an initial set of parameters. The sum in equat{®8) is over configurations
initially distributed as¥2(R, Ao). Numerical optimization methods are used to find the
minimum of VF.

When a fixed sample is used, the optimizatio’V/Bfcan be sensible to outliers. A pro-
posed solution to the outlier problem are robust optimization approd¢he®?].

Optimization of the energy has shown to be advantageous and superior to variance opti-
mization in certain casg¢g3—76] Recently, a very promising algorithm for optimization of
Ac andip simultaneously has been propo$éd, 78], and successfully applied to the eval-
uation of excitation energig39,80] A powerful and related approach has been proposed
independently by Sorell@1].

7. TREATMENT OF HEAVY ELEMENTS

There is a steep computational dependence of QMC methods with atomic ndmiblee
computational cost of QMC methods has been estimated to scZf®a8> [93,94] This

has motivated the replacement of the core electrons by effective core potentials (ECPSs).
With this modification, scaling with atomic number is improved4d* [94]. Other ap-
proaches involve the use of core-valence separation schi@®esodel potential§96],

and effective Hamiltonian®7,98].

8. APPLICATIONS

A range of chemical reactions, atoms, molecules, and solids has been computed using
the QMC method. Properties including atomization energies, heats of formation, optical
transitions, and relative stabilities have been computed to a high degree of accuracy with
this method. The DMC approach typically recover85% of the correlation energy and
does not suffer from the strong basis set dependence of atthi@itio methods such as
HF, DFT, and coupled-cluster CC methods. There are however, systematic errors that can
be encountered in QMC calculations: fixed-node error in DMC and localization error with
ECPs[94,99,100] The fixed-node error can be as much~es% of the total correlation
energy. The localization error is typically not of significance and is often masked by the
fixed-node error.

A sample of recent applications of QMC to molecular systems includes electronic excita-
tions of ethylen¢101], porphyrin[102], and small Cu-doped clustdi€)3]. We summarize
findings of these studies.
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8.1. Singlet-triplet energy splitting in ethylene

Ethylene is the prototypicat-electron system whose photochemical behavior is of im-
portance in chemistry, biology and technology4,105] Several large scalab initio
computational investigations of the singlet—triplet transition energy in ethylene have been
carried out. The methods used in these studies were: configuration interaction with single
excitations (C1S]106,107] multi-reference Cl (MR-CIJ108] and complete active space
self-consistent field (CASSCIF).09].

In our study, the electronic structure of the ground and the lowest triplet states of
ethylene were examined using the diffusion Monte Carlo (DMC) method. This study is
motivated by recent photodissociation studies gifigS conducted at 193 nm that yielded
the triplet-state heat of formation, and the adiabatic energy splitting of the singlet—triplet
excitation[110-112] We reported equilibrium properties of the ground and lowest triplet
states of ethylene including adiabatic and vertical energy splittings, heats of formation,
and atomization energies. These quantities have been computed by the DMC method
using Hartree—Fock (HF), and single-reference functions, the latter with natural orbitals
(NOs) obtained from complete active space self-consistent field (CASSCF), and multi-
configuration self-consistent field (MCSCF) trial functions. In addition, for comparison,
Mgller—Plesset second-order perturbation theory (MP2), density functional theory (DFT)
in the local density approximation (LDA) and B3LYP generalized gradient approximation
(GGA) results, were carried out and reported.

Table 1shows that DMC splittings lie within 0.1 kcal/mol of each other statistically so
that the use of a HF or a CASSCF trial function with a soft ECP yields no numerical differ-
ence from the use of the all-electron HF trial function. These adiabatic energy differences
together with the results of earlier studies and ottanitio approaches determined in this
study (LDA, MP2, and B3LYP) are also listed fable 1 The MR-CI adiabatic energy
splitting [108] is found to be in closer accord with the DMC values than the results from
the otherab initio approaches.

8.2. Electronic excitations of free-base porphyrin

The porphyrin molecule and its derivatives play an essential role in numerous biologi-
cal processes including photosynthesis and oxygen transport, and in emerging medical
technologies—for example, anti-viral therapeutics. A detailed understanding of the excited
states of these systems is essential to elucidating key mechanisms such as oxygen binding
and transport, and electron transfer as they occur in biological systems. Despite numerous
experimental andb initio theoretical studies, the basic photophysics of porphyrins is not
completely understood. For example, recent theoretical studies have proposed reinterpre-
tations of the different features of the spectrum of free base porphyrin (F8R4B814).

The electronic spectrum of FBP is characterized by three regions: the so-called Q band in
the visible region which is relatively weak, the intense B band which occurs in the near UV,
and the higher UV bands, N, L and M, which are broader and diffuse. Owing to the inherent
sensitivity of the excitation spectra of these systems to structural and chemical changes,
it is necessary to employ highly accurate methods in order to make reliable theoretical
predictions and to have useful comparisons with experiment.
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Table 1. C;H4 adiabatic and vertical energy differences (Koabl)

Method Adiabatié Vertical
CIs 46.0 NAC

LDA 68.1 112.4
MP2 68.5 104.9
B3LYP 61.5 102.9
MR-CI9 64.0 106.0
DMC (ECP)®

HF (soft ECP) 66.0(3) 104.2(3)
CASSCF(4,8) soft ECP 66.4(3) 103.5(3)
DMC (all-electron)f

HF(cc-pVDZ/no cusp) 61.0(6) NA
HF(cc-pVDZ/cusp) 66.3(4) 103.8(6)
Experiment

Photodissociatidh 58(3) NAJ
EELS NAY 97

EIS NAY 108

2 The use of unscaled frequencies changes the adiabatic energy difference by less tharirddl.kcal

b Referencgl106].

¢ Referencd106] does not report the CIS vertical excitation energy.

d Referencg108].

€ Trial wave function constructed with HF orbitals using the Partridge basifl26} and soft effective core
potentialg130].

f All-electron trial wave function constructed with HF orbitals. In the second case, the 1s orbitals were corrected
near the nuclei to satisfy cusp conditions.

9 Not available.

h Referencdg111].

i Reference§l31,132]

i Referencg133].

In this study, the transition energy between the ground state and lowest excited state of
the Q band of FBP was calculated using the DMC method for all electrons of the mole-
cule; ECPs were not introduced. A simple method for constructing excited-state trial wave
functions was followed, and its accuracy compared to alternative approaches and to exper-
iment.

For the DMC approach used in this stuf8], a variational trial wave function was
constructed as a product of a Slater determinant of HF orbitals and a correlation func-
tion for both singlet and triplet states. For the triplet excited state, the trial wave function
was a restricted-open shell HF (ROHF) determinant. For the singlet excited state, the
ROHF triplet wave function was modified by altering the spin occupation of the HOMO,
which converted the ROHF triplet stat€’Bk,, into a singlet with the same spatial sym-
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Table 2. Excitation energies (eV) from the ground state to thB], and £B3,, states of
free-base porphyrin. Empty slots indicate the absence of data

Method Vertical excitation  \ertical excitation  Adiabatic energy
(eV) (eV) difference (eV)
1lBZU 1183u 1382u

CIs? 2.66 123

SAC-CP 2.25

CASPTZ 2.26 137

TD-DFTY 2.39

DFT-MRCI® 2.38

MRSDCIf 2.40

STEOM-CCSD(TY 2.40 120

DMC 2.45(8) 1.60(10)K

Experiment

Vapor phasg 2.42

Supersonic jét 2.46

Frozen solvent 1.58

2 Referencg106].

b Referencg134].

C Referencd113].

d Referencd135].

€ Referencg136].

f Referencg137].

9 11B,,: Referencd138], 13B3,;: Referencd114].

R Referencg139].

i Referencd140].

i Referencd141].

kK Calculation performed at the minimum geometry of the B3LYP potential energy surface.

metry, namely, 1B,,. The proper spin-adapted two-determinant configuration was then
constructed.

The ground state singlet to second-excited singlet state excitation energies from several
theoretical methods as well as experiment are liste@iainle 2 The DMC value agrees
with experiment to within statistical error barse(, 0.1 eV). The MRSDCI results are
also in good accord with experiment. Merchénal. have suggested, however, that the
latter results arise from a fortuitous cancellation of errors due to the choice of active space
[113]. Similarly, Nooijen and Bartlett suggest that there is no reason to expect the MRSDCI
results to be convergeld14]. Excited-state extensions of DFT, such as time-dependent
DFT and DFT-MRCI show good agreement with experiment.

Results for the lowest triplet excitation energy are also listed@aible 2 Nooijen and
Bartlett suggest that the low-lying triplet states of FBP pose a serious challenge for cor-
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related treatmentfl14]. For this energy difference, the DMC results are found again to
agree with the experimental excitation energy to within the error bars.

8.3. Characterization of CuSk and CuSik

Considerable interest in pure silicon and metal-doped silicon clusters exists found in chem-
istry as well as in molecular and solid state physics. One of the reasons for this attention is
that the properties of these cluster systems are notably different from those of the bulk ma-
terials[115]. In addition, promising applications of materials with novel properties based
on metal-doped-silicon clusters and metal-doped fullerenes are of significant importance
for the semiconductor industry. Numerous experimejitab—120]and theoretical121—
127]studies have been devoted to the determination of equilibrium geometries, electronic
and bonding structures, as well as structural transitions of different size pure silicon and
alkali-metal-doped silicon clusters. It has been shown, notwithstanding the occurrence of
carbon and silicon in the same column of the periodic table, that there are big differences
in the geometries of the clusters of these elements.

Despite the general interest in metal-doped silicon clusters, the number of studies de-
voted to this area is limited compared to the analogous metal-doped carbon clusters. The
influence of transition metals on the geometry and bonding of doped silicon clusters war-
rants investigation.

Various theoretical methods applied to pure and metal-doped silicon clusters have re-
vealed equilibrium geometries that are rather similar in selected respects. Recently, Xiao
and Hagelberg (XH)128] carried out a HF and DFT study of pure and Cu-doped8d
Sie clusters and found an energy difference of only 0.005 eV among4Gs&@ners and
0.832 eV for CuS isomers.

The focus here is on three CySind two CuS clusters previously investigated by
XH [128] who optimized the geometry of these systems with the B3LYP DFT method.
These geometries were used in the present study and the structures are presented in
Figs. 1 and 2The figures also show the relative energies between the different struc-
tures.

Energies, relative, binding, and adsorption, for the three £asd two CuS clusters
were obtained using thab initio CASSCF, B3LYP DFT, and FNDMC methods. The use
of the FNDMC method was validated by the significant correlation energy recovered for
the present systems. The use of two different, but closely related, basis sets for the B3LYP
case provides a useful measure of basis set dependence of these restdtistexe® and 4

One sees that the FNDMC binding energies for all the clusters lie between the B3LYP
DFT and HF results. A comparison of the relative values shows that DFT theory overes-
timates the binding energy, while the HF theory underestimates it. Qualitatively B3LYP
DFT binding energies are found to be closer to the FNDMC ones than HF or CASSCF, but
they still are outside of the statistical error bars of the FNDMC results. The important fea-
ture found in all the calculations is the close value of the binding energy for all the isomers
of the particular cluster and the larger binding energy per atom fordi$sters relative
to CuSk clusters.

Analysis of Cu atom adsorption energy shows the contradictory behavior of the methods
applied relative to FNDMC/ECP. Qualitative agreement is found comparing CASSCF and
FNDMC methods. Both approaches give t similar scaling of the adsorption energy for the
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Fig. 1. Schematic structure, atom labeling, and relative energies ofy@a®ners. Energy
differences were obtained using the fixed-node diffusion Monte Carlo method.

E

Fig. 2. Schematic structure, atom labeling, and relative energies of;@ners. Energy
differences were obtained using the fixed-node diffusion Monte Carlo method.

CuSi; and Cu$ clusters. We note that XH also found a negative adsorption energy for the
6b isomer of the Cugicluster in the HF method. The Cu atom adsorption by thead
Sie clusters is found to be endothermic.
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Table 3. Binding energies (e¥atom) of Cug and CuSj clusters

CuSi CuSk
4a 4b 4c 6a 6b
HF/GEN? 1.383 1366 1314 1583 1139
B3LYP/GEN? 2.474 2475 2455 2802 2683
B3LYP/6-311G** 2590 2594 2574 2906 2762
CASSCF/6-311G** ®67 Q0553 Q506 0632 Q0608
DMC 1.82(4) 1.85(4) 1.76(5) 2.22(4) 2.15(4)

@ Referencg128].

Table 4. Adsorption energy (e¥atom) of CuSj and CuSj clusters

CuSi CuSk

4a 4b 4c 6a 6b
HF/GEN? 0.593 Q508 Q251 0518 —2.589
B3LYP/GEN? 1.315 1320 1221 1364 0533
B3LYP/6-311G** 2114 2134 2037 2396 1382
CASSCF/6-311G** —-0.471 —0.544 —0.775 —-1.781 —1.945
DMC —-1.31(9) —1.18(9) 1.65(12) 2.81(13) —3.34(12
2 Referencd128].
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Abstract
The algebraic structure of central molecular chirality can be achieved starting from the geometrical representation
of bonds of tetrahedral molecules, as complex numbers in polar form, and the empirical Fischer projections used
in organic chemistry. A general orthogonak4) algebra is derived from which we obtain a chirality index
related to the classification of a molecule as achiral, diastereoisomer or enantiomer. Consequently, the chiral fea-
tures of tetrahedral chains can be predicted by means of a molecular Aufbau. Moreover, a consistent Schrodinger
equation is developed, whose solutions are the bonds of tetrahedral molecules in complex number representation.
Starting from this result, th€©(4) algebra can be considered as a “quantum chiral algebra”. It is shown that the
operators of such an algebra preserve the parity of the whole system.
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1. INTRODUCTION

Understanding the fundamental nature of chirality is an issue involving several disciplines
of science like physics, chemistry and mathemdti¢sChirality is a symmetry emerging

in abstract space®.¢., the spin configuration space of elementary particles) and in real
physical space—times@., the Lorentz group of transformations acting on molecules). In
any case, it is a discrete symmetry and, from several viewpoints, scientists are wondering
if it is a conserved quantity or if it can be violat¢d]. In other words, it is not com-
pletely clear, up to now, if objects with different states of chirality are different objects or
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Fig. 1. Different forms of molecular chirality.

are indistinguishable from a physical point of vieire( they have exactly the same en-
ergy configuration, the same angular momentum, in modulus, and so on). This question
involves subatomic particle®.¢., right-handed and left-handed neutrinos) or molecules
(e.g., enantiomers), or even huge macrosystems of astrophysical size as spiral galaxies

Another and deeper issue is related to the observational fact that Nature seems to prefer,
in most cases, just one modality: left-handed neutrjdhd.-aminoacids and D-sugajs],
spiral galaxies with trailing arm$]. In some sense, we observe a sort of chirality selection
rule in our Universe, even if the opposite chiral state is mathematically and physically
consistent and can be obtained as a reaction produgt (acemization processes and
asymmetric synthesig]) or happens as secondary process (spiral galaxies with leading
arms seem to be the results of interactions in clusters of galdgies)

For example, the origin of homochirality for L-aminoacids and D-sugars is still an open
problem and several mechanisms have been prog8teAmong them, the spontaneous
chiral symmetry breaking represents a fascinating theory. Significant enantiomeric ex-
cesses and chirally symmetry breaking can be generated by chirally autocatalytic systems.
In particular, the chiral asymmetry generated during a stirred crystallizg@jsthows that
significant chiral autocatalysis can occur in the proximity of a chiral solid surface; this
process might be important to be considered to explain the observed enantiomeric excess
in L-amino acids in meteoritd40].

The program to understand dynamics of chiral structures ranges from microscopic to
astrophysical scales, and it is very likely that the whole observable Universe has its own
state of chirality[2a,11]

More specifically, following Lord Kelvin12], chirality can be defined as: “I call any
geometrical figure, or groups of points, chiral, and say it has chirality, if its image in a plane
mirror, ideally realized, cannot be brought to coincide with itself”. On the other hand, an
achiral molecule can be defined as: “If a structure and its mirror image are superimposable
by rotation or any motion other than bond making and breaking, than they are identical”.
Chiral molecules having central chirality contain stereogenic cenfiigs 1) [13]. Given
two molecules with identical chemical formulas, if they are not superimposable, they are
calledenantiomers. In general, the term chirality has a broader sense, for example, chirality
can be due to a spatial isomerism resulting from the lack of free rotation around single or
double bonds (which means that the molecule has a chiral axis) such as in biflgnyl
compoundsKig. 1).

Chirality can be even due to a helical shape of the molecule which can be left- or right-
handed15] (Fig. 1).
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Br Br

Ccivy/ \/ICH; HsCV/  \'OH
HO H H Cl

central chirality

Fig. 2. Example of a couple of diastereoisomers.

When a molecule contains more than one chiral centre, a further definition has to be
introduced. In this case, two molecules with identical structural formulas, which are not
mirror images of each other and not superimposable, are tedtrastdreocisomers (Fig. 2).

Most properties of molecules are invariant under reflection (scalar properties), when ex-
amined in an achiral environment and enantiomers are identical in many respects such as
solubility, density, melting point, chromatographic retention times, spectroscopic behav-
iour. It is only with respect to those properties that change sign, but not magnitude under
reflection (pseudoscalar properties), that enantiomers differ, such as optical rfitélion
optical rotatory dispersion (OR[}17], circular dichroism (CD]18], vibrational circular
dichroism (VCD)[19]. In contrast, diastereocisomers exhibit different chemical and phys-
ical properties. It is evident that molecular chirality is fundamentally connected to spatial
symmetry operation@0] and has the features of a geometrical property. Interestingly, chi-
rality has been treated as a continuous phenomgigrof achiral symmetry breaking and
this approach has brought to the description of molecules as “more or less chiral” just as a
door which is more or less open.

In the last decades, discrete mathematics and qualitative descriptions of the spatial
features of molecules provided a large development of theoretical stereochg@@§try
Molecular chirality has been studied by algebraic methods based on permutation group
theory and group representation thef@®]. Several topological indexes have been pro-
posed to describe 3D molecular structures and shiggs Chirality of molecules has
been as well the subject of studies aimed to achieve numerical indexes as a measurement
of this property, so, discrete and continuous measurements of chirality have been proposed
in order to determine the degree of chirality of a moled@k]. Such measurements are
related to the methods used for the characterization of physical and chemical features of a
given compound. Empirical classification of organic molecules is based on the properties
of functional groups, such as hydroxy group in alcohols, C—C double and triple bonds,
CO group in ketones, aldehydes, etc. In general, organic compounds are collected in ho-
mologous series, differing by the number of carbons present in the structure. The most
important classification of organic molecules, from this point of view, is the Beilstein sys-
tem, where each compound finds an indexed place in the Beilstein Handbook of Organic
Chemistry[26]. Various parameters as thermodynamic enthalpies of formation have been
used as a basis for classification in homologous séfiég and additivity schemes for
atoms are introduced in order to predict the enthalpies for compounds of homologous
series. Furthermore, quantum mechanical quantities such as molecular total and partial
energies have been statistically treated for the same pufp8ke

The above discussion tells us that several approaches can be pursued but, up to now,
scientific community is far from a comprehensive and final theory of chirality. A new
approach to figure out the problem could be to plan, as in other fields of science, a sort of
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“Erlangen program”. In fact, according to Felix Kl€jig9], every geometry and dynamics
of objects can be characterized by their own group of transformations, thus we have, in
general the following process:

Geometry =  Space and Group Transformations=> Dynamics

Following these steps, we can fully characterize a theory which finally is well established
if experimental data fit the solutions of dynamics.
All physical theories agree with this scheme. As examples, we have:

Euclidean Space =  Galilei Group <« Classical Mechanics
Minkowski Space = Poincaré Group <  Special Relativity

Phase Space = Canonical Transformations <  Hamiltonian Dynamics
Hilbert Space =  Unitary Transformations <  Quantum Mechanics

and this approach holds for any self-consistent theory.
Chirality could be dealt, from a theoretical viewpoint, with the same standard by the
following steps:

1. given a class of chiral objects identify their configuration space;

2. try to develop the algebra and the group of their configurations and transformations;

3. identify symmetries, conservation laws and then define the dynamical problem;

4. achieve a full theory where objects and their motions are treated at a fundamental level.

Following the above schemes, we should have:

Configuration Space =  Chirality Transformations <  Chiral Mechanics

The approach could involve microscopied;, molecules) and macroscopied., spiral
galaxies) objects, so a full theory of chirality should be a quantum one, but it should work
out, in the limits of classical mechanics, also with extremely large objects. In other words,
a comprehensive theory of chirality should be independent of objects size.

In this article, this program is outlined for tetrahedral molecules, starting from an ele-
mentary geometrical representation.

A tetrahedral molecule is a system of four bonds connected at the origin to a central
atom g.g., a carbon atom). These bonds can be represented as complex numbers in polar
form. A chiral transformation between a couple of bonds is nothing else but a complex
conjugation and then, taking into account all possible transformations, the elements of the
group can be derived. It is interesting to observe that the 24 Fischer projections, coinciding
with these elements, constitute @an4) algebra, so that transformations can be read as
rotations and inversions in an abstract 4D-space.

Being the bonds non-relativistic quantum objects, they have to satisfy a Schrédinger
equation, s@ (4), as it will be shown, can be read as a “quantum chiral algebra” by which
it is possible to classify chiral transformations and to construct, in principle, any tetrahedral
chain knowing their chiral features.

The layout of the paper is the following. Firstly, the geometry of tetrahedral chains,
based on a complex numbers representation, is described. This approach allows a first
qualitative classification of molecules as achiral, diastereoisomers and enantiomers. Sec-
ondly, we discuss the Fischer projections and show that they can be seen as elements of
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O (4) algebra. The further step is the extension to a sort of molecular Aufbau for tetrahedral
chains. A quantum mechanical approach for tetrahedral molecules is developed by seeking
for a consistent Schrodinger equation for bonds. Finally, the quantum chiral algebra is dis-
cussed with respect to point transformations and Hund r@]ltﬁ, H] = Oiis recovered,

if parity states are nothing else but superpositions of chiral states.

2. GEOMETRICAL APPROACH TO CENTRAL MOLECULAR
CHIRALITY BASED ON COMPLEX NUMBERS

The spatial properties of achiral molecules, enantiomers and diastereoisomers can be con-
sidered under a geometrical description. Some features exist in order to characterize such
classes of molecules by the same parameters.

The approach propos¢gll] is based on complex numbers since this is a straightforward
way to represent the “length” of the bond with respect to the stereogenic centre and the
“angular position” with respect to the other bonds. In general, given a tetrahedral molecule
with a stereogenic centre, it can always be projected on a plane containing the stereogenic
centre as irFig. 3. Every bond, in the plang, y}, can be given in polar representation by

W =pje, N

wherep; is the “modulus”;i.e., the projected length of the bor), is the “anomaly”,.e.,

the position of the bond with respect to they axes (and then with respect to the other
bonds). The number = /—1 is the imaginary unit. A molecule with one stereogenic
centre is then given by the sum vector

4
M= ijei(?_,- (2)
j=1

in any symmetry plane. If the molecule hastereogenic centres, we can definplanes
of projection (one for each centre). Such planes can be parallel among them, even if this
feature is not essential. If a molecule with one centre has four bonds, a molecule with two

(pl’el)

EEE R R Y o
<

(p2’e2)

(p3,03)
(p4>e4)

Fig. 3. Projection of a tetrahedral molecule on a plane containing the stereogenic centre.
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centres has seven bonds and so on. The general rule is

n=centres < 4n— (n—1) =3n+ 1bonds 3)

assuming simply connected tetrahedra. If atoms acting as “spacers” are present between
chiral centres, the number of bonds changes frars-3. to 41, but the following consid-
erations for consecutive connected tetrahedra remain valid. A molecule signeogenic
centres is then given by the sum vector

n 3n+l

My =" pjxe®, 4)

k=1 j=1

wherek is the “centre-index” and is the “bond-index”. Again, for an¥, a projective
plane of symmetry is defined. The couple of numHers} = {0, O} assigns the centre in
every plane. In other words, a moleculé,, is assigned by the two sets of numbers

{o1ks s Pjks -+ s PGr+DET
Ok, -2 Ojkcs - -, O@nt1)k)- ©)

Having in mind the definition of chirality, the behaviour of the molecule under rotation
and superimposition has to be studied in order to check if the structure and its mirror
image are superimposable. Chirality emerges when two molecules with identical structural
formulas are not superimposable. Considering the geometrical representation reported in
Fig. 3, a possible situation is the following: let us take into account a rotation df it80
the space around a generic akipassing through the stereogenic centre. Such an axis can
coincide, for the sake of simplicity, with one of the bonds. After the rotation, two bonds
result superimposable while the other two are inverted. The situation can be illustrated by
the projection on the plane, y} as shown irFig. 4.

In formulae, for the inverted bonds, we have

(V1 = ;1™ W3 = p3e’®} = (W1 =p1eB, F3=p3e™}. (6)

In order to observe the reflection, the four groups must be of different nature. This sim-
ple observation shows that the chirality is connected with an inversion of two bonds in
the projective symmetry plane. On the contrary, if after the rotation and superimposition

Ay

Fig. 4. Picture of the projected situations before and after the rotation of a chiral tetrahe-
dron over its mirror image. Groups 2 and 4 coincide while 3 and 1 are inverted.
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HO,C CO,H HO,C CO,H

HO OH HO OH

Fig. 5. Mirror structures ofmeso-tartaric acid.

(Fig. 4), moleculel is identical to moleculél, we are in an achiral situation. Such a treat-
ment can be repeated for any projective symmetry plane which can be defined for the
centres. The possible results are that the molecule is fully invariant after rotation(s) and su-
perimposition with respect to its mirror image (achiral); the molecule is partially invariant
after rotation(s) and superimpositiare,, some tetrahedra are superimposable while others
are not (diastereoisomers); the molecule presents an inversion for each stereogenic centre
(enantiomers).

The following rule can be derived: central chirality is assigned by the numlggven
by the couple:, p that is

x = 1{n, p}, (7)

wherey is the chirality indexp is the principal chiral number angthe secondary chiral
number, that i% is the number of stereogenic centrgss the number of permutations (at
most one for any centre). The constraint

0<p<n (8)

has to hold.

This definition of chirality is related to the structure of the molecule and its properties
under rotations and superimposition.

The sequence between achiral and chiral molecules is given by

x = {n, 0} achiral molecules,
x ={n, p <n} diastereoisomers,
x = {n,n} enantiomers.

As an example, the chirality of degenerate casep-tartaric acid Fig. 5), can be reduced
to this rule. In this case, three groups of two tetrahedra are identical and the fourth group is
the other stereogenic carbon centre. As it can be seen from the figure, the molecule is fully
invariant by superimposition to its mirror image, hence-= 0 and the structure is achiral

(x =1{2,0.

3. FISCHER PROJECTIONS FOR TETRAHEDRAL MOLECULES

An extremely useful method to represent tetrahedral molecules was reported in 1891 by
Emil Fischer, who proposed the well-known planar projection formulas. When describing a
molecule in this representation, some rules have to be follotigd §): the atoms pointing
sideways must project forward in the model, while those pointing up and down in the
projection must extend toward the rear. As an example, let us take into ac&)(At)¢

lactic acid.
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CO,H CO5H
HO = H = HO H
CH, CHs

Fischer projection

Fig. 6. Fischer projection of{)-(+)-lactic acid.

CH
OH 90° rotation GOH 180° rotation 3
H3C+COZH  —] HO+H ———>H OH
H CH3 COzH

enantiomer starting compound same compound

?OZH two groups inversion CHs

HO—T—H >HO|H

CHg CO,H

starting compound enantiomer

Fig. 7. Fundamental rules to handle Fischer projections.

In order to obtain proper results using Fischer projections, they must be treated dif-
ferently from models in testing superimposability. Projections may not be rotated of 90
while a 180 rotation is allowed. The interchange of any two groups results in the conver-
sion of an enantiomer into its mirror imageiq. 7).

Let us indicate the chemical groups by numbers running from 1 to 4. For the example
which we are considering: OH= 1, COH = 2, H = 3, CHg = 4, without taking
into account the effective priorities of the grouds]. There are 24-£4! the number of
permutations of 4 ligands among 4 sites) projections.

Twelve of these correspond to the)(enantiomer and are illustratedfig. 8.

The other 12 graphs iRig. 9represent the-{) enantiomer.

The permutations shown irig. 8 can be obtained, either by permuting groups of three
bonds or by turning the projections by Y80 he permutations outlined iRig. 9 derive
by those inFig. 8 simply by interchanging two groups. With these considerations in mind,
it is immediate asking for an algebraic structure which can be built from Fischer projec-
tions[32].

4. ALGEBRAIC STRUCTURE OF CENTRAL MOLECULAR
CHIRALITY

In order to reduce the Fischer rules to an algebraic structure, we define an opgrator
acting on a tetrahedral molecule. We shall take into account only one tetrahedron, but the
generalization of the following results to simply connected chains of tetrahedra is easily
accomplished as we shall see below.
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(1) (2) (3)

3 1 4
4 A

4 3 1

PRGN ) (5) (6)

< !H

HsC oH 4 1 3
e

2 2 2

(7) (8) (9)

4 3 1
1+2 4+2 3+2

3 1 4

(10) (11) (12)

Fig. 8. Twelve Fischer projections of§-(+)-lactic acid.

A tetrahedral molecule can be assigned by a column vettorewriting equation(2)
as

v

_| ¥
M= v | )

Yy

¥; are defined in equatiofi).
The corresponding Fischer projection is

which is the first inFig. 8 The position of the bonds in the column vec®y are assigned
starting from the left and proceeding clockwise in the Fischer projection.
The matrix representation of the projecti@yis assumed as “fundamentail’g.,

(10)

0 00
B 100
X1= 010
00 1

OO
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2 2 2
4+3 3 i 1 1 i 4

1 4 3

Q) 2 3

3 4 1
+ 4+

1 3 4

cop @ (5) (©)

i iH

HO CHj; 1 T T
3 4 1 | 3 4 | 1

2 2 2

@ @) &)

1 3 4
4+2 14“2 3+2

3 4 !

(19 (1) (12

Fig. 9. Twelve Fischer projections oR()-(—)-lactic acid.

so the action on the column vectét is

"2} "2}
vl | ¥

X1l gy | = ws | (11)
Yy vy

x1 is nothing else but the identity operator. The configuratirof Fig. 8 can be achieved
as soon as we define an operatpracting as

"2} U3
Ul | ¥

Yy "2}
which corresponds to the matrix

0 010

0100
X2=10 0 0 1] (13)

1 000

itis clear thatyz is a rotation. On the other hand, the configuratiprof the (—) enantiomer
can be obtained starting from the column ve¢8)r if we define an operatgr; which acts
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as
'Z} vy
_ Ul | ¥
Xl g [ = e | (14)
Wy 'Z1
Explicitly, we have
0 001
_ 01 00
1 000

It generates the inversion between the bolidandy,.

By this approach, all the 24 projections can be obtained (12 forthefantiomer and
12 for the () enantiomer represented kigs. 8 and P by matrix operators acting on the
fundamental projectio(i). The following tables summarize the situation. The operatprs
give rise to the representations of thg) (enantiomer, while the operatogg give rise to
those of the {) enantiomer. Obviously =1, ..., 12.

Table I, ¢+) enantiomer:

1000 0010 000 1
o100 o100 o100
X1=10 0 1 0] *2=lo0 0 0o 1]° %311 0 0 o]"

000 1 100 0 0010

0100 0100 0100
oo 10 1000 000 1
X4=11 0 o o] *=|o 0o 0 1| X6=|0o 0 1 o)’

000 1 0010 100 0

0010 0 00 1 100 0
oo o0 1 1000 o010
X7=11 0o o o] X8=|o 0o 1 o|]° X=|o 0 0 1"

0100 0100 0100

100 0 000 1 00 1
_|o o001 oo 10 1000
X10=10 1 0 o] ¥=|0 1 0 of" X25|0 1 0 0O

0010 100 0 0 00

Table II, () enantiomer:

000 1 0010 100 0
_ (o100 _ o100 _ o100
X1=10 0 1 0] X211 0 0 0| ®¥=|lo 0 0 1"

1000 000 1 0010

0100 0100 0100
_ (o010 _ [0 o001 _ (1000
=10 00 1] =11 0 0 o] *=l0 0 1 o]"

100 0 0010 000 1
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0010 1000 000 1
_ 1000 _ 0001 _ 0010
’”—0001’X8—0010)’X9—1000)’
0100 0100 0100
000 1 1000 0010
_ 100 o] _ 00 10| _ 000 1
X10=10 1 0 o]" ¥=l0 1 0 of” *2=|0 1 0 o0
0010 0001 1000

The matrices in Tables | and Il are the elements of a 4-parameter algebra. Those in Table |
are a representation of rotations, while those in Table Il are inversions. Both sets constitute
the groupO (4) of 4 x 4 orthogonal matrices. The matrices in Table | are the remarkable
subgroupSO(4) of 4 x 4 matrices with determinantl. The matrices in Table Il have
determinant-1, being inversions (or reflections). They do not constitute a group since the
product of any two of them has determinagt. This fact means that the product of two
inversions generates a rotation (this is obvious by inverting both the couples of bonds in a
tetrahedron). In fact, we have

XkXi = Xm»  XkX1=Xm» XiXi=ZXm fork.ilm,=1..,12 (16)

For example, straightforward calculations give

X8X9= X5, X5X2= X9 X10X10= X7 (17)

and so on. In summary, the product of two rotations is a rotation, the product of two reflec-
tions is a rotation, while the product of a reflection and a rotation is again a reflection. In
any case, the total algebra is clogdd]. Below the complete set of commutation relations

is given.

The 24 matrices in Tables | and Il are not all independent. They can be grouped as
different representations of the same operators. To this aim, we make use of a fundamental
theorem of algebra which states that all matrices, representing the same operator, have
the same characteristic polynom[84]. In other words, the characteristic equation of a
matrix is invariant under vector base changes.+) énantiomer case, the characteristic
eigenvalue equation is

detfx; — Al =0, (18)

wherea are the eigenvalues ahds the identity matrix.
The following characteristic polynomials can be derived:

1-n*=0 for x4, (19)
(L— 22 1+2+2%) =0 forxs X3 X4 Xe&» X8 X9 X100 X125 (20)
1-2%1+1%=0 for xs, X7. X11- (21)

In the case of{) enantiomer, we have

det|[xx — Al =0 (22)

and the characteristic polynomials are
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1-2%1+31) =0 for X1, X2, X3, X6, X8, X11, (23)
(L—)@+2)(A%+1) =0 for x4, Xs, X7 X9, X10 X12- (24)
There are 6 independent eigenvalues:
—1+i4/3
AMa2==x1  Aza==i, Isg= Tl\/— (25)

Inserting them into equatior{48) and (22)it is easy to determine the eigenvectors
Xe =AM =0,  (Fx—ADM =0 (26)

with obvious calculations depending on the choiceggfand xx. M is given by equa-

tion (9). It is worth noting that the number of independent eigenvalues (and then eigen-
vectors) is related to the number of independent elements in each member of the group
O(N) we are consideringV? is the total number of elements, Wh@V(N + 1) are the
orthogonality conditions, so we have

N? — %N(N+1) = %N(N—l). (27)

For O(4), it is 6, which is the number of independent generators of the gi@Ripgiving
the “dimension” of the group. With these considerations in mind, it can be stated that
Fischer projections generates the algebraic structure of tetrahedral molecules.

5. GENERALIZATION TO MOLECULES WITH n STEREOGENIC
CENTRES: A MOLECULAR AUFBAU FOR TETRAHEDRAL
CHAINS

The results of the previous section can be extended to more general cases. For a molecule
with n stereogenic centres, we can definplanes of projection and the bonds among the
centres have to be taken into account.

Equation(4) can be written as

Mn—ZMk+ Z My, (28)

k=p+1

where M, and M are generic tetrahedra on which are acting the operzit’@ramd X]{
respectivelyk is the center index running from 1 49 1 is the operator index ranging from
1to 12.

For any tetrahedron, two possibilities are available:

M =xiMOQ M= ximP, (29)

whereM,({o) is the starting fundamental representation of kietrahedron given by the
column vector in equatio(®). Explicitly we have

Y1k
L 20
W3y
Wy

M = (30)
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In other words, M, and M; are the result of the application of one of the above matrix
operators on the starting column vecmr,(f)).

A particular discussion deserves the ingexwhich, as previously stated, ranges0
p < n. Itis the number of permutations, which occur when the operﬁt’pm:t on tetrahe-
dra. It corresponds to the number of reflections occurring in-aantre tetrahedral chain.
No inversions, but rotations occur Whgé‘l operators act on the molecule. Having this rule
in mind, it follows that

My=> M. p=0, (31)
k=1

is an achiral molecule (in this case or)di operators act OVM,(CO));

p n
My=) M+ Y Mi, O<p<n, (32)
k=1 k=p+1

is a diastereoisomer sin¢e — (p + 1)] tetrahedra result superimposable after rotations,
while p-ones are not superimposable, having, each of them, undergone an inversion of two
of their bonds.

Finally, an enantiomer results if

n
My =Y My, n=p, (33)
k=1
where every tetrahedron results a mirror image of its starting situation after the application
of any of the)_(’i operators. The chirality selection rule, geometrically deduced (equa-
tion (7)), is fully recovered. In other words, this selection rule gives a classification of
tetrahedral chains by their chirality structure.

A building-up process (Aufbau-like) is consequently derivald8]. The building-up
process gives rise to a chirality index which assigns the intrinsic chiral structure of the
final compound. As we have seen, the chirality ingeallows an immediate chiral char-
acterization of a given tetrahedral chain. Let us take into account a molecule, which is well
defined in its chiral feature, in the sense that, considering also its mirror image, it is clear
to assess if the molecule is an enantiomer, a diastereoisomer or an achiral molecule. After
the addition of a further chiral centre to this structure and its mirror image, the resulting
structure will be

x={n+1 p+ Ap}, (34)

whereAp = 0, 1. The chiral properties of the new molecule are assigned by thealue
according to the following possibilities.
If Ap =0, we can have

=0 = xr={m+10 (35)

in this case, the starting compound is an achiral molecule as well as the final one.
Again, for Ap = 0, we can have

xs={n,p} = xr={n+1p} (36)
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in this case, the starting molecule is a diastereoisomer, beingp, as well as the final
structure.
Finally, if

xs=1{n.n} = xy={n+1ln} (37)

the starting molecule is an enantiomer, while the final one is a diastereoisomer.
If Ap = 1, the situations can be

xs={n0 = xr=n+11 (38)
from an achiral molecule, a diastereoisomer is obtained;

xs={n.pl = xr=h+Lp+1 (39)
from a diastereoisomer, another diastereoisomer is obtained;

xs={n.n} = xr={h+ln+l} (40)

from an enantiomer, we get another enantiomer.

Equationq35)—(40)take into account all the possibilities, which can be easily iterated
adding up any number of chiral centres to a given chain. In the general cageiftiae
ruleis

n'
x=n+n,p+pl V' =1, p’:ZApj, Ap;j =0, 1 (412)
j=1

However, we have to consider that the rule works only for simply connected tetrahedral
chains, where the chiral features are well established with respect to the mirror image. In
this sense, chirality is not an absolute feature of the mole¢2&20] Adding up a chiral
centre to a structure gives rise to a new molecule, whete {n + 1, p + Ap}. The fact
that, in the addition, the variation @f can beAp = 0, 1, assigns the chiral feature of the
new compound.

An example of the building-up process is reportedrig. 10 In Fig. 11, a degenerate
casq13]is reported, where the two chiral centres are identical, introducing a further degree
of symmetry to the final structure. In this case, the situafign= {2, 2} for Ap = 1is
equivalent toy = {2, 0}, since the two molecules are superimposable, hence the structure
is achiral.

6. QUANTUM MECHANICAL APPROACH

In order to carry on with our Erlangen-like program, the next step required is dealing with
dynamics of tetrahedra starting from the previous geometrical and algebraic considera-
tions.

Being microscopic objects, a quantum mechanical treatment has to be pursued. First of
all, we have to probe if the mathematical representation of bond given in equajjon
and then the superpositio®) and (4) are solutions of a suitable Schrédinger equation.
Furthermore, in order to build up a self-consistent quantum mechanics of chiral eigenstates,
relations among such eigenstates, energy and parity eigenstates need to hadpurite
final step is to understand which is the fundamental meaning of chirality transformations.
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Fig. 10. Aufbau process consisting in adding up a chiral centre to a given chiral tetrahe-
dron. Last consideration indicates that such an Aufbau approach is working only if the
chiral centres are different and, in this respect, the procedure is suitable for the description
of chiral structures.

enantiomers | ehantiomers
] —
={1,1 . . ={L1}
HO,C £s {’ } COH | HOC COzH
H\\}‘CHg H3C4<'I’H | Y CHj H3C‘<l:|H
1
HO oH | Ho OH
1
l n=2, Ap=0 | n=2, Ap=1
1

1
HOJC.1 2 COnH HOLC_, | COzHiHOZC 1 2 COHHOC_, ; COH
el Ho“‘>_<""H R TR e

1
HO OH H OH ! HO OH ‘ HO OH
diastereoisomers ] achiral
If = {231} ! Zf = {270} = {2:'2}

Fig. 11. A degenerate example of Aufbau process consisting in adding up a chiral centre,
having identical substituents of the starting chiral tetrahedron.

In order to answer such questions, we have to discuss the possible quantum mechan-
ical interpretation of the above formulae and then the consistency of the problem in the
perspective of a full quantum mechanical treatment.

We proceed by an inverse problem approach, considering a Schrédinger equation for the
“solution” (1) and the sums of solutior{&) and (4) [36]

The problem is set in the Born—Oppenheimer approximation by which a given stere-
ogenic centre is considered fixed and dynamics of the four bonds is reduced to it.

This position is supported by an appropriate change of coordinates, since the problem
can be reduced to a coordinate system fixed in the stereogenic centre.
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A time-independent three-dimensional Schrédinger equation is

h2
{_sz‘f‘V(x»y»Z)}U(X’y’Z):Ejn(xayvz)’ (42)
where E; are the energy eigenvalueg;™is a given reduced mass ane? the Laplace
operator. The index will be defined below. Our tetrahedron can be idealized as a system
in a central potential with a spherical symmetry, so that, the potential depends only on the
radiusr: V(¥) = V (r). The general solution of the angular part of Schrodinger equation is

Yim (9, 9) = Nim P"(cOsp)(sing)™lei™? (43)

where P/" (cosp) are Legendre polynomials aid ,, is a normalization factor depending

on the orbital and azimuthal quantum numbieasdm. Coming back to the former prob-

lem, the aim was to see if equati¢h) is a solution of Schrédinger equation. Concerning

the angular component, it can be interpreted as the azimuthal part of angular momentum.
For the radial component, it can be chosen

p(r) = (i) (44)
ro

whererg is a normalization lengthe(g., ~1.09+ 1.54 A a typical C—X length bond) useful
to restore the probabilistic interpretation of our approach. Immediately, the form of the
potentialV (r) is obtained

@0

V(r): _}"_2’

ag =

72
—l+1 -2 45
o 10+ =2] (45)
depending on the eigenvalu®, the angular momentuinand the masg.

Finally, the solution¥; = p;e'% with the positions

pi(r) = <i—é) 9 =m0 (46)

is composed by the radial and azimuthal parts of a complete solutlon of Schrédinger equa-
tion. Clearly,j = 1,2, 3,4, E; are the bonds energies ad = Z, 10) e/ is the
superposition of four single parucular solutions. This result can be extended to eqdation
consideringn Schrodlnger problems one for each stereogenic c¢dije At this point,

the role of operatorg® and x* has to be investigated in order to see if they are quantum
operators implementing chiral transformations.

7. QUANTUM CHIRAL ALGEBRA AND PARITY

Previous treatment shows that equatfdhcan be considered as a solution of a “reduced”
Schradinger problem, where, due to the separation of variables, the Hamiltonian operator
is projected on thdr, ¥}-plane and a part of the general solutidn= @ (r, 9, ¢, 1) is
nothing else bu® (r, ) = pe'”. Operators, (r, #), x* andx¥, act on the four bonds of
thek-stereogenic centre inducing the following transformations:

0 ~
ih&/\/lk =HiMp = EjpMi, My = )(k./\/l(o) (47)
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and
,8—_/\—_ v T ok p O 48
lh—at./\/lk—HkMk—EjkMk, My = XsM;7, (48)

whereE j; are the energy egeinstates of bonds with respect tb-gtereogenic centre.
Rotationsy* and inversiong* operate on bonds of the starting fundamental represen-
tationM,ﬁO) given by equatiorf30).
It is straightforward to see thatt and?;, commute between them being

[Hi x$] =0. (49)
Similarly, it can be obtained

[Hi, ] = 0. (50)
Furthermore, we have

(x5 x5 = fors,m =5,7,11, (51)

(x5 xn]=xi—xs forim g.s=1..12 (52)

(x5 xb]=xi—x§ forim, g.s=1.. . 12withs,m #5711, (53)

(x5 Xn]=xf— x5 forim g s=1..12 (54)
and

[xExm]=0. [xt.xn]=0 [xfxh]=0 (55)
beingk # g.

Relationg49)—(55)constitute a quantum chiral algebra and the eigenstate’s amdy*
operators are, in general, solutions of Schrédinger equation. The way in which operators

Hy, x, x* work on quantum states of chiral molecules deserves a particular discussion.

Taking into account the fundamental representat®®) of a givenk-tetrahedron, the
action of the operatox* andx* defines the “chiral state” of the molecule being

Wr) = My = x*MmP (56)
and
) = My = Xm2, (57)

where|¥g) and|¥; ) indicate right- and left-handed quantum states of the molecule using
the Dirac ket notation. Operatogg “rotate” thek-tetrahedron, whilg* “invert” a couple
of bonds. Dropping, for simplicity, the indexes, the following relations:

XI¥R) = |¥R), XI\¥L) = 1¥L), (58)
XI¥R) = |¥L), XIPL) = |¥R) (59)

hold. Thex operators interconvert two handed forms and, in some sense, work as an al-
gebraic counterpart of quantum tunnelijf2g,37] Parity eigenstates of a chiral molecule,
ignoring parity violation effect§38], are energy eigenstates and can be obtained as super-
positions of handed staté39]. It follows that

W) = %(W’L) £ |¥R)) (60)
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which are, respectively, even- and odd-parity eigenstates. Chirality opegatord x do
not alter the parity of a given enantiomer being

1 1

X|Ws) = 72(""”” + x|Wg)) = 72(|WL> + |Wg)), (61)
1 1

X|We) = 72(7(|%> + X|1¥R)) = 72(|WR> + W), (62)

which means thag-operators allow transitions betwegbg) and|¥;) (as in a quantum
tunneling process) and parity is the conserved quantum mechanical qiadtity

It is worth noting that the total Hamiltonian operator for the degenerate isomers of an
optically active molecule always consists of an even and an odd4jrt

7’_'{\tot — ﬁeven+ ﬁodd' (63)
This is the energy operator involved in the Hund result, which is
[P, H"] =0. (64)

On the other hand, the Hamiltonian operators considered alimveﬁk) refer to bond-

eigenstates of the-tetrahedron. Due to relatioit49) and (50)these eigenstates are “con-
served” with respect to the Hamiltonigt, and not with respect to the total Hamiltonian
H'™!, so the parity and not chirality is the true conserved quantum mechanical quantity.

8. SUMMARY AND CONCLUSIONS

At this point, it is interesting to quote Heisenberg’s remftk] which suggested that
elementary particles are much more akin to molecules than to atoms. This statement un-
derlines the importance of fundamental symmetry arguments to pursue analogies between
guantum states of chiral molecules and those of elementary particles. Hence, the develop-
ments in fundamental physics can give access to concepts which could form the basis of
a new quantum chemistry. With this perspective in mind, we have developed a new de-
scription of chirality of tetrahedral molecules, which takes into account the geometrical
and algebraic structure of such objects with implications for their quantum mechanical
properties.

On the basis of empirical Fischer projections, it is possible to derive an algebraic ap-
proach to central molecular chirality of tetrahedral molecules. The elements of such an
algebra are obtained from the 24 projections which a single chiral tetrahedron can gener-
ate inS and R configurations. They constitute a matrix representatio@ @f) orthogonal
group. Twelve of them are rotations, while the other twelve are inversions. All the projec-
tions are algebraically generated starting from a fundamental one, where the positions of
chemical groups are establishagriori in a clockwise sequence® 2 — 3 — 4. The
generalization to chains of tetrahedra is straightforward.

According to this representation, given a molecule witthiral centres, it is possible to
define an index of chirality = {n, p}, wheren is the number of stereogenic centres of the
molecule ang the number of permutations observed under rotations and superimposition
of the tetrahedral molecule to its mirror image.

Consequently, a “chirality selection rule” comes out which allows the characterization of
a molecule aschiral, enantiomer or diastereoisomer. The chirality index, not only assigns



246 S. Capozziello and A. Lattanzi

the global chirality of a given tetrahedral chain, but indicates also a way to predict the same
property for new compounds, which can be built up. In fact, a sort of molecular Aufbau
for tetrahedra has been proposed. It is possible to recognize a set of rules which allows the
classification of new compounds, obtained after the addition of another chiral centre, by
the determination of the selection rul@ = 0, 1 with respect to the added centre.

Such a chiral algebra can be discussed in the framework of quantum mechanics. In fact, it
is possible to show that the elements of thel) group are operators, which commute with
the Hamiltonian of the system, and give rise to Heisenberg relations implying conservations
laws. In this sense, this algebra can be defined as a “quantum chiral algebra”. Moreover,
the operators, acting on the molecular chiral states, preserve the parity of the whole system
as stated by HunfB0].

This result is clearly in agreement with the fact that the true stationary states of the
systems are the parity ones, while chiral stdtes) and|¥;) can be interchanged by a
guantum tunneling mechanigi®7al.

These new perspectives can give rise to a wide debate on the role of group theory in
order to seek for the fundamental features of chirality.
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Abstract
Nonperturbative analytical and numerical methods are presented for the solution of the coupled nonlinear
Maxwell-Schrédinger system of partial differential equations. These equations have been derived within the
Hamiltonian or canonical formalism. The canonical approach to dynamics, which begins with the Maxwell and
Schrédinger Lagrangians together with a Lorenz gauge fixing term, yields a set of first order Hamilton equations
which form a well-posed initial value problem. That is, their solution is uniquely determined once the initial
values for each of the dynamical variables are specified. The equations are closed since the Schrédinger wave-
function is chosen to be the source for the electromagnetic field and the electromagnetic field acts back upon the
wavefunction, thus producing new fields. In practice, the Maxwell-Schrédinger Lagrangian is represented in a
spatial basis of Gaussian functions. Application of the calculus of variations leads to a set of dynamical equations
that, for that choice of basis, represent the coupled first order Maxwell-Schrddinger equations. In the limit of a
complete basis these equations are exact and for any finite choice of basis they form an approximate system of
dynamical equations that can be integrated in time and made systematically more accurate by enriching the ba-
sis. The dynamics of the basis-represented Maxwell-Schrédinger system is numerically investigated for a single
spinless hydrogen atom interacting with the electromagnetic field in a cavity.
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1. INTRODUCTION

Chemistry encompasses a broad range of Nature that varies over orders of magnitude in
energy from the ultracold nK Bose—Einstein condensation temperdtugdgo the keV
collision energies that produce the Earth’s aurdBae]. At the most fundamental level,

the study of chemistry is the study of electrons and nuclei. The interaction of electrons and
nuclei throughout this energy regime is mediated by the photon which is the quantum of
the electromagnetic field. The equations which govern the dynamics of electrons, nuclei,
and photons are therefore the same equations which govern all of chej@jstfhey are

the Schrédinger equatidi,8]

iV = HY 1)

and Maxwell's equationf9]

V.- E =4np, VxB:%J—i—%, V.-B=0, VxE—l—?:O. (2)
As they stand these dynamical equations are uncoupled. The solutions of the Schrddinger
equation(1) do nota priori influence the solutions of the Maxwell equatiq@3 and vice

versa. The development of analytic and numerical methods for the solution of the coupled
Maxwell-Schrddinger equations is the main purpose of this paper. Before delving into the
details of these methods a physical motivation as well as a historical and mathematical
background is provided.

1.1. Physical motivation
Many situations of physical interest are described by the system of Maxwell-Schrddinger

equations. Often these situations involve electromagnetic processes that occur on drasti-
cally different timescales from that of the matter. An example of such a situation is the
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stimulated absorption or emission of electromagnetic radiation by a molecule. The de-
scription of this process b§l) and (2)accounts for a theoretical understanding of all of
spectroscopy, which has provided an immense body of chemical knowledge.

However, there do exist situations where the dynamics of the electromagnetic field and
the matter occur on the same timescale. For example, in solid state physics certain elec-
tronic wavepackets exposed to strong magnetic fields in semiconductor quantum wells
are predicted to demonstrate rapid decoher¢h@k The dynamics of the incident field,
of the electronic wavepacket, and of the phonons emitted are coupled and occur on the
femtosecond timescale. In atomic physics, the long timescale for the dynamics of cold and
ultracold collisions of atoms in electromagnetic traps has been observed to exceed lifetimes
of excited states, which are on the order of48. Thus, spontaneous emission can occur
during the course of collision and this may alter the atomic collision dynafhicd2]

Cold atom phenomena are being merged with cavity quantum electrodynamics to realize
single atom laserd 3—-15] The function of these novel devices is based on strong coupling
of the atom to a single mode of the resonant cavity. Lastly, in polymer chemistry, ultrafast
light emission has been observed in certain ladder polymer films following ultrafast laser
excitation[16]. A fundamental understanding of the waveguiding process that occurs in
these polymers is challenging.is precisely these situations, where the electromagnetic

and matter dynamics occur on the same timescale and are strongly coupled, that are the
motivation for this paper.

1.2. Historical and mathematical background

The history of the Maxwell-Schrodinger equations dates back to the early twentieth cen-
tury when the founding fathers of quantum mechanics worked out the theoretical details of
the interaction of electrodynamics with quantum mechafii¢s It was realized early on

that the electromagnetic coupling to matter was through the potedtialsd A, and not

the fieldsE andB themselve$6,18,19] The potentials and fields are related by

E=-Vod —AJc, B=VxA ©)

which can be confirmed by inspecting the homogeneous Maxwell equati¢2s inlike

in classical theory where the potentials were introduced as a convenient mathematical tool,
the quantum theory requires the potentials and not the fields. That is, the potentials are
fundamental dynamical variables of the quantum theory but the fields are not. A concrete
demonstration of this fact was presented in 1959 by Aharonov and B2Gin

1.2.1. Gauge symmetry of electrodynamics

It was well known from the classical theory of electrodynani@jsthat working with the
potentials leads to a potential form of Maxwell's equations that is more flexible than that
in terms of the fields alon@). In potential form, Maxwell’'s equations become
A ) 4
VZA——Z—V[V-A+—:|=——7TJ, (4a)
C C c

V-A
V2P + —— = —47p. 4b
0
C
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The homogeneous Maxwell equations are identically satisfied. These potential equations
enjoy a symmetry that is not present in the field equat{@hsThis symmetry is called the
gauge symmetry and can be generated by the transformation

A—> A =A+VF, & — & =d—FJc, (5)

where F is a well-behaved but otherwise arbitrary function called dhege generator.
Applying this gauge transformation to the potentials ir{4) leads to exactly the same set
of potential equations. In other words, these equations are invariant under arbitrary gauge
transformation or argauge invariant. They possess the full gauge symmetry. Notice also
that the electric and magnetic fields are gauge invariant. In fact, it turns out that all physical
observables are gauge invariant.

That electrodynamics possesses gauge symmetry places it in a league of theories known
as gauge theorid21]. These theories include general relatiVfi2,23] and Yang—Mills
theory [24—26] Gauge theories all suffer from an indeterminateness due to their gauge
symmetry. In an effort to deal with this indeterminateness, it is common to first eliminate
the symmetry (usually up to the residual symmetry; see Seg}ibygauge fixing and then
work within that particular gauge. That is, the flexibility implied by the gauge transforma-
tion (5) allows for the potentials to satisfy certain constraints. These constraints imply a
particular choice of gauge and gauge generator. Gauge fixing is the act of constraining the
potentials to satisfy a certain constraint throughout space—time. For example, in electrody-
namics the potential equatiof®) form an ill-posed initial value problem. However, they
can be converted to a well-defined initial value problem by adding an equation of constraint
to them. For example, adding the constraintc + V - A = 0 leads to the well-defined
Lorenz gauge equations

A 4 )
vA-S =Ty V20— S = —amp, (6)
C C C
while addingV - A = 0 leads to the well-defined Coulomb gauge equations
A 4
VA-S=-Z3, V20 = —4np, 7)
C c

whereJr is the transverse projection of the currdntThere are many other choices of
constraint, each leading to a different gauge. It is always possible to find a gauge function
that will transform an arbitrary set of potentials to satisfy a particular gauge constraint.
The subject of the gauge symmetry of electrodynamics, which is a subtle but fundamental
aspect of this paper, is discussed in detail in Sec#iom particular, it will be argued

that fixing a particular gauge, which in turn eliminates the gauge from the theory, is not
necessarily optimal. Rather, it is stressed that the gauge freedom is a fundamental variable
of the theory and has its own dynamics.

1.2.2. Gauge symmetry of electrodynamics and wave mechanics

Since the gauge symmetry of electrodynamics was well known, it was noticed by the
founding fathers that if quantum mechanics is to be coupled to electrodynamics, then the
Schrddinger equatiofil) needs to be gauge invariant as well. The most simple way of
achieving this is to require the Hamiltonian appearinlixto be of the form

_[P—gA/c]?
- 2m

H +V4qo, 8)
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whereP is the quantum mechanical momentuvhjs the potential energy, and is the

mass of the charge. This is in analogy with the Hamiltonian for a classical charge in
the presence of the electromagnetic figld,28] The coupling scheme embodied (i8)

is known asminimal coupling, since it is the simplest gauge invariant coupling imagin-
able. The gauge symmetry inherent in the combined system of Schrédinger’s equation and
Maxwell’s equations in potential form can be generated by the transformation

A—> A =A+VF, ®—> ' =d—FJc,
¥ — ¥ =expigF/c)W. 9)

The transformation on the wavefunction is callddeal gauge transformation and differs

from theglobal gauge transformation exp(i@), wheref is a constant. These global gauge
transformations are irrelevant in quantum mechanics where the wavefunction is indetermi-
nate up to a global phase. Application of the gauge transforméijaio the Schrédinger
equation with Hamiltoniarf8) and to Maxwell’s equations in potential form leads to ex-
actly the same equations after the transformation. Therefore, like the potential eq(#tions
by themselves, the system of Maxwell-Schrédinger equations

. [P—gA/cPw
ji = P Ay ow (10)
2m

A @ 4

VZA——Z—V[V-A+—]=——7TJ, (11a)
C C C
V-A

V2@ + —— = —4np (11b)

C

is invariant under the gauge transformat{@h There are several other symmetries that are
enjoyed by this system of equations. For example, they are invariant under spatial rotations,
nonrelativistic (Galilei) boosts, and time reversal. As a result, the Maxwell-Schrédinger
equations enjoy charge, momentum, angular momentum, and energy conservation. That
each continuous symmetry gives rise to an associated conservation law was proven by
Emmy Noether in 1918 (see Goldst¢l7], José and Saletd@8], and Abraham and Mars-
den[29], and the references therein).

It is worthwhile mentioning that the Maxwell-Schrddinger equations are obtainable as
the nonrelativistic limit of the Maxwell-Dirac equations

iWp = Bmc®¥p + ca - [P — gA/cl¥p + qP¥p, (12)
A & 4

VZA——Z—v[v-A+—]=——”J, (13a)
C C Cc
V.-A

V2o + = —4np (13b)

C
which are the equations of quantum electrodynamics (QEB)4,30] Here the wave-
function¥p, is a 4-component spinor where the first two components represent the electron
and the second two components represent the positron, each with/@pifike matriceg
ande« are related to the Pauli spin matrid@s8] andc is the velocity of light. This system
of equations possesses each of the symmetries of the Maxwell-Schrédinger equations and
in addition is invariant under relativistic boosts.
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1.3. Approaches to the solution of the Maxwell and Schrédinger equations

Solving the Maxwell-Schrédinger equations as a coupled and closed system embodies the
theory of radiation reactioff,26,31] which is a main theme of this paper. However, it
should first be pointed out thét) and (2)are commonly treated separately. In these cases,
the effects of one system on the other are handled in one of the following two ways:

e The arrangement of charge and current is specified and acts as a source for the electro-
magnetic field according ).

e The dynamics of the electromagnetic field is specified and modifies the dynamics of the
matter according tél).

It is not surprising that either of these approaches is valid in many physical situations.
Most of the theory of electrodynamics, in which the external sources are prescribed, fits
into the first case, while all of classical and quantum mechanics in the presence of specified
external fields fits into the second.

As a further example of the first case, the dipole power radiated by oscillating dipoles
generated by charge transfer processes in the interaction regjsrHo€ollisions can be
computed in a straightforward mannjag,33]. It is assumed that the dynamics of the oscil-
lating dipole is known and is used to compute the dipole radiation, but this radiation does
not influence thep—H collision. As a result energy, momentum, and angular momentum
are not conserved between the proton, hydrogen atom, and electromagnetic field system.
As a further example of the second case, the effects of stimulated absorption or emission
of electromagnetic radiation by a molecular target can be added to the molecular quan-
tum mechanics as a first order perturbative correction. The electrodynamics is specified
and perturbs the molecule but the molecule does not itself influence the electrodynamics.
This approach, which is known as Fermi’s golden rule (see Merzbd@he€raig and
Thirunamachandraj84], and Schatz and Ratng5]) is straightforward and barring cer-
tain restrictions can be applied to many physical systems.

The system of Maxwell-Schrédinger equations or its relativistic analog can be closed
and is coupled when the Schrédinger wavefunctigrwhich is the solution of1), is cho-
sen to be the source for the scalar poter@iaind vector potentigh in (4). In particular, the
sources of charge and currentl, which produce the electromagnetic potentials according
to (4), involve the solution® of the Schrédinger equation according to

o =q¥*y, J=q{¥*[=iV — qA/cl¥ + ¥[iV — gA/c]¥*}/2m. (14)

On the other hand, the wavefunctignis influenced by the potentials that appear in the
HamiltonianH in (8).

The interpretation of the Schrodinger wavefunction as the source for the electromag-
netic field wasSchrédinger’s electromagnetic hypothesis, which dates back to 1926. The
discovery of the quantum mechanical continuity equation and its similarity to the classical
continuity equation of electrodynamics only reinforced the hypothesis. However, it implied
the electron to be smeared out throughout the atom and not located at a discrete point,
which may be viewed to be in contradiction to the accepted Born probabilistic or Copen-
hagen interpretation. Schrédinger’s wave mechanics had some success, especially with the
interaction of the electromagnetic field with bound states, but failed to properly describe
scattering states due to the probabilistic nature of measurement of the wavefunction. In
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addition, certain properties of electromagnetic radiation were found to be inconsistent with
experiment.

Schrédinger’s electromagnetic hypothesis was extended by Fermi in 1927 and later by
Jaynes and Cummings in 193] and Crisp and Jaynes in 1963/] to incorporate the
nonquantum electromagnetic self-fields into the theory. That is, the classical electromag-
netic fields produced by the atom were allowed to act back upon the atom. The solutions
of this extended semiclassical theory captured certain aspects of spontaneous emission as
well as frequency shifts like the Lamb shift. However, it was quickly noticed that some
deviations from QED existe[88]. For example, Fermi's and Jaynes’ theories predicted a
time-dependent form for spontaneous decay that is not exponential. There are many prop-
erties that are correctly predicted by this semiclassical theory and are also in agreement
with QED. In the cases where the semiclassical theory disagrees with[@EDt has
always been experimentally verified that QED is correct. Nevertheless, the semiclassical
theory does not suffer from the mathematical and logical difficulties that are present in
QED. To this end, the semiclassical theory, when it is correct, provides a useful alternative
to the quantum field theory. It is generally simpler and its solutions provide a more detailed
dynamical description of the interaction of an atom with the electromagnetic field.

Since 1969 many others have followed along the semiclassical path of Crisp and Jaynes.
Nesbet[39] computed the gauge invariant energy production rate from a many particle
system. Cool40] used a density operator approach to account for spontaneous emis-
sion without leaving the atomic Hilbert space. Barut and Van H{#lé¢ and Barut and
Dowling [42,43]formulated a self-field quantum electrodynamics for Schrodinger, Pauli,
Klein—Gordon, and Dirac matter theories. They were able to eliminate all electromagnetic
variables in favor of Green'’s function integrals over the sources and were able to recover
the correct exponential spontaneous decay from an excited state. Some pertinent critiques
of this work are expressed by Bialynicki-Birula[#4] and by Crisp irf45]. Bosana¢46—

48] and Dosle and Bosanaf!9] argued that the instantaneous effects of the self interaction
are unphysical. As a result, they formulated a theory of radiation reaction based on the re-
tarded effects of the self-fields. Milonni, Ackerhalt, and Galbri®] predicted chaotic
dynamics in a collection of two-level atoms interacting with a single mode of the classi-
cal electromagnetic field. Crisp has contributed some of the finest work in semiclassical
theory. He computed the radiation reaction associated with a rotating charge distribution
[51], the atomic radiative level shifts resulting from the solution of the semiclassical non-
linear integro-differential equations2], the interaction of an atomic system with a single
mode of the quantized electromagnetic figld,54], and the extension of the semiclassical
theory to include relativistic effec{s5].

Besides semiclassical theory, a vast amount of research has been conducted in the
guantum theory of electrodynamics and matter. QE®24,30,56]which is the fully rel-
ativistic and quantum mechanical theory of electrons and photons, has been found to agree
with all associated experiments. The coupled equations of QED can be solved nonpertur-
batively [57,58], but are most often solved by resorting to perturbative methods. As was
previously mentioned, there are some drawbacks to these methods that are not present in
the semiclassical theory. In addition to pure QED in terms of electrons and photons, there
has also been an increasing interest in molecular quantum electrodyri8#iicBower
and Thirunamachandrg®9,60], Salam and Thirunamachandrgil], and Salan{62]
have used perturbative methods within the minimal-coupling and multipolar formalisms
to study the quantized electromagnetic field surrounding a molecule. In particular, they
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have clarified the relationship between the two formalisms and in addition have calcu-
lated the Poynting vector and spontaneous emission rates for magnetic dipole and electric
guadrupole transitions in optically active molecules.

In both the semiclassical and quantum mechanical context the self-energy of the electron
has been studigé3-66] The self-energy arises naturally in the minimal coupling scheme
as theg @ term in the Hamiltoniarg8). More specifically, the electron’s self-energy in the
nonrelativistic theory is defined as

/d3qu>(x HYEX, DO (X, 1) = /d3 /d3 ’po():)ip)(:f't). (15)
14
As a result of they® term, the Schrédinger equati¢hO) is nonlinear in&. It resembles

the nonlinear Schrddinger equatifi¥]
it = —a(d?u/dx?) + blu|’u (16)

which arises in the modeling of the dynamics of Bose—Einstein condensates with the
Gross—Pitaevskii equation and in the modeling of superconductivity with the Ginzburg—
Landau equation.

In the relativistic theory, the electron is forced to lack structure due to relativistic invari-
ance. As a result, the corresponding self-energy is infinite. On the other hand, the electron
may have structure in the nonrelativistic theory. Consequently, the self-energy is finite. The
self-energy of the electron will be discussed in Secfiam more detail.

1.4. Canonical formulation of the coupled Maxwell-Schrédinger equations

The work presented in this pap@8,69] continues the semiclassical story originally for-
mulated by Fermi, Crisp, and Jaynes. Unlike other semiclassical and quantum mechanical
theories of electrodynamics and matter where the gauge is fixed at the beginning, it will be
emphasized that the gauge is a fundamental degree of freedom in the theory and should not
be eliminated. As a result, the equations of motion are naturally well balanced and form
a well-defined initial value problem when the gauge freedom is retained. This philosophy
was pursued early on by Dirac, Fock, and Podo[3K} (see Schwingdi 9]) in the context

of the Hamiltonian formulation of QED. However, their approach was quickly forgotten in
favor of the more practical Lagrangian based perturbation theory that now dominates the
QED community. More recently, Koj&1] studied the Hamiltonian approach in semiclas-
sical theory.

We believe that the Hamiltonian formulation of dynamics offers a natural and power-
ful theoretical approach to the interaction of electrodynamics and wave mechanics that
has not yet been fully explored. To this end, the Hamiltonian or candnicahulation
of the Maxwell-Schrédinger dynamics is constructed in this paper. The associated work
involves nonperturbative analytic and numerical methods for the solution of the coupled
and closed nonlinear system of Maxwell-Schrédinger equations. The flexibility inherentin
these methods captures the nonlinear and nonadiabatic effects of the coupled system and
has the potential to describe situations where the atomic and electromagnetic dynamics
occur on the same timescale.

1 canonical means according to the canons,, standard or conventional.
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The canonical formulation is set up by applying the time-dependent variational principle
[72,73]to the Schrodinger Lagrangian

[iV — gA/c]¥* - [=iV — gA/c]¥

Lsch= V¥ — o — VoY —gowty,  (17)
and Maxwell Lagrangian together with a Lorenz gauge fixing térmn,
[®/c+ VA2
Litax = Liax — 87
[-A/c = VPP —[VxA]Z [®/c+ V- A)?
= - . (18)
87 8r
This yields a set of coupled nonlinear first order differential equations in time of the form
wi = 0H /9, (19)

wherew is a symplectic formy is a column vector of the dynamical variables, @&hds the
Maxwell-Schrddinger Hamiltonian (see Secti®n These matrix equations form a well-
defined initial value problem. That s, the solution to these equations is uniquely determined
and known in principle once the initial values for each of the dynamical variabtee
specified. These equations are also closed since the Schrédinger wavefunction acts as the
source, which is nonlinear (sgeandJ in (14)), for the electromagnetic potentials and
these potentials act back upon the wavefunction. By representing each of the dynamical
variables in a basis of Gaussian functi@g, i.e., n(X, 1) = Y, Gx(X)nk (), where the
time-dependent superposition coefficienis(r) carry the dynamics, the time-dependent
variational principle generates a hierarchy of approximations to the coupled Maxwell—
Schradinger equations. In the limit of a complete basis these equations recover the exact
Maxwell-Schrédinger theory, while in any finite basis they form a basis representation that
can systematically be made more accurate with a more robust basis.

The associated basis equations have been implementediRRREN 90 computer pro-
gram[69] that is flexible enough to handle arbitrarily many Gaussian basis functions, each
with adjustable widths and centers. In addition, a numerical convergence accelerator has
been developed based on removing the large Coulombic fields surrounding a charge (that
can be computed analytically from Gauss’s law, V - E = —V2® = 47p, once the
initial conditions are provided) by applying a certain canonical transformation to the dy-
namical equations. The canonical transformation separates the dynamical radiation from
the Coulombic portion of the field. This in turn allows the basis to describe only the dynam-
ics of the radiation fields and not the large Coulombic effects. The canonical transformed
equations, which are of the for@y = dH /97, have been added to the existing com-
puter program and the convergence of the solution of the Maxwell-Schrddinger equations
is studied.

The canonical approach to dynamics enjoys a deep mathematical foundation and permits
a general application of the theory to many physical problems. In particular, the dynamics
of the hydrogen atom interacting with its electromagnetic field in a cavity has been investi-
gated. Stationary state solutions of the combined hydrogen atom and electromagnetic field
system as well as nonstationary states that produce electromagnetic radiation have been
constructed. This radiation carries away energy, momentum, and angular momentum from
the hydrogen atom such that the total energy, momentum, angular momentum, and charge
of the combined system are conserved. A series of plots are presented to highlight this
atom-field dynamics.
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1.5. Notation and units

A brief statement should be made about notation. All work will be done inthe 3)-
dimensional background of special relativity with diagonal metric tegspr= g with
elementsgoo = g% = 1 andgi1 = go» = g3z = —1. All 3-vectors will be written

in bold faced Roman while all 4-vectors will be written in italics. As usual, Greek in-
dices run over 0, 1, 2, 3 ar, x, y, z and Roman indices run over 1, 2, 3.0ry, z. The
summation convention is employed over repeated indices. For example, the 4-potential
AF = (A% AF) = (®,A) and A, = g, A" = (@, —A). The D’Alembertian operator

O = V2 —92/3(ct)® = —d? is used at times in favor df?. Fourier transforms will be
denoted with tildese.g., F is the Fourier transform of. The representation independent
Dirac notation|k) will be used in the numerical analysis, but for the most part functions
h(x) = (x|h) or h(k) = (k|h) will be used. (It will be assumed that all of the functions

of physics are infinitely differentiable, continuous, square integrable, and Fourier trans-
formable over either the real or complex field.) Since it is the radiation effects present on
the atomic scale that are of interest, it is beneficial to work in natural (Gaussian atomic)
units wherei = —|e| = m, = 1. In these units the speed of lighte 137 atomic units of
velocity.

2. CANONICAL STRUCTURE

The governing equation of quantum mechanics is the Schrodinger eq{iaBdnin the
minimal coupling prescription it is
[—iV — gA/c]?W

= VW + gdW. 1
i > + +4q ()

The dynamics of the scalar potential and vector potential are not described by this
linear equation. Specification of these potentials as well as the initial values for the wave-
function¥ casts the Schrddinger equation into a well-defined boundary value problem that
is also a well-defined initial value problem.

The governing equations of electrodynamics are Maxwell's equaf@ns

4 E B
V.E=4rp, VxB=-2J4+-, V.B=0, VxE+-=0 (2
C C C

The dynamics of the charge densjtyand current density are not described by these
linear equations. Specification of the external sources as well as the initial values for the
electric and magnetic fields andB satisfyingV - E = 4nrp andV - B = 0 casts the
Maxwell equations into a well-defined boundary value problem that is also a well-defined
initial value problem.

Each of these theories are significant in and of themselves. Given a particular arrange-
ment of sources throughout space—time and the initial valuek fand B, the Maxwell
equations govern the dynamics of the resulting electromagnetic field. Likewise, given a
particular external field throughout space—time and the initial valu# fahe Schrodinger
equation governs the dynamics of the sources. However, notice that the Maxwell equations
do not say anything about the dynamics of the sources and the Schrddinger equation does
not say anything about the electrodynamics.
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It is possible to couple the linear Maxwell and Schrédinger equations. The resulting
nonlinear Maxwell-Schrédinger theory accounts for the dynamics of the charges and the
electromagnetic field as well as their mutual interaction. For example, given an initial
source and its corresponding Coulomb field, a wavefunction and electromagnetic field are
generated. The electromagnetic field has its own dynamics and acts back upon the wave-
function. This in turn causes different fields to be generated. It will be demonstrated that
these coupled nonlinear Maxwell-Schrddinger equations can be cast into a well-defined
initial value problem and solved in an efficient numerical manner.

2.1. Lagrangian electrodynamics

Consider the Maxwell Lagrangian density

“AJe— VP2 — 2 .
[—A/c Vq;] [V x A] _p<p+ﬂ (20)
7T C

with external sources andJ. Variation of this Lagrangian leads to the governing equations
of electrodynamicg,e.,

ﬁMax =

A @ 4
VZA——Z—V[V-A+—] -2y
C c C
V-A
V2P + —— = —4mp. 4)
C

These Maxwell equations (in terms of the potentials) do not form a well-defined initial
value problem. But, by choosing a particular gauge they can be turned into one. In other
words, these equations are ill-posed as they stand. However, they do enjoy both Lorentz
and gauge invariance as does the Lagran(féh

2.1.1. Choosing a gauge

Working in a particular gauge can be organized into the following hierarchy involving three
tiers:

1. Atthe solution level, a gauge generatocan be chosen so that a gauge transformation
of the solutionsj.e, ® - & = ® — F/c andA — A’ = A + VF, maps them to new
solutions that satisfy the gauge condition.

2. Atthe equation level, the set consisting4ftogether with a gauge constraint has only
solutions that satisfy the gauge condition.

3. At the Lagrangian level, a gauge fixing term can be add€@@pso that the resulting
Euler—Lagrange equations automatically include the gauge constraint.

2.1.2. The Lorenz and Coulomb gauges

The first two tiers can be elaborated on as follows. With a gauge funétisatisfying
V2F — F/c? = —[®/c+ V-A] asolutionA® = (&, A) of the potential equation@) can
be mapped to the Lorenz gauge solutitfy ., according to the gauge transformation:

® — Ploenz= @ — Fc, A — Aigrenz=A+ VF. (21)
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Alternatively, adding the gauge constraitc+V-A = 0 to(4) leads to the Lorenz gauge
equations of motion:
V2A - 52 -y Ve 3; = —47p. (22)
C (& C

With p andJ specified throughout space—time, the Lorenz gauge equations of motion are
well defined once the initial values féx, A, @, and® are known. There is some sym-
metry left in the solutions to these equations. Namely, the residual gauge freedom left in
the homogeneous equati®ttF — F/c2 = 0 allows for gauge transformations on the so-
lutions such that the new solutions do not leave the Lorenz gauge. However, these gauge
transformed solutions do correspond to different initial conditions. Note that the Lorenz
gauge enjoys relativistic or Lorentz invariance. It will be shown, that the Lorenz gauge is
the most appropriate gauge for dynamics.

With another gauge functiofi satisfyingV?G = —V - A a solutionA® = (&, A) of the
potential equation§4) can be mapped to the Coulomb gauge soluigq,,, according
to:

@ — Pcoulomb= @ — G/c, A — Acoulomb=A + VG. (23)

Alternatively, adding the gauge constrawvit A = 0 to (4) leads to the Coulomb gauge
equations of motion:
V2A — éz = _4_7TJ + E, V2@ = —4np. (24)
C c C

Again with p andJ specified throughout space—time, the Coulomb gauge equations of
motion are well defined once the initial values far A, @, and® are known. As be-
fore, there remains a symmetry or residual gauge freedom from the homogeneous equation
V2G = 0. Note that in the Coulomb gauge Gauss’ law reduceg4® = —4np. In-
verting this equation specified in terms ofp. That is® = (l/VZ)[—4JT,0]. The scalar
potential can now be totally removed from the theory by substitution of this Green'’s func-
tion integral. This may be done at the expense of Lorentz invariance. In practice, where
the equations are to be expanded in a basis@hussians, either transverse basis func-
tions would have to be used or the transverse fields would have to be generated from a
standard basis. The former case would require a major revision of most existing integral
codes, which are in direct space, while the latter would require the instantaneous transverse
projection PY‘Z” = §2b — 93P /v2. This operation, which is over all space, is difficult to
describe in terms of a local set of basis functions.

Lastly, for the third tier, consider the Lagrangian dengi2Q) together with a gauge
fixing term for the Lorenz gaugeeg.,

[®/c+V-AJ?
8

[—A/c — VP2 — [V x A]2 J-A [@/c+ V- AP
= —p® + — .

8r c 8
The resulting Euler—Lagrange equations obtained f%x are identical to the Lorenz
gauge wave equations (@2) which are equivalent to the general potential equat(@ys

together with the constrai® /c + V - A = 0.

Ebm = LMax —

(18)
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Lg\[m El\l{ax ‘Cl{l{ax
4 OLMax _ OLMax _ 4 Onax _ OLMax _ 4 Ohonax _ OLmax —
at of a9 at~ ot | 9 at— o¢ 2
V-A=0 u gauge invariant u V-A+d/c=0

a ; a

Well—poIed IVP . ongtraint ill-posed IVP constraint well—pclsed IVP

unique . meny _  _  unique

solution gauge solutions gauge solution

transformation transformation

Maxwell’s equations
well-posed IVP

Fig. 1. A limited but relevant portion of the gauge story in the Lagrangian formalism is
organized in this picture. The middle columine( the column belowCyax) enjoys full

gauge freedom. The far left (Coulomb gauge) and far right (Lorenz gauge) columns have
limited gauge freedom. That is, there are a limited class of gauge transformations that
can be made on the solutions such that they remain in the same gauge. This symmetry is
due to the residual gauge freedom. Note that these solutions correspond to different initial
conditions within the gauge. Also note that the Euler—Lagrange equations together with a
particular gauge constraint are equivalent to the Euler-Lagrange equations derived from
that particular gauge fixed Lagrangian.

There are many other known gauges, the choice of which is arbitrary. All choices of
gauge lead to the same physically observable electromagneticHialldB. Together with
the definition€€ = —A/c— V& andB = V x A, the Lorenz and Coulomb gauge equations
of motion as well as the general potential equati¢hsimply Maxwell's equationq?2).
A diagram of this gauge story in the Lagrange formulation is presentedirl.

2.2. Hamiltonian electrodynamics
In the Hamiltonian prescription, the momentum conjugat® taith respect to the Maxwell
Lagrangian(20)is

oL
II = _Max
0A
The momentum conjugate tb is identically zeroj.e.,

= i[A'/c + V. (25)
4 c

9 LMax _

e
A Hamiltonian density can still be defined as the time-time component of the Maxwell
stress-energy tens@ﬁﬁx = {0 LMax/(3,6)}0PE — g% Lax. Itis

e =

(26)
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Hyax = To = I - A + O — Liyiax

—4rcI]? 4 [V x A2 J-A
_ AP+ VXAF 9o 4 po - 22 27)
8 c
and the resulting equations of motion are:
.9 .9 VxVxA J
Az MMvax ooy, e e VXVXA T ge,
ol A A c
: 0Hmax . 0Hmax
D = =0, -0 = = V- 1II. 28
20 30 p+c (28)

Since the momentun® defined in(26) is identically zero, so is its time derivative

and gradientv®. Notice that these Hamilton equations form a well-posed initial value
problem. The machinery inherent in the Hamiltonian formalism automatically adds a mo-
mentum and automatically adds the additional equation of constaiat0. It turns out

that this extra equation fixes a particular gauge whiere- 0. This gauge can always be
fixed by a gauge transformation whose generator satigfies= &. The residual gauge
freedom left in the homogeneous equatibn= 0 does allow for a gauge transformation
on the solutions t§28). These new gauge transformed solutions do not leaveéthe 0
gauge, but do correspond to a different initial value problem within this gauge. In other
words, they are solutions {@8) with different initial values. Pay careful attention to the
fact that these Hamilton equations of motion form a well-posed initial value problem even
though a gauge fixed Lagrangian was not knowingly used. The Hamiltonian formalism
automatically added the extra equatidn= 0.

2.2.1. Hamiltonian formulation of the Lorenz gauge

Rather than fixing the Coulomb gauge at the equation level it may be beneficial to work
in a more general theory where a gauge is chosen at the Lagrangian level and retains all
of the 4-potential, is Lorentz invariant, and does not require any instantaneous or nonlocal
operations. To this end, consider the Lorenz gauge Lagrangian densitylf&jme.,

[—A/c — VP2 — [V x AJ2 J-A [®/)c+ V- AP
—p® + — .
8r c 8r

It will be shown that the equations of motion derived fraf),, are well defined because

of the addition of the last term in this expression. It turns out that this term is known
in the literature[24,70] and is a gauge fixing term for the Lorenz gauge. F(d®), the
momentum conjugate & is

Lo = (18)

Lk 1 .
= % = A/c+ V] (29)

and the momentum conjugatedois
ack 1.
O=—""F=__" [d/c+ V- Al 30
0P 47'rc[ /€ ] (30)
With these momenta and coordinates, electrodynamics is given a symplectic structure. The
Hamiltonian density is
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_ [“4ncl? + [V x A]? — [4ncO]?

Hiox = o —cVO - —cOV -A
J-A
+p® — e (31)
and the resulting equations of motion are:
. . VxVxA J
A = 4rc?l — eV, =R T ve,
4 c

& =—4nc’O —cV-A, —-O=p+cV- I (32)

These equations, which are a generalizatiorf2®), together with the initial values for
A, I, &, and® form a well-posed initial value problem. The residual gauge freedom
resulting from the homogeneous equatiof = 0 does allow for a gauge transformation
on the solutions t¢32). These new gauge transformed solutions do not leave the Lorenz
gauge, but do correspond to a different initial value problem within the Lorenz gauge. In
other words, they are solutions ¢82) with different initial values.

Notice that a relationship exists between the momentumand the gauge functiof
leading to the Lorenz gauge. That is, frén= —[& /c + V - A]/4rc andF /c? — V2F =
@ /c + V - A notice that® = OF /4rc. So the D’Alembertian of the gauge functidh
acts as a generalized coordinate in this phase space. It becomes the momentum conjugate
to the scalar potentiab.

In matrix form, the dynamical equations(82) are

00 -1 0 A V xV xA/4r —J/c+cVO
00 0 -1 Q| _ p+cv-1II (33)
10 0 O oj- A7’ — VO ’
01 0 O e —47¢?0 — ¢V -A
wherel is the 3x 3 identity matrix. Notice tha33) is of the Hamiltonian form
wi) = dH /9. (34)

More specificallyw.,7” = dH/dn?, wheren’ is a column matrix of the generalized
positions and momentae.,

Ak
ey
o)
®

wherek = 1, 2, 3. The antisymmetric matri®,;, is the (canonical) symplectic form as-
sociated with the phase space of electrodynamics in the Lorenz gauge. By substitution,
these first order Hamiltonian equations of motion can be shown to be equivalent to the
second order Lorenz gauge equation® = —4wrp andJA = —4nJ/c. Together with

the definition of the electric and magnetic fiel32) imply

n’(x,1) = (35)

. 4 E
V- -E=4np+ 4706, VxB=—J+——4ncVO,
c c

B
V.B=0, VxE+— =0. (36)
C
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These equations are not equivalent to Maxwell’s equations uéléss) remains constant
in space—time throughout the dynamics. In order to analyze this question, the dynamics of
the sources must be considered. It should be noticed that the inhomogeneous equations in

(36) imply
6 1
D@EVZQ—zzz[[)'i‘v'J]- (37)

If the matter theory is such that the equation of contingity= —V - J is satisfied, then
0O =0.So0if@( =0) = O = 0) = 0, then®(r) = 0 at all times. In other words,
if the sources of charge and current satisfy the equation of continuity, then the dynamical
theory arising from the Lagrangigt8) is the Maxwell theory of electrodynamics.

Note that while(28) and(32) do not enjoy the full gauge symmetry as do the general
potential equation§), this does not mean that the observables resulting {&8jor (32)
are not gauge invariant. Any observable that is calculated will be invariant to the choice
of gauge generator. Moreover, once the solutions to these well-defined equations are con-
structed, these solutions belong to the many solution@)ofThis family of solutions is
the most general solutions of the potential form of Maxwell’s equations. In fact, gauge
transformations can even be made from one particular gauge to afiodheA diagram
depicting the relevant gauge story in the Hamiltonian formulation is presenteid.ir2.
Notice that there is no Hamiltonian theory that enjoys the full gauge symme(#y.afhe
HamiltonianHwax in the far right column is obtained by a Legendre transformation of the
gauge invariant Lagrangiafiyax in (20). However, the Hamiltonian dynamics stemming
from the gauge invarianfmax is not gauge invariant, but rather occurs in the gauge where
® =0.

2.2.2. Poisson bracket for electrodynamics

The phase space that carries the associated dynamics is naturally endowed with a Poisson
bracket{-, -}. This may be seen by considering the variatiof afong the dynamica g =
(8/0m)n. Thatis

Ap(§) = (d/dng = (9&/0n")ii" = (9&/0n" ) (0H /0n") = (&, H), (38)

wherey are the generalized coordinates. In general, the Poisson bracket of the dynamical
variable F' with the dynamical variabl& is

aF/OANT /0 0 —1 0\ ' /0G/oA

| oFjo0 00 0 -1 3G/d®
FG =\ 5F/om 10 0 O 3G /0Tl (39)
IF/30 01 0 O 3G/00

Since the symplectic forme is canonical its inverse is trivial.e., o 1 = ® = —w. Also
notice thaw? = —1, ' @ = 1, and detw = 1.

2.3. Hamiltonian electrodynamics and wave mechanics in complex phase space

Consider the matter theory associated with the Schrodinger Lagrarigiani )
[[V —gA/cl¥* - [—iV — gA/c]l¥

»CSch:l.lI/*lj/ — 2]/)1

— VU — gy, (17)
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where ¥ is the wavefunction for a single electroW, = ¢¢g/|x| is the static Coulomb
potential energy of a proton, an@, A) are the electron’s scalar and vector potentials.
Notice that this Lagrangian is already written in phase space. The momentum conjugate to
the wavefunction? is i¥*. Together with the previous Maxwell Lagrangian, the coupled
nonlinear dynamical theory arising from the Lagrangians

1 . —47 eI + [V x A2
Cvax= S -A— . A= | EFA AV AT 96 ml (40)
2 8w
Lsch= iz[q/*ti/ — g
iV — gA/cl¥* - [—iV — gA/c]¥
—{[l qAJCIYT LIV — gA/c] + VUt +q<pw*w}, (41)
2m
1. .
Loauge= 5[0P — O] — [-2nc?0% — cOV - A} (42)
yields the following equations of motion:
. . VxVxA J
A = 47c2M — VO, = XY XR T e,
. . 4 c
& = —4rc?O — ¢V - A, —® =p+cV-1I,
. [=iV —qA/clPw
v = Vg DY,
i om + +4q
. iV — gA/c]Pw*
—ig* = % + VU* +qov* (43)

Surface terms of the forifal /dt){ pq /2} have been added in the above Lagrangians in order
to symmetrize them,e., L = pg—H —(d/dt){pq/2} becomed = [pg—pql/2—H. This

can always be done since the actior= [ Ldr = [[L + (d/dr)g]dt is invariant to the
addition of a pure surface term to the Lagrangian. Note that the Schrédinger wavefunctions
¥ andy* are complex-valued while the remaining electromagnetic variables are all real-
valued. These dynamical equations may be put into matrix form as

i 0 00 O O 17
0 —i 00 0 oOf}[wv
0 0 00 -1 0 A
0 000 0 -1 @
0 010 0O O i
0 001 0 O )

[—iV — gA/c]PW/2m + VI 4 qdW¥
iV — gA/c]PW*/2m + VU* + qdw*
VXxVxA/Ar —J/c+cVO

- PR , (44)
A7 2T — VP
—47c20 — ¢V - A

where the symplectic form is canonical. The electromagnetic sector of it is ident{@&l)to
These dynamical equations define the coupled Maxwell-Schrédinger theory. This theory
is well defined and closed. In other words, the dynamics of the charges, currents, and fields
are all specified as well as their mutual interaction. Given initial valueg’fof *, A, II,

@, and® determines their coupled dynamics throughout space—time.
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With the dynamics of the charges defined, the problerf88) can now be addressed.
The Schrodinger equation {#3) implies the continuity equation

(d/dt)q¥* ¥ = =V - q{W*[=iV — gA/cl¥ + W[iV — gA/c]¥*}/2m (45)
which may be written more compactly As= —V-J. From the definition of the momentum
© in (30) and the wave equatiofis® = —4xp andUA = —4rJ/c, notice that

de (d/d)0@/c + V - TA]

-1
= Zmel

1
= E[(d/arz)4np/c +V-4xl/c]=S[p+V-I=0 (46)

1
2
by appealing tq45). So if ©@(r = 0) = @ (r = 0) = 0, then the electrodynamics stays

in the Lorenz gauge for all time since the only solutionza® = 0 with ®(r = 0) =

O =0 =0isO() =0.

It is worth mentioning that if9(+ = 0) = 0 for all time, then the electron—electron
self interaction makes no contribution to the Schrodinger energy. This is true since the
self interaction terng @ ¥ *Y in the above Schrddinger Lagrangian cancels exactly with
—cV@ - II in the Maxwell Lagrangian. The cancellation requires a partial integration of
—cV® - M toc@V - 11 followed by a substitution of 8= p + ¢V - T from @ (r = 0) = 0
in (43). However, there is still a contribution from the self-energy arising in the Maxwell
energy of the Coulombic field.

2.4. Hamiltonian electrodynamics and wave mechanics in real phase space

The dynamical equationd11) are mixed, real and complex. For consistency these equa-
tions are put into real form with the Lagrangian densities:

[—4rcI)? + [V x Al?
8

{IVQ 4+ qAP/c]> + [~V P +qAQ/c]?}/4m )
+ V[Q?+ P?]/24 q®[Q? + P?]/2 ’

LZMaX:%[H-A—lTA]—{ —cvcp.n}, (47)

1. .
Lsen=5[PQ — POl — {
Lgauge= Lod - 601 - {27202 — coOV - A} (49)

2

The functionsP and Q are related to the real and imaginary part&oAndy * according
tow = [Q+iP]/v/2and¥* = [Q—iP]/~/2. The equations of motion that are associated
with these Lagrangians are:

) . VxVxA J
A = 47 PTl — ¢V, =X YXR Y e,
4 c

& =—4rc’O —cV-A, —-O=p+cV-1, (50a)
. —V2P+¢V.-(A A.-V 2A2p/c?

0= ta (Q)/cJZrncZ] Qe+ a"A"P/c” | yp 4 yop.

. V20 4+ gV -(AP)/c+qVP-AJc—q2A2Q/c?
_p=YeHaV-AR)etyq [0/ yh 4 qe0.  (50b)

2m



268 D. Masiello et al.

These dynamical equations may be put into matrix form as

000 -1 0 O A
000 O -1 O b
000 0O 0 -1 0
100 0 0 O 1
010 0 0O O 2]
001 0 0 O P
VXxVxA/4r —J/c+cVE
p+cV -1
| —IV2Q 4+ gV - (AP)/c+qVP-AJc—q?A20Q/c?1/2m + VO + qP Q
- A7’ — VO ’
—47c20 — ¢V - A
[—V2P + gV - (AQ)/c+qgA-VO/c+ q?A2P/c?)/2m + VP + qDP

(51)

where the symplectic form is again canonical. Note that the equation of contjhuity
—V - J still holds with the real charge and current densities

p=q[0*+P?)/2.

J:%{QVP—PVQ—qQAQ/c—qPAP/c}. (52)

2.5. The Coulomb reference by canonical transformation

As was mentioned previously the numerical implementation of the theory can be made to
converge more quickly if the basis is chosen judiciously. Recall that the electromagnetic
field generated by any charge contains a Coulombic contribution. This monopole term
accounts for a large portion of the local electromagnetic field surrounding the charge. It
would be advantageous not to describe this large contribution in terms of the basis but
rather to calculate its dynamics analytically. The remaining smaller portion of the radiative
or dynamical electromagnetic field can then be described in terms of the basis.

To this end, notice that the scalar potenttal= @ +(® — D) = O +Pp may be split
into a Coulombic portion satisfying?®c = —4mp that can be calculated analytically and
a remainderp, regardless of the choice of gauge. The Coulombic potential is not itself a
dynamical variable but depends on the dynamical variaBlesd P. That is®¢ (X, 1) =
[y &3 1x=X1"1g[0(X, ) Q(X', ) + P(X', t) P(X', )]/2. The dynamical portiow, is a
generalized coordinate and is represented in the basis. Similarly, the momentum conjugate
to A may be split into a Coulombic and dynamical piece according to

aﬁMaX V(pc 1 R
I=—=1I1 np=——+—[A Vép]. 53
oA ¢ +Mp = 7=+ —I[A/c+Vop] (53)
Like @p, the dynamical portiodl p is a generalized coordinate and is represented in the

basis.
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2.5.1. Symplectic transformation to the Coulomb reference

The transformation to these new coordinates,®p andIl p, is obtained by the canonical
or symplectic transformation

A AA) A
@ B (2, 0, P) @ — Dc(Q. P)
] o 0(0) . 0
T™lol~|ame |~ | n-nco m |’ 4
e 0(0) e
P P(P) P

where® = @, andIl = I . The variable, P, A, and® are unchanged by. Since
both®. andIl are complicated functions @ and P, the inversion ofl may be quite
involved. However, it will be shown that the inverse Bfdoes exist. In fact both th&é
andT~1 are differentiable mappings on symplectic manifolds. Therefore the canonical
transformation is a symplectic diffeomorphism or symplectomorptizgh

The theory of restricted (explicitly time-independent) canonical transformgt2ah28]
gives the general prescription for the transformation of the old Hamilton equdfaht
the new Hamilton equations in termsBf{andT”) only. In symbols, that is

N=w — > =& (55)

where the new Hamiltonia# is equivalent to the old HamiltoniaH expressed in terms

of the new variableg. (For simplicity H will be written asH from this point forward.) To
this end, consider the time derivative of the new column matrix

2 on; . . 5 .
n; = 3 l)]jE ijnj or ﬂ:TY] (56)
nj
Substitutingp from (55) results in
. oH . oH
i =T t— or =T t—. 57
= IO g T &)
Lastly the column matri% H/d»n can be written as
0H 0H 07 oH oH oH
_=_~ﬂ5 kjl—_~ or —=TT—~ (58)
Ik oM Ik o an o1
so that the new equations of moti{Bi7) become
. H . oH oH
mi=TotTh— o 1=Te T —=a1__. (59)
J any an on

This canonical transformation on the equations of motion leaves only the computation
of @ ! = T 1T7 since the Hamiltonian automatically becomes

_ [=4rc(ll + T (0, P} + [V x Al2 — [47cO)?
B 8r
B o A2 i)Z
+q[d+oc0 ML

H
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—cV[@ +@c(0, P)]- [N+ (0, P)]—cOV-A
[VO +¢AP/cl>+[-VP +qAQ/cI? 0%+ P2
+ +V
4m 2
in terms of the new coordinates. However, the inversiow @g not simple in practice. It
turns out that the equations of moti¢gb) are most practically written as
oH JH oH
_ -1 _ = Tw—lTT —,
an an an
where the inverse transformatidir! is the transformation of the inverse mapping,,
Ti]fl = 9n;/97n;. It will be shown that deT # 0 so the mapping is well defined. These

equations of motion are of the desired form because they inwhmd notw 1. Thatw !
is undesirable is seen by going to the basis. In the basis, the canonical symplectic form
becomes

(60)

—ai=(TY Tt not j=a (61)

2
£ - (g )
1 0 %(P|Q) 0
pKdqg

which is not easily inverted. As a result it is simpler to comp@fe ) wT~1 than
Tw 1T even thoughr —1 is needed in the former case. It will be shown that the explicit
evaluation ofTf 1 is not necessary.

To continue with the transformed equations of motiofG), which only requirew, the
mapping(T~H7 :9/9n — 9/075 must first be set up. The transposed inverse transforma-
tion (T~1)7 is defined on the vector fields themselves according to

3/dA
BYEL
3/30
9/l
3/06
a/0P
AA/IA 0 0 0 0 0 3/0A
0 Ad /0P 0 0 0 0 3/0d
B 0 A®/dQ 9Q/00 0M/aQ 0 0 3/00
- 0 0 0 9T1/011 0 0 /311
0 0 0 0 00 /06 0 3/00
0 AP /9P 0 oM/ P 0 dP/OP 3/oP
(63)
Notice that

A, ®,0,11,0, P)
AA, &,0,1,6,P)
= (0A/3A) (3D /9®)(3Q /I Q) (31 /dI) (06 /a®)(IP/IP) =1 (64)

so that the transformation is canonical and symplectic or area preserving. In other words,
the new infinitesimal volume elemedf is related to the old infinitesimal volume element

dn by
dij = detT dy = dy (65)

def(T~1)" = detT~ = (detT) 1 =
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since the determinant of the Jacobian is unity. Thus, the volume element of phase space is
the same before and after the transformation. It is a canonical invariant.

With (T~H7 the similarity transformation of the canonical symplectic fornf5a) be-

comes

~ _N\T -1 ﬂM Q~
o= (Yot i=(T o). (66
where
AV 0 3R dF
D 20
Q= 0 PP Ay 0 , (67)
_02 930 90 _1)aP
0 30 96 26" 1)315
A (1 9A
ﬁ(l)a_A le) ° Rl 9 anb
QY = 0 26 (1)87, 96 90 , (68)
oIl 9A 0 9P (1)2Q
P 9A aP 090
0A ol
0 0 YT
ey=| 0 o0 0 : (69)
aI DA
35 o 0 0
0 0 0
36 3P
=" acga@ 90 a7 (70)
TP 96

The factors of 1 and-1 are explicitly written in2> and " to bring out their similarity
to the canonical symplectic form ifb1). After computing the derivatives i@ it can be

shown that

0 0 _Mc(0.P) 1 0 _Mc(Q,P)
90 9P
0 0 0 0 -1 0
Mc(Q.P) 0 0 _03%c(0.P) _1
D = 00 00
© I 0 0. 0 0 ey (71)
30c(0,P) 0Pc(Q.P)
O~ ) 1 e 0 O~ ] 5
Mc@.P) 1 0 —22c@.P) 0
9P 9P
with
X, )24+ P(X,1)?
4
and
Mo = 4y [ Q02+ PK.D® 5, (73)
T 8re IX — X/| o
14

And so the new symplectic form contains extra elements that are not present in the canon-
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ical w. These extra elements add additional time-dependent couplings to the theory. As
before, the associated phase space has the Poisson bracket

(F,G)j = OF /o @ (G /om). (74)

The transformed equations of motion with symplectic fdith) may be written in full
as:

ollc = = Odllc x OH
-I-—=P
a0 oP 0A
VxVxA g [~~~ =~ _~ g~~~ ¢=x=~=«
. +c¢VO — —10VP - PVQ - =-0QAQ — =PAP,
4 2mc c c
2 oH )2 p2 -
-0 =—= +cV - [+ Ic],
0P 1
ollc + 0Pc 2 = O0H
— A-—<6-P=—
00 00 90
2 ~ - - 255~
_ v 0—-1V.-(AP)-4VP-A+$5A%Q
2m

) ) A 2r| ~ ollc
+ VO +ql®+ ®c]0 + {4nc’ [ + M¢] — V[P + D¢l - 55

A2 D2
+ P AP
+{qQ7+cV [l'[—l—l'[c]} c
2 3Q
= 9H 8 N
A= el 4P + He] — V[P + D¢,
P Idc . OH - s
b+ 25+ 25 = 2 4726 — oV -A,
90 8P 30
oMc : = 3Pc : IH
B aP 9P
2 ~ 2~2~
_ v P+1V-(AQ)+2A VO + LA?P
2m
. - < 5 = - oM ¢
+ VP +q[® + DclP + {4nc [ + M¢] — V[P + Dcl} - —F
A2 D2
+ P Gl
+{qQT +cV- [H+HC]} 8PC (75)

wherell¢ = ¢ (Q, P) and®c = &¢(Q, P). The forces appearing on the right-hand

side of these equations have become more complicated, especially those in the Schrédinger
equations. There are new nonlinear terms. However, it is possible to substitute these
equations among themselves in order to simplify them. Notice that parts ofHted
anddH/d11 equations appear in the forces of the Schrodinger equations. Substitution of
dH/3® anddH/d1I into the Schrédinger equations results in the following simplified
equations:
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ole = * oIl
o -n-Cp
0 dP
V x [V xA - C e e s - - P
_YXWXAL L w6 2 ovi— pvo— LR - LRARL,
4 2mc c c
A2 D2
2 + P -
—@:qQT+cV-[H+HC],
i_ V20 +qV-(AP)jc+qVP-Alc—q?A?Q/
- 2m
+VQO+q[P+ D0,
A = 472 + M) — VD + Dl
L 0D 2 0D, = - _
S+ S0+ P =-41c20 —cV A,
30 P
: V2P 4+gV-(AQ)/c+gA-VQ/c+ q?A%P/c?
0= > (76)

+ VP +4q[® + dc]P.

The generalized forces appearing on the right-hand side are now very similar to the forces
in (50). In fact, the equations of motioré can be further simplified to read:

—[+Mc(Q, P)] =3dH/3A, A =93H /o,
-0 =030H/d®D, @+ dc(Q, P)=0H/30O,

—P=0H/30, O =0H/dP, (77)

where the tildes were omitted to show the resemblance bet(v&gmand (50)

2.5.2. The Coulomb reference by change of variable

It can be shown that the new equations of moﬁﬁn: 9 H /91, which were obtained by a
symplectic transformation in phase space, may also be obtained by a change of variable in
the Lagrangian§47)—(49) The new Lagrangian density is:

~ 1. - 2 5 2 ~

Liax = E[(H +I¢e)-A— I+ I¢) 'A]

B {{[—47rc(l:[ + )2+ [V x A]Z}/sn}

= - (78)
—cV[® +Dc]- [T+ Tc]
s lax xo [(IVO+qAP/c?+[-VP +qAQ/c]2}/4m}
Fsen= 3P0 = LI { IV +q(@ + DO? + F2)2 - 9
- 1. . = . Lo~ - - -
Lgauge= 5[@(@ +&c) — O(® + D) — {-27?6% — cOV - A} (80)

That the transformation to the Coulomb reference holds at both Lagrangian and equation
of motion level demonstrates the commutativity of the diagrafidgn 3,
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Change of Variable

L(p.q) L(p. )
o S
I =
- =
~ Qe
= [
S
s =
= z
< 5
g S
= [
« o

wn = 8H/817 Canonical Transformauonw" = BH/BW]

Fig. 3. Commutative diagram representing the change of coordiriatgs) to (p, ¢) at
both the Lagrangian and equation of motion levels.

2.6. Electron spin in the Pauli theory

The electron field used so far in the nonrelativistic Schrodinger theory is a field of spin
zero,i.e., a scalar field. It is a simple generalization of the theory to add in the electron’s
spin. The electron field would then be a two component spinor figlda spin-12 field,

and would be of the form

Wp(X, 1) = <£IE§ 3) . (81)

The first componen; is spin up and the second componéntis spin down. The dy-
namics of¥p is governed by the Pauli equatif30]

—iV — gA/c]Pw
[—i q /C] P +VWP+Q¢WP_LU[V x AlWp (82)
2m 2mc

which is the nonrelativistic limit of the Dirac equation

iWp =

iWp = Bmc?Wp + ca - [—iV — gA/cl¥p + qP¥p (83)

in terms of the four component spingt,, where the3 anda matrices are

(b %) (" 2)
S s R A

Notice that taking the nonrelativistic limit of the Dirac equation involves the elimination
of the two component positron field frowy, . Also note that the current density associated
with the Pauli theor{y75] is different from that in the Schrédinger theory (g&4)). It is

and

Ip = q{Wl=iV — gA/clWp + WpliV — gA /W) + V x [Wlawp]}/2m, (86)

wheretI/; = (WT* t]/f) is the adjoint ofZp. This can be derived by taking the nonrelativistic
limit of the Dirac current density. The last term(@6) is only present in the Pauli current.
This term does not effect the continuity equatipa- —V - J sinceV - V x [w;owp] =0.
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2.7. Proton dynamics

In the theory set up so far, the matter dynamics was entirely described by the electronic
wavefunction¥. The proton had no dynamics whatsoever. Only the electrostatic scalar
potential®; = g/|x| of the structureless proton of chargentered so as to bind the elec-
tron in the hydrogen atom. A first step in the direction of atomic and molecular collisions
requires the dynamics of the proton as well (and eventually a few other particles). Suppose
the proton is described by its own wavefuncti@nand Lagrangian density

[iV —gA/clf2* - [—-iV — gA/c]2
2mg

where(®, A) are the scalar and vector potentials arising from the charge and current den-

sities

LLy=i0272 - — Q8. (87)

p=q¥*W +qR*Q, (88)
J=q{¥*[=iV — qA/cl¥ + ¥[iV — gA/c]¥*}/2m,
+ g{2*[-iV — qgA/c12 + 2[iV — gA/c12*} /2m;. (89)

These densities are just the sum of the individual electronic and proton densities. The
proton density is not a delta function. Thus, the proton wavefunction is not a delta function
either. Rather it is described by a wavepacket and has some structure.

With (87) the total Lagrangian is

Lvax = %[H A—11-A]- { [_4““];: VXA vo. n}, (90)
£t = %[w*nif '
~ {[iv—qA/c]w;-n[—iv—qA/c]w —I—q(DlI/*lI/}, 1)
q
£l = %[9*:’2 —2*2]
~ {[iV—ch/c]Q;[q—iV—(jA/c].Q +q<psz*9}, (©2)
Lgauge= %[@cﬁ — 0] — {27202 — cOV - A}, (93)

Notice that the electron Lagrangié®l)does not explicitly contain the static proton poten-

tial energyV = ¢q/|x| as did the previous Schrédinger Lagrangfam). The two matter
fields are coupled entirely through electrodynamics. That is, the electron—proton interac-
tion is mediated by the electrodynamics. The Coulombic potential is included implicitly
in goY*¥ andg®2*$2 in the above matter Hamiltonians. In other words, the scalar
potential® contains (in any gauge) a Coulomb piece of the form

,O(X/, t) dgx/

Pc(X, 1) =P+ (Pc —P) =
X —X|

14
:/qd/*(X’,t)lI/(X’,t) dgx,+/c}9*(X’,t)9(x’,t) 23y
X — x| X — x| '

(94)
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With this potential, they®w*¥ term in the electron Hamiltonian contains the electron—
proton attraction as well as electron—electron self interaction. Similarly¢n@*s2 in the
proton Hamiltonian contains the electron—proton attraction and proton—proton self interac-
tion.

The self-energies that are computed from the aforementioned self interactions are finite
becauser ands2 are square integrable functions. That is

!

Eint = / p(X, P (X, 1) d3x = f d®x / d%’% < 00 (95)
|4 |4 \%

for both the cross terms (electron—proton attraction) and the direct terms (electron—electron

and proton—proton repulsion). Note that in the relativistic quantum theory the direct terms

are infinite and there are infinitely many Coulomb states of the bare problem to sum over

[41]. These infinities do not arise in the semiclassical theory presented in this paper. While

the self interactions do appear in the above matter Hamiltonians, the resulting self-energies

are finite and moreover do not even contribute to the electron or proton portions of the en-

ergy. Thisis due te-cV@-II in the above Maxwell Hamiltonian. After a partial integration

this term becomes® V - I1. Substitution 0of~® = p+cV-II = 0 from (50)turnsc®V - 11

into —p@®, which cancelst+p® in the electron and proton energies. However, the self in-

teractions do remain in the Coulomb eneEgy8r of the electromagnetic field. Note that

the self interactions do appear in the Hamiltonians and therefore do make a contribution to

the overall dynamics.

It should be mentioned that this theory of electron—proton dynamics can be applied to
electron—positron dynamics as well. While there is a 2000-fold difference in mass between
the proton and the positron, the two theories are otherwise identical. In either case, the
theory may be rich enough to capture bound states of hydrogen or positronium.

3. NUMERICAL IMPLEMENTATION

The formal theory of Maxwell-Schrédinger dynamics was constructed in the previous
chapter. In particular, the coupled and nonlinear Maxwell and Schrédinger equations

. [P—gA/cPw
pi = PNy L o, (96)
2m

A @ 4

VZA——Z—V[V-A+—}=——7TJ, (97a)
C C C
V-A

V2o + YA _ _an (97b)

C

were recognized to be ill-posed unless an extra equation of constraint is added to them.
Using the Hamiltonian approach to dynamics, this extra equation was automatically gen-
erated by adding a Lorenz gauge fixing term at the Lagrangian level. It was emphasized in
Section2 that the resulting Hamiltonian system of differential equations, which are of first
order in time, form a well-defined initial value problem. That is, the Maxwell-Schrodinger
dynamics are known in principle once the initial values are specified for each of the dy-
namical variables.
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The details of converting the formal mathematics of Secitma form that can be prac-
tically implemented in a computer are presented in this chapter. The Hamiltonian system of
partial differential equations will be reduced to a Hamiltonian system of ordinary differen-
tial equations in time by introducing a spatial basis for each of the dynamical variables. The
resulting basis equations are coded in@RFRAN 90 computer program. With this pro-
gram, various pictures are made to depict the dynamics of the hydrogen atom interacting
with the electromagnetic field in a cavity.

3.1. Maxwell-Schrédinger theory in a complex basis

Each of the Maxwell-Schrodinger dynamical variables, which are themselves fields, may
be expanded into a complete basis of functiGhsaccording to

Y=Y GeOyk®), X = Y GeYi),
K K

A1) =Y GrMWagc(®), T, 1) =Y Gr(muc (),
K K

d(x,1) =) GrMgc®), O =Y Gk, (98)
K K

where the indexC runs over the basis and the indexuns over 1, 2, 3 ok, y, z. Any
complete set of functions such as the oscillator eigenstates will suffice. In the following
work the set of Gaussian functions of the form

Gr(X) = G (X) = N exp(—Lx[x — ricl?) (99)

are used. These functions are centered pnnormalized to unity byNx, and are real-
valued. Additionally, they spai? so that any square integrable function may be repre-
sented in this basis. In principle the sumg98) are to infinity. However, a complete basis
cannot be realized in practice. But for all practical purposes the numerical results can be
shown to converge to within an arbitrary accuracy in a finite basis. In fact, with a smart
choice of basis, the numerical results may converge with just a few terms. Here the ba-
sis coefficients, which are complex- and real-valued as well as time-dependent, carry the
dynamics.

The basis representation of the previous Lagrangians is

1
Lvax= ) 5L@/8amr)amat — (B0 AT | Suiax — Hivax, (100)
KM
i . .
Lsch= Z 5[(3/8%0% — (/Y] Ssch— Hsch, (101)
K
1 . .
Lgauge= Z 5[(3/8¢K)¢IC - (3/39K)9K]Sgauge— Hgauge (102)
KM

with integrals

SMaXZ/H'Adax, SSChsz*w d3x, SgaugeZ/@¢ d3x (103)
\4 \4 Vv
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The calculus of variations leads to the following dynamical equations:

32Swm ) oH )
- ax apN = or My maNuN = Ve, H, (104)
T M Oan N T M
82Sgauge' oH .
90700, £ T d07 7eoL = Vor (105)
3% Ssch OH .
— =y = or iC =V, H, 106
ovzovs © T v C1e¥e = Vg (106)
328m . oH _
- or - MnT./\f,mMan = Va,,N H, (107)

- dau N ITTmM M= dann
32 Sgauge - oH
— QIC —
¢ 700k Lok
92iSsch - 9H

- Uik = or —iCh eyt =Vy H, (109)

which are of the Hamiltonian forrm® = 9 H/dn. The summation convention is used
throughout. These equations may be written more compactly as

or — N7 =V, H, (108)

Ma =V H, -M"7% =V,H,
Né = VoH, ~NTé =V4H,
iCy =Vy«H,  —iC*y*=VyH (110)

and can be cast into matrix form as

iC 0 0 0 O 0 v AH /oy
0 —iC* 0 0 O 0 A OH /oy
0 0 0o 0o -MT 0 a 9H /da
0 0 0 0 0 -—nT o | ~ | aH/99 |’ (111)
0 0O M 0 © 0 7 dH/dm
0 0 O N O 0 6 dH /00

where the matrice8/, N, andC and defined ir{104)—(109) This symplectic form almost
has the canonical structure @4). In a basis of rankV, the contractions involving and

7 run to 3V while the contractions involving the remaining dynamical variables ruvi.to
This is becausea andz are spatial vectors that have, y, z)-components whereas the
remaining dynamical variables are scalars.

With the choice of representation {88) and the choice of basis i99) all approx-
imations are specified. The equations of motior(lii1) are the basis representation of
the coupled Maxwell-Schrédinger equations. They are automatically obtained by apply-
ing the time-dependent variational principle to the Lagrang{@@9)—(102) In the limit
of a complete basis these equations are exact.
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The complex phase space that carries the associated dynamics is endowed with the Pois-
son bracket

aF/ay*\T sic 0 0 0 O 0\t /0G/oy*
AF /oy 0 —-iC* 0 0 O 0 G /Y
(F.G) = dF /da 0 0 0o 0 -MT 0 3G /da
’ AF /3¢ 0 0 0 0 0 -—NT 0G /3¢
dFom 0 0O M 0 0 0 3G /o
aF /00 0 0 0O N O 0 G /36

(112)

Even though the symplectic form is not canonical, its inversion is simple. The matrix ele-
ments inw involve Gaussian overlap integrals like

(G7IGx) = / (G210 (XIG ) .
\%

3.2. Maxwell-Schrédinger theory in a real basis

As was done previously, each dynamical variable may be expanded into a complete basis
of functionsG as

Q. 1) =Y GrXgx (1), P(x, 1) =Y Gr()pc(),
K K

A1) =Y GrMagc®), (X1 =Y GrMmuc ),
K K

O(x, 1) =) G,  OX D=y GrXok), (113)
K K

where the indeXC runs over the basis and the inderuns over 1, 2, 3 ok, y, z. Unlike in
(98), the coefficients ir{113)that carry the dynamics are all real-valued. In this basis, the
real Lagrangian densities become

1
Lyvax = Z E[(a/aamM)de - (a/aﬂmM)ﬁ;nM]SMax — Hwax, (114)
KM
1
Lsch=) 5[0/9ax)dx — (9/0pi) Prc]Sseh— Hsen (115)
K
1 . .
Lgauge= Z E[(3/3¢IC)¢IC - (a/aeK)QIC]Sgauge— Hgauge (116)
KM

with integrals

SMaX=/H~Ad3x, SsChszQd3x, Sgaugezf@qb . (117
Vv Vv \%

Applying the calculus of variations to the above Lagrangians leads to the equations of
motion:

%SMax . IH
L TMEX s —
Ty MOy N N T M

or MmM,nNan = van H, (118)
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9%Sgauge;, _ OH

d0706r L 67 O Nicdr = VorH, (119)

83)2;;;2 qc = % or Creqe =VprH, (120)

_aajz/f%"’mM = o O Mt = o H (121)

_;;:?;;;g]ce e = 38:7 or  — N7xbc = Ve, H, (122)
32Ssch . OH

T -
oS e =2 or — T pi =V, H, (123)
dq.79pKc dq.7 T 7

which are of the Hamiltonian formvn = 9 H/dn. These equations may be written more
compactly as

Ma =V, H, -MT7 =V,H,
Né =VyH,  —NT6=V,H,
Cq = V,H, —cTp=v,H, (124)

and can be cast into matrix form as

—MmT 0 0

0 0 O a dH /da
0 00 0 -NT O ¢ IH /¢
0O 00 O o —c™||q| _|oaH/g
M 0 0 O 0 0 x| T | onson | (125)
O N O O 0 0 6 IH /30
0 0 C O 0 0 p IH/dp

where the matriced/, N, and C and defined in(118)—(123) Again they are the basis
representation of the coupled Maxwell-Schrédinger equations of motion.
The real phase space that carries the associated dynamics is endowed with the Poisson

bracket

aF/da\T ;0 0 0 —-MT 0O 0\ ! /0G/da
dF /3¢ 0 0 O 0o —-NT 0 0G /3¢
(F.G) = dF/dq 0 0 0 O 0o -cT 3G /dq
’ dF/dm M 0 0 O 0 0 3G /o
dF /06 0O N O 0 0 0 3G /00
dF/dp 0 0 Cc © 0 0 dG/dp

(126)

Even though the symplectic form is not canonical, its inversion is simple once again. The
matrix elements i involve Gaussian overlap integrals like

(GzlGk) = /(GI|X)(X|GIC>d3X~
Vv
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3.2.1. Overview of computer program

The equations of motiofiL25)are coded in BRTRAN 90. The computer program is called
Electron Nuclear Radiation Dynamics or ENRD. Each matrix element in the symplectic
form and in the forces is performed analytically. The program is flexible enough to handle
arankN basis ofs-Gaussians, each with an adjustable width and an arbitrary center. A nu-
merical solution tq125)is determined once the initial value data is specified;forThe
forcesd H/on* are constructed from this data. The symplectic fasgp is then inverted

with the LAPACK [76] subroutine DGESVX, which is the expert driver for tA& = B
solver DGESV. This establishes a first order system of differential equations of the form

WP = w;blaH/ana which may be solved, for example, with an Euler stepping method.
That is
n’(t + At = 0P (1) + (AR (1) = 1P (1) + (AD[w FoH /3n"] (). (127)

In practice, the Euler method is not accurate enough so the more sophisticated RK4 method
[77] is implemented in the code. The equations of motion are advanced at a fixed stepsize
of 10~3 au. For typical basis function widths and centers, the estimated condition number
reported by DGESVX is about 30.

Lastly, it should be pointed out that the equations of mo{iti?b) are numerically im-
plemented in terms of the electric fiell = —4xcII rather than the momentui. It
was found that working in terms of this new (scaled) coordinate provides a more balanced
set of dynamical equations. Nevertheless, the electromagnetic radiation is still quite small
compared to the dynamics of the matter. An overview of the ENRD program is presented
in Fig. 4.

3.2.2. Sationary states: s- and p-waves

The ENRD program was first tested with a stationary state of the hydrogen atom. In a
basis of six Gaussians anwave was constructed as well as the corresponding basis rep-
resentation of the Coulombic scalar potential and the Coulombic electric field. In fact, any
spherically symmetric distribution of charge along with the corresponding Coulomb fields
would suffice. This delicate balance of charges and fields proved to be a stationary state
of the combined system. No electromagnetic radiation was produced. The total charge
q= [y, pX) d3x remained constant. A,-wave and its associated Coulombic fields were
also created in the same basis. This again is a stationary state.

3.2.3. Nonstationary state; Mixture of s- and p-waves

After identifying some stationary states, a nonstationary state that is a mixturarad p, -

waves was constructed in the same rank six basis. Both the Coulombic scalar potential and
the Coulombic electric field that are associated with this charge distribution were created as
well. Electromagnetic radiation was produced as the electron oscillated between stationary
states. Energy, momentum, and angular momentum were exchanged between the electron
and the electromagnetic field. It was shown that the total energy and total Hamiltonian are
conserved to four decimal places. The total charge [, p(x) d3x remained constant.

The phase space contours for the electromagnetic field, matter field, and gauge field are
presented irFigs. 5, 6, and ,/respectively.
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Fig. 5. Phase space contour for the coefficients of the vector potehteald its momen-
tum IT.
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Fig. 6. Phase space contour for the coefficients of the real-valued Schrédinge® faaid
its momentump.

3.2.4. Free electrodynamics

Lastly a free electromagnetic field was constructed. In this case no charge was created.
Energy, momentum, and angular momentum were exchanged only between the electro-
magnetic and gauge degrees of freedom. The total energy remained constant.
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Fig. 7. Phase space contour for the coefficients of the scalar pot@ntiald its momen-
tume®.

3.2.5. Analysisof solutionsin numerical basis

The solutionsy(¢) of the equations of motio(125) are further analyzed by expansion
into the basis eigenstates,(. The Schrédinger eigenstates are found by diagonalizing the
time-independent Schrodinger equation

HC = SCe, (128)

whereH is the basis representation of the Hamiltontar= —V2/2m + V, C is the matrix

of basis expansion coefficien8js the basis overlap matrix, ards the matrix of energy
eigenvalues. Similarly, the Maxwell eigenstates are found by diagonalizing the free wave
equationvZ¢ — ¢/c? = 0, wherep can be the scalar potenti@l or any component of the
vector potentialA. Fourier inversion of the free wave equation results-rfV2¢ = w?¢,
wherew is the frequency. In a basis this equation turns into the matrix equation

HC = SCw?, (129)

whereH is the basis representation of the Hamiltonian-like quariity: —c2V?2, C is the
matrix of basis expansion coefficien®js the basis overlap matrix, anaf is the matrix
of frequencies squared. Recall that energy is related to frequen&y byhiw, so that in
atomic units energy is equivalent to frequency.

Both of these basis equatio(is28) and (129are recognized as belonging to the gen-
eralized eigenvalue probleAw = By, which can be inverted with the LAPACK routine
DSYGV. The ENRD program employs DSYGV to solve bdi?8) and (129¥or their
corresponding eigenvalugs,, and eigenvectorsg .

With the eigenvectors,, the evolving state vector(¢) can be expanded according to

) =Y Ina) nmln(), (130)
M
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Fig. 8. Real part of the Schrodinger coefficien@s((r) = (naqIn(2)), wheren(t) is a
superposition of- and p,-waves.
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Fig. 9. Imaginary part of the Schrodinger coefficiedis () = (naq|n(2)), wheren () is
a superposition of- and p,.-waves.

whereC () = (nam|n(2)) are the basis expansion coefficients. The real and imaginary
parts of the Schrddinger coefficients for a superpositiorr ahd p,.-waves are plotted ver-

sus time inFigs. 8 and 9respectively. The squares of these coefficients are plotted versus
time inFigs. 10 and 11Notice inFigs. 8 and 9hat there are three frequencies involved in
the dynamics, which correspond to excitations ofghe,-, andd,._ .-waves Figure 10
suggests that the electron decays frpgrto s in under 10 au of time. However, due to the
finite size of the basis, the electron is excited back tojthestate as the electromagnetic
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Fig. 10. Probability for the electron to be in a particular basis eigenstate.
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Fig. 11. In the rank 8, 14, and 28 bases, the probability for an atomic electron to be in
a particular Schrodinger eigenstate is presented. The lowast p, atomic stationary
states are largely responsible for the dynamics. The amplitudes are very small for all other
stationary states.

fields reflect off of the artificial basis boundaries. In this sense, the numerical results are
more descriptive of an atom in a cavity than an atom in free space. To check the conver-
gence of these results, the Schrédinger probabilities are recompulkégl. ihl for three

larger bases. Bases of rank 8, 14, and 28 are used, where the dynamics has converged be-
tween the numerical and Coulomb bases. The rank 8 basis has Gaussian basis functions
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Fig. 12. Phase space of the Schrddinger coeffici€hts(r) = (na¢1n(2)), wheren(z) is a
superposition of- and p,-waves.

centered on the corners of a cube with edges of 2 au in length. The rank 14 basis adds two
more Gaussians on each coordinate axis to the rank 8 basis. The rank 14 basis, therefore,
has 14 basis functions uniformly arranged on the surface of a sphere of ¥&8lias. The

rank 28 basis adds a second sphere of radi &u around the inner rank 14 basis. Phase
space contours of the Schrodinger coefficients are presenkgd.ih2

3.3. Symplectic transformation to the Coulomb reference

Recall the basis representation of the Maxwell-Schrédinger equations of motitebin
They are

0 0 0 —M" 0 0 a 9H /da
0 00 0 -—-NT 0 ¢ dH /3¢
0 0 0 O 0o -cT g | _| 9H/9q
M 0 0 0 0 0 |~ | 9H/om | (125)
0O N O 0 0 0 0 dH /060
0 0 C O 0 0 P dH/dp
where
d2(M|A) 32(0|P) 32(P|Q)
om coanm 000 M 0pogm

and where the integrals|-) involve only Gaussian functions.
In analogy to the transformatiofm ~1)7 in (63) that was defined on the vector fields
d/dn in function space, a basis representatioifof})” can be made. This basis represen-
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tation is defined in terms of the coefficients according to

d/da da/da 0 0 0 0 0 d/da
3/9¢ 0 dp /3 0 0 0 0 8/0¢
3/9q | _ 0 /3G 08q/dG dm/dq 0 0 9/dq
9/0m | 0 0 0 om/om 0 0 d/dm
9/06 0 0 0 0 36/96 0 9/90
8/0p 0 dp/dp 0 A /dp 0 ap/dp d/dp
(132)
so that the symplectic form if125)transforms as
0 0 0 —MmT 0 0
0 0 O o —-NT o
0 0 O 0 0o -cT
M 0 0 0 0 0
0O N O 0 0 0
0O 0 C 0 0 0
0 0 —M*@ _Mﬁﬁ 0 _MAf)
0 0 0 0 —Ngz O
Ms: O 0 0 —N;z —Css
QA e P
My 0 0 0 0 o | (133)
0 N;qg N:Q 0 0 N@I;
MIBA 0 CﬁQ 0 —Ni,g 0
where the new matrix elements are:
P . L 92( + Mc|A) da _ 0%(M + Mc|A)
X7 a9x oY X dmda v axoy
N 900 0 30 0%(O|P + dc) 3¢ 0%(O|P + dc)
Y7 ox a9y ax 3009 v IXoY
ap 0 ap 3%(P|0) 9 32(P|Q
Co. = 9P 099 _ 0p 3°(PIQ) 3q _ 9°(PIO) (134)

XY 9% a9y aX dpdqg Y  9Xoy

for X andY an arbitrary dynamical variable. The remaining elements are determined by
transposition. Again the extra termsdnadd new time-dependent couplings to the theory.
These new terms can all be performed analytically. The resulting equations of motion are

0 0 Mz —Mzz 0  —Miz\ (¢ dH/0a
0 0 0 0  —Ngg 0 ¢ IH/0¢
MQA 0 0 0 —Nsg —Cpp é _ dH/dq
Mg 0 0 0 0 0 7 d0H /o
0 Noé N:Q 0 0 Ngp é 3[‘1/89~
M};A 0 C};Q 0 —N};(: 0 ﬁ 3H/8p

(135)
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3.3.1. Numerical implementation

Recall that the forces appearing in the canonical transformed equéii®yould be sim-
plified by substituting these equations among themselves. As a result,

0o o 0 0 -Ngg O
) 0o o0 0 0 0 —Chp
oP
R [ 7S 0 0 0 0 (136)
0 Ngg N@Q 0 0 Ngp
o o 56 0 0 0

Note that(136)is not a symplectic form. After making this substitution, the Hamiltonian
structure is lost. However, the numerical implementation is greatly facilitated with the
simplified equation§76) instead of those ii75). Since the ENRD program does not rely

on a symplectic integrator scheme to advance the dynamics, the symplectic structure is not
numerically important anyway.

The equations of motiof¥6) has been added to the ENRD code. The Coulomb reference
can be conveniently turned on or off (resulting %1)) with an optional flag. As before, the
program is flexible enough to handle a ravibasis ofs-Gaussians, each with an adjustable
width and an arbitrary center. A solution (86) may be obtained once the initial value
data is specified fofi’. The forces) H/d7j® are constructed from this data. The new terms
appearing on left-hand side (f6) are coded analytically. Notice that these terms make up
the elements of a matrix that is not a symplectic form. Nevertheless, the resulting matrix
equations are integrated with the same RK4 stepping method and the DGESVX subroutine
of LAPACK. For typical basis function widths and centers, the condition number reported
by DGESVX is on the order of 0

3.3.2. Sationary states: s- and p-waves

The ENRD program with the Coulomb reference was first tested with a stationary state
of the hydrogen atom. In a basis of six Gaussians-arave was constructed. The corre-
sponding basis representation of the Coulombic scalar potential and the Coulombic electric
field were not needed. All Coulombic properties are treated analytically once the Coulomb
reference is chosen. Again, it was found that any spherically symmetric distribution of
charge will suffice to produce anwave that is a stationary state of the combined system.
No electromagnetic radiation was produced. The total charge [, o (x) d3x remained
constant. Ap,-wave was also created in the same basis. This again was a stationary state
of the combined system.

3.3.3. Nonstationary state: Mixture of s- and p-waves

After identifying some stationary states, a nonstationary state that is a mixtureantl
px-waves was constructed in the same rank six basis. Both the Coulombic scalar poten-
tial and the Coulombic electric field that are associated with this charge distribution were
done analytically by the canonical transformation to the Coulomb reference. Electromag-
netic radiation was produced as the electron oscillated between stationary states. Energy,
momentum, and angular momentum were exchanged between the electron and the electro-
magnetic field. It was shown that the total energy and total Hamiltonian are conserved to
two decimal places. The total charge= fv p(X) d3x remained constant.
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Fig. 13. Real part of the Schrddinger coefficierts,((¢)
superposition of- and p,-waves.
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Fig. 14. Imaginary part of the Schrédinger coefficieldts, (1) = (naq1n(2)), wheren(z)

is a superposition of- and p,.-waves.

3.3.4. Free electrodynamics

Lastly a free electromagnetic field was constructed. In this case no charge was created.
Energy, momentum, and angular momentum were exchanged only between the electro-
magnetic and gauge degrees of freedom. The total energy remained constant.
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Fig. 16. Phase space of the Schrddinger coeffici€hts(r) = (na¢1n(2)), wheren(z) is a

superposition of- and p,-waves.

3.3.5. Analysis of solutionsin Coulomb basis

As done previously, the evolving state vectgr) in the Coulomb basis is expanded in
terms of the stationary eigenbasigs; = n according to

7(®) = Y liad mlii(®)). (130)
M

As before, the real and imaginary parts of the Schrddinger coefficients for a superposition
of s- and p,-waves are plotted versus timehigs. 13 and 1l4respectively. The squares of
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these coefficients are plotted versus timd-ig. 15 Notice inFigs. 13 and 14hat there

are again three frequencies involved in the dynamics, which correspond to excitations of
thes-, py-, andd,2__2-waves.Figure 15suggests that the electron decays frppto s in

under 15 au of tlme However, due to the same aforementioned basis effects, the electron
oscillates between the andp,-states. Lastly, the phase space contour of the Schrodinger
coefficients are presentedfiig. 16

3.4. Asymptotic radiation

It has been demonstrated that the dynamics of the hydrogen atom’s electron in the presence
of the electromagnetic field was quasiperiodic. This unphysical behavior is due to the fact
the electromagnetic radiation produced by the electron cannot escape to infinity and carry
away energy, momentum, and angular momentum. Rather, the radiation reflects off of the
artificial boundaries of the finite spatial basis and reexcites the electron.

The asymptotic problem, be it electromagnetic radiation or free (ionized) electrons, has
posed a difficult numerical challenge. Free electromagnetic radiation in vacuum does not
spread in time, since there is no dispersion, but does travel at the speed ofdidi87 au.
However, the velocity of the sources of charge and curegt,the electron in the hydro-
gen atom, is on the order of 1 au. This drastically different velocity scale makes a numerical
description of the time-dependent theory in direct space quite demanding.

On the other hand, the description of the free nonrelativistic electron is made difficult
by a combination of its large velocity (v < c¢), the spreading of its wavepacket, and the
rapid oscillation of its phase. Even in vacuum, the Schrddinger equation is dispersive so
that the electronic wavepacket width grows proportionally with time and its phase grows
guadratically with the distance from the center of the wavepacket. Several techniques have
been developed to partially treat these problems. In 1947, Wigner and Eigg@bdevel-
oped therR-matrix method, which provides a technique for matching the solutions on some
surface separating the inner bound state region and outer scattering state region. More re-
cently, masking functions, repetitive projection and complex rotation methods, and Siegert
pseudostates are common theoretical tools. These techniques are discussed by Yoshida,
Watanabe, Reinhold, and Burgddrfer{it®] and by Tolstikhin, Ostrovsky, and Nakamura
in [80]. A scaling transformation method that eliminates the rapid phase variation and
wavepacket expansion and requires no matching at infinity has been presented by Sidky
and Esry inf81]. Lastly, McCurdy and collaboratof82—84]have effectively implemented
an exterior complex scaling meth{®#b] in the time-independent formulation of scattering
theory. The exterior complex scaling method maps all coordinates beyond a certain radius
to a contour that is rotated by some fixed angle into the complex plane. This technique
damps all purely outgoing scattered waves to zero exponentially which permits a numeri-
cal treatment on a finite domain or grid.

A formulation of the asymptotic humerical problem that falls more in line with the
canonical treatment presented in this paper would begin at the Lagrangian level with a
Lagrangian of the form

L = LeNrD + »Ccoupling+ Lree. (237)

The ENRD Lagrangiaffengp Would be the Maxwell and Schrodinger Lagrangian@lin
and (18) The dynamics of this system would be described by two different types of basis



On the Canonical Formulation of Electrodynamics and Wave Mechanics 293

Asymptotic basis

Local basis

Fig. 17. Schematic picture of the local and asymptotic basis proposed for the description
of electromagnetic radiation and electron ionization. The amplitude from the asymptotic
basis is dumped into the free fighlwhich acts as a storage tank for energy and probability.

functions. As pictured ifrig. 17, the atomic or molecular system would have a local basis
representation in terms of real Gaussian basis functions of the form

Gr(X) = G(X) = Nic exp(—Lxclx — ricl?). (99)
Further away, a set of complex basis functions of the form

g Z eikr
k(X) = > CimYim(X)
Im r
would be used, where the wavevector magnitkde w/c could be chosen to lie in some
rangekmin < k < kmax and most likely only a few would be necessary. These complex
basis functions will require the calculation of new matrix elements. The free Lagrangian
Liree Would be the free particle Lagrangiam™*y — {i Vy* - —iVy/}/2m or the free field
Lagrangiard,¢*9“¢. The solutions of the free equations of motion derived from these free
Lagrangians are known analytically and are of the form(gkp x — wt]). The coupling
Lagrangian should be a Lorentz scalar that is made up of a certain combination or product
of dynamical variables ofgnrp and of Liee. If amplitude is put into the coefficients of
the asymptotic basis functiogg, then the amplitude will transfer to the free solutiahs
or ¢. This amplitude will provide an initial condition for the free fields, thereby defining
¥ or ¢ throughout space—time. The free fields will store the energy and probability (and
momentum and angular momentum) radiated at infinity, which is needed to maintain the
various conservation laws.

exp(—ar?) (138)

3.5. Proton dynamics in a real basis

The previous complex Schrédinger Lagrangians may be written in real form by taking
the electronic wavefunctio# = [Q + i P]/+/2 and the protonic wavefunctiof® =
[U+iW]/+/2. In terms of these real dynamical variables the Hamiltonian density becomes
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—4c? + [V x Al — [4rcO]?
T —i ]+[8X P-BreOF Yo .m-cov.a
T
[VO +qAP/c]?> +[-VP +qAQ/c)? 02+ p?
+ +q®
4m, 2
VU + GAW/c]? + [-VW + gAU /c]? U?+w?
+[ +gAW/cl* + [ + gAU/c] P + W (139)
4mq 2
As in (98), each of the dynamical variables may be expanded into a basis. In particular,
the real and imaginary componentsdofands2 are expanded as

Q. 1) =Y Gx(Mgx(®), UK=Y GrMux),
K K

Px,n) =) GeMpr®), WD =) GrOuwg). (140)
K K

The basis function& i are chosen to be simpleGaussians. The Hamilton equations of
motion associated with these real dynamical variables are

0 0 o —M" 0O 0 0 a dH /da

0O 0o 0o -—-NT o0 0 é dH /3¢

0 0 0 O 0o —-c’ o q dH/dg

0O 0 0 O 0 0 —kT w | | 9H/du

M 0 0 0 0 0 0 |~ | 9H/om | (125)

0O N O O 0 0 0 6 dH /90

0 0 C O 0 0 0 p dH /dp

0 0 0 K 0 0 0 W dOH /dw

where

M s = 92(I|A) Nes = 92(0|®)

KM= Srcoan KM= Socoopm
32(P|Q) IZ(W|U)

C}CMzai, Kkm=s— (1412)
PKIGM dwicdupm

and where the integrals|-) involve only Gaussian functions.

4. CONCLUSION

Nonperturbative analytical and numerical methods for the solution of the nonlinear
Maxwell-Schrddinger equations have been presented including the complete coupling of
both systems. The theory begins by applying the calculus of variations to the Maxwell and
Schradinger Lagrangians together with a gauge fixing term for the Lorenz gauge. Within
the Hamiltonian or canonical prescription, this yields a set of first order differential equa-

tions in time of the form
wapi” = 0H /9. (142)

These Maxwell-Schrodinger equations are closed when the Schrédinger wavefunction is
chosen as a source for the electromagnetic field and the electromagnetic field acts back
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upon the wavefunction. Moreover, this system of equations forms a well-defined initial
value problem. That is, the entire dynamics is known in principle once the initial values
for each of the dynamical variablesare specified. The resulting dynamics enjoys conser-
vation of energy, momentum, angular momentum, and charge between the matter and the
electromagnetic field.

In practice, the Maxwell-Schrédinger equations are represented in a finite basis of
Gaussian function& i (x) and solved numerically. That is, each dynamical variable is
expanded in this basis according to

N1 =Y Gk, (143)
K

where the time-dependent coefficienis(z) carry the dynamics. As a result, a hierarchy

of approximate equations of motion are generated that basis-represent the exact Maxwell—
Schrédinger equations and can be made systematically more and more accurate by enrich-
ing the basis. In the limit of a complete basis, these approximate equations would be exact

since the Gaussian functions spih

The basis representation of the Maxwell-Schrddinger equations of motion has been nu-
merically implemented in a ®BRTRAN 90 computer program. This program allows for
an arbitrary rank basis afGaussians of varying widths and centers. It has been used to
explore the dynamics of the hydrogen atom interacting with the electromagnetic field. In
particular, stationary states of the combined atom-field system have been constructed as
well as nonstationary states that radiate. This radiation carries away energy, momentum,
and angular momentum from the hydrogen atom. A series of plots are presented to docu-
ment the radiative decay of hydrogen'’s electron from a superpositiomiod p, states to
thes ground state.

In order to improve numerical convergence, a canonical transformation was performed
on the Maxwell-Schrédinger equations to isolate the Coulombic or electrostatic contri-
bution to the scalar potentig and electric fieldE¢. This portion of the fields can be
performed analytically once the sourpeis specified by solving the Poisson equation
V2@ = —4mp and then calculatinfc = —V®¢. By removing the burden of describing
both the Coulombic and radiative contributions to the electrodynamics, the efforts of the
basis are focused entirely on the description of the radiation. The canonical transformed
equations of motion have been represented in a Gaussian basis as done previously and
have been added to the existing®rrRAN 90 computer program. With an optional flag
the Coulomb reference can be used. Otherwise the raw numerical basis is used by default.
As before, a series of plots are presented to document the dynamics of the hydrogen atom
interacting with the electromagnetic field. The results in both cases are analyzed.

The work presented in this paper is particularly applicable to physical situations where
the dynamics of the sources of charge and current occurs on the same timescale as the
dynamics of the electromagnetic field. In these situations, adiabatic and perturbative ap-
proaches may be insufficient to describe the strongly coupled matter—field dynamics. Pos-
sible applications of the Maxwell-Schrddinger theory lie in photon—electron—phonon dy-
namics in semiconductor quantum wgll§], spontaneous emission in cold atom collisions
[11,12], atom—photon interaction in single atom laser cavitigs15], and photon—exciton
dynamics in fluorescent polymelis].
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Stopping Power—What Next?
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Abstract
The purpose of this chapter is to review the current limits of our understanding of the slowing down of charged
particles traversing matter. We discuss some of the effects often omitted in contemporary calculations and inter-
pretation of stopping power data, and we discuss some of the challenging new physics that may be obtained from
experimental setups yet to be built. We emphasize the symbiosis between theory and experiment in this endeavor.
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1. INTRODUCTION

From the earliest discussions of the slowing down of charged particles as they traverse
matter, there has been a significant interplay among the early experimental and theoretical
[1-7] investigations of the phenomenon. As is usual in physics, the effort to compare a cal-
culated to a measured quantity is hampered by the necessity of assuring that the same thing
is being calculated as is measured. Otherwise put: “Experiments—what do they measure?”
and “Theories—what do they calculate?”

Since these early times, the bulk of the discussion of the energy deposition of a swift
particle in matter per unit path lengthd E /dx, referred to as thetopping power of the
material, has been made in the context of a model where energy is transferred from a heavy
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ion projectile to the electrons, and, to a lesser extent, to the nuclei of the target material,
leading to excitation and ionization of the tard8t9]. Theories of this sort have been
tremendously successf{ll0,11] as have those which treat energy loss as a continuous
slowing down of the projectile in an extended medi[i2—-16] In both of the foregoing

cases, projectile energy is transferred to the target electrons, and perhaps to target nuclear
recoil, leading to a slowing of the projectile.

Parallel to theoretical developments, experiments and their analysis have also progressed
rapidly, leading to several very useful compilations of stopping propdtties22]

Theory typically deals with individual collisions between a projectile and a single atom
or molecule or model of a solid while experiment deals typically with measurements fol-
lowing multiple collisions. The connection between the two has been clearly enunciated
by Inokuti [23] when he answers the rhetorical question “What do we mean by stopping
power?”

His answef23]: “An experimentalist naturally thinks of the stopping power as the mean
energy loss of an energetic particle per unit path length in a given material. Suppose that a
particle of given kinetic energ¥ passes through a thickneas and emerges with kinetic
energyT’. Repeated trials will result in a distribution @f values. The mean df — T’
is AT, the stopping power is the limit oA7/Ax asAx — 0. The limit Ax — 0 is an
idealization; in practice it means that the length is sufficiently short. We should ask what is
meant by “sufficiently short”. We should also recognize that the above definition presumes
that a particle travels virtually along a straight line, without appreciable deflection. This
picture indeed applied to any particle of very high energy, but it becomes progressively
more unrealistic with decreasing energy, especially for a light particle such as an electron
or a positron.

“A theoretician usually evaluated the stopping power from the cross section for a single
collision. Consider a material consistingmoktructural units per unit volume. For brevity,
let us call the structural unit a molecule. Suppose [Hat(T, E)/d E]1dE represents the
cross section for a collision of a particle with kinetic ene@ywith a molecule, result-
ing in energy transfer betwedn and E + dE. Then, the stopping power is evaluated as
nfdEEdo(T,E)/dE.

“Are the definitions of the experimentalist and the theoretician equivalent? The answer is
certainly yes, if the material is so thin that a particle collides with a molecule only once at
most. Indeed, cross section measurements are carried out for this circumstance, and then a
distribution of energy loss is called the energy-loss spectrum. However, when the material
is thick enough to cause multiple collisions, the question warrants some discu§agjn.”
(There is some discussion of the question of taking the zero thickness limit of a target in
Refs.[24], [25], and[26].)

This is the point of view we espouse here.

Both theory and experiment have been most successful at treating stopping at projectile
energies above the stopping maximum in the stopping curd®@ keV/amu), but have
been less successful at lower energies. It is the results of calculations and experiments in
this energy range that tempt one to say that all there is left to do in the field is to refine the
numberd27].

Several issues how become apparent, in terms of both calculated and measured stop-
ping properties of matter. There are, in fact, many problems which are theoretically open,
and many effects which have yet to be experimentally deconvoluted from stopping power
measurements. To wit:
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e Present day calculations of stopping power, based on cross sections extracted from col-
lision theory, allow much more detailed understanding of the partition of the transferred
energy among the available degrees of freedom, in both projectile and target, than do tra-
ditional experimental methods. Further, such calculations are not, in principle, restricted
to higher projectile energies.

e Traditional methods do not allow for excitation and ionization of a dressed projectile.

o Normally, it is assumed that electron number is separately conserved in both target and
projectile, and charge changing events and their consequences are frequently ignored.

o It is difficult to measure low energy stopping, that is, stopping with projectile energies
lower than that at the peak in the stopping power curve, or to calculate it using traditional
methods.

e Many of the theoretical methods used today have their origins in perturbation theory.
Itis, however, difficult to treat higher order processes sufficiently accurately with tradi-
tional methods. The Barkas effd28], traceable to polarization effects and proportional
to Zf, is a particularly good example.

e Traditionally, gas and liquid targets have been considered as collections of randomly
ordered target molecules. With present methods, these molecules can be specifically
oriented, and directional effects can be discussed.

e Except for cases where channeling is important, traditional methods generally ignore
orientational effects in the target.

e Traditionally, the Bragg Rul§9-31]is assumed when dealing with larger target sys-
tems such as those of biological interest. In fact, deviations from the Bragg Rule, arising
from molecular bonding, need to be understood more deeply. We note that with the
advent of cluster and cluster ion projectiles, a projectile-Bragg-Rule might also be ap-
propriate.

o Traditional methods do not do well with complex or cluster projectiles, as they ignore
projectile structure.

o Traditionally, target phase effects are considered small, and igifigi2e2B3]

o In traditional approaches, negative stopping powers, corresponding to projectile accel-
eration, are not expected.

o In traditional methods, relativistic effects, both those associated with the speed of the
projectile and those associated with the quantum mechanical description of a target con-
taining heavy atoms, are seldom addressed.

e Collision induced radiation, from either projectile or target, is generally ignored.

Considering that knowledge of the details of energy deposition is necessary both in order
to understand the details of energy deposition and to design experiments probing specific
guestions, a desirable situation, especially in the biological arena, the above-mentioned
issues need to be understood. These problems are discussed below.

2. WHAT IS STOPPING POWER?

Bohr's early writings on energy deposition are quite clfgrwhen he writes .. we

shall assume that the atom consists of a central nucleus carrying a positive charge and
surrounded by a cluster of electrons kept together by the attractive forces from the nucleus.
The nucleus is the seat of practically the entire mass of the atom and has dimensions
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exceedingly small compared with the dimensions of the surrounding cluster of electrons.
If an o or B particle passes through a sheet of matter it will penetrate through the atoms,
and in colliding with the electrons and nuclei it will suffer deflexions from its original path
and lose part of its kinetic energy. The deflexions will give rise to the scattering of the rays,
and the second effect will produce a decrease in their velocity. On account of the intense
field around the nuclei the main part of the scattering will be due to the collisions of the
a or B particles with them; but on account of the great mass of the nuclei the total kinetic
energy lost in such collisions will be negligibly small compared with that lost in collisions
with the electrons. In calculating the decrease of velocity we shall therefore consider only
the effect of the latter collisions.”

Bohr’s view is, then, that the incoming particle collides with a target atom giving up
some of its kinetic energy to the atomic electrons which are excited or ionized in the
process, with the result that projectile slows down. The result is a conversion of projec-
tile kinetic energy to target electronic energy. This view of the energy loss process has
continued to be held over the past hundred ygdrsut with an increasingly sophisticated
guantum picture initially formulated by Betli£0,11] supplanting the semi-classical treat-
ment of Bohr. Authors continue to calculate stopping powers from projezideagy |0ss,
but energy loss is interpreted to mean kinetic energy loss in most cases (sd8JRE¥4],
and[35] among others).

However, it has long been clear that projectile kinetic energy loss, and by this is meant
the kinetic energy of the center of mass of the projectile, is not the only way a projectile can
lose energy. Perhaps the most important other process contributing to energy loss is charge
exchange between projectile and target, leading to a time dependent projectile charge. This
was noticed early on by Bett§86,37], but, presumably due to computational difficulties,
has not been incorporated into most traditional theory.

Other energy loss mechanisms are also possible and include radiation losses, magnetic
interactiong38], and transfer of energy to the target nuclei (nuclear stopping). If the tar-
get is a molecule, rather than a simple atomic gas, there can be energy transferred to the
vibrational and rotational states of the target and target fragmentation as well.

The final complication that we mention here is that the projectile can also be complex:
it could be a dressed idB9] in either the ground or an excited state, or it could be either
a molecule or a cluster or cluster ion in a particular electronic, vibrational, and rotational
state. In any case, the projectile kinetic energy could be influenced by internal interconver-
sion of kinetic and other sorts of energy.

3. METHODOLOGY
3.1. Theory

In order to discuss stopping power, let us first review several standard formulations of
stopping power. In general, the formulas for stopping power are derived from a differential
cross sectiodo/dS2.

Bohr stateq7] that the energy deposited by an ion beam when transiting a target of
thicknessAx and with a scattering center density, is given by

N
—AE = ZAEinzaiAx, (1)

1
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where AE; is the kinetic energy deposited by the projectile (energy loss) for each colli-
sioni in the path lengt\x with a cross section;. The minus sign on the left-hand side
of equation(1) assures a positive energy loss. In the limit wikzen — 0, the energy loss
per unit path length (stopping power) for a projectile becomes:

dE do
——— =n2 | AEdo =no | AE—dS2. 2)
dx asz

The energy loss per unit path length per scattering center or stopping cross section, which
contains all the physics of the process, can then be written:

1dE do

S=———= | AE—dS2. 3
no dx ,/ as? 3)

Note that in the above, the path lengtty, is the physical path length of the projectile, not
the penetration depth. Also, in these equations, the projectile velocity dependence of the
stopping has been suppressed.

Stopping power is most commonly understood in the context of perturbation theory.
(Many reviews of energy deposition are available such as those found in [R€fs.
[41], [42], [43], and[44] among others, many of which are slanted towards a particular
application.) In a time-independent approach based on the First Born Approximation such
as that of Bethg10,11], the scattering cross section is usually obtained through Fermi’s
golden rule. This formulation leads to the Bethe formula for the stopping:

_AE() dE drnetZ2Z,
~—— =nS@W) = ———5—Lo(v), 4)
Ax dx mev?
whereZ; andZ- are the (fixed) projectile charge and target electron number, respectively,

andLg is the Bethe stopping number (including relativistic terms):

2m,v? 1
pgere—in 2" +In<1_—ﬂz> 252 )

As usual, = v/c, and$ is the a density ternfil8,45] which corrects for relativistic
polarization effects when projectile velocities become comparable to the projectile rest
mass. The density correction was first computed by Sternh¢#6et7], and it reduces the
Bethe stopping power for relativistically fast projectiles.

Here Ip is the mean excitation energy of the target system, which is the first energy
moment of the dipole oscillator strength distribution of the tafgktwritten:

_ [ gEMEdE
e

where{f} is the dipole oscillator strength distribution of the tardgetis a materials con-

stant which is a good indicator of the ability of the target to absorb energy. There are several
sources of mean excitation energies. A mean excitation energy can be calculated directly
from the definition using an atomic or molecular wavefunc{i48]. However, the quality

of the wavefunction can cause a large effect on the calculated vallgg48], with mean
excitation energies varying by nearly 30% between Hartree—Fock and correlated calcula-
tions. One can also extract mean excitation energies from experimental data by fitting an
ansatz stopping model to the data, and using the mean excitation energies as one of the

InIo (6)
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fitting parametersf. e.g. Refs.[9,18-20] Here one must be careful as the mean excita-
tion energy so calculated is no longer the quantity given by equéipiut will contain
contributions from all terms left out of the fitting ans§bd)].

In order to get better agreement with experiment, one normally adds additional terms to
the Bethe logarithm to compensate for the approximations introduced in the Bethe deriva-
tion. The most egregious of these is that the target electrons are stationary—or at least
moving slowly with respect to the projectile. A correction, called the shell correctidis
written —C/Z> is thus added before comparing with experiment. If one adds other terms
(which is seldom done) one can see thatconsists of the sum of terms proportional to
the Zf [45] and one can write a series

Lo(w) = ) Loj(v). (7)
J

Thus in the Bethe casky = In 2’",;”2, Loir = —C/Z, etc.

A further improvement can be made by avoiding the fast projectile assumption altogether
rather than attempting to correct for it, and calculating the eitiyrdirectly. In that case,
the generalized oscillator strength (GOS) distribution is ne¢s2@®3]. Results are good
when compared with experiment, but the method is numerically viable for only the smallest
atomic targets.

In the same vein as the foregoing, the energy loss and stopping can be calculated in
higher orders of perturbation theory. Going beyond first order perturbation theory, the stop-
ping number can be expanded in a Born series in the fixed projectile cAarge

L) =Y ZiLi(v), (8)

wherei labels both the power of the projectile charge and the order of perturbation theory
in each term. Each of the ternis has been developed, typically motivated by an experi-
mental observation. Thus, one refers to the Bethe/Bo#n 0), Barkas(i = 1), and Bloch

(i = 2) terms. In addition, even higher level and relativistic tefd® can be included.

While the Bethe approach is best suited for gaseous targets where the projectile can
be assumes to interact with a single target atom or molecule at a time, an approach more
suitable to study of solid state targets was developed by Lind#afd[12,54]in the 1950s
and 1960s. This method is based on electron gas considerations, but, like the Bethe theory,
is a perturbation treatment. Note that many other formulations for stopping power can be
cast into the form of equatior(@) and (8) but that each has a unique expressionifgr
corresponding to the specific physics of the development. For example, the Bohr theory
leads to:

Bohr Cmev3 1 /32
Lyg ' =1In Zrvoha; +In<1_ﬂ2> > 8/2, 9)
whereC = 1.1229 andw; is a harmonic oscillator resonant frequerigg]. However,

the Lindhard, Scharff and Schigtt (LSH)5] formulation does not have a leading term
proportional toZ2, and can be brought only formally to this form.

We emphasize that in all of the foregoing formulations, the energy transfer is assumed to
be kinetic energy loss of the projectile, and is obtained as the energy gained by the target by
conservation of energy in the collision. All other processes such as charge exchange, pro-
jectile electronic excitation, vibrational and rotational energy exchatwgyeare neglected.
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Another approach, which is computationally more intensive, calculates energy deposi-
tion properties directly from cross sections obtained from scattering theory.

In this case, one considers the simple case of an ion with some velgaityt neces-
sarily stripped, impacting on a target at an impact paranietéor each trajectory, one
can calculate the projectile kinetic energy loss and the angle of deflegtieading to a
deflection function® (b). For such a system, the stopping power, or energy loss per unit
length for a projectile, is given by

1dE do
S(Ep) = i = /AE(Ep, mdQ ds, (10)
where agaim; is the density of target scattering centeAd; is the kinetic energy loss of
the projectile, andlo/d 52 is the direct differential cross section. By using the deflection
function, ® (b), the integral in equatiofil0) can be transformed to the impact parameter
representation, yielding

S(Ep) = — / b AE(Ep, b)dbdg. (11)

Such a scheme is non-perturbative and thus includes all the terms in the Born expansion. It
has the additional advantage that it restricts neither the projectile trajectory, possible charge
exchange, nor energy transfer to and from all energy degrees of freedom in both projec-
tile and target, and thus includes all of these processes. If not artificially restricted, the
outcome of the collision is restricted only by quantum mechanics. To include these non-
adiabatic effects clearly requires a time dependent analysis of the binary collision. Such
schemes are beginning to come into use by various groups, notably those of Schiwietz and
Grande[55,56], Arista[57], and Truijillo et al. [58—60] among others. Their use encour-
ages the development experimental techniques that can distinguish among all channels for
energy transfer.

3.2. Experiment

What is, in fact, measured? In order to compare calculations with experiments, or to de-
sign new experiments or calculate new properties, one must be certain that the calculated
guantities correspond to those measured. In particular, to calculate a reliable stopping cross
section, one must obtain accurate energy loss&5,and scattering cross sectiods,/d 2,

for the collision, and precisely which energies are considered must be clearly defined.
Should this energy be the kinetic energy loss of the projej@illegs2] or the energy gained

by the target, which, considering the foregoing discussion, can be somewhat different. The
purpose to which the stopping power is being put is thus important—clearly the latter in
the case of tumor therapy, while it is the former that is important in ion implantation during
microelectronics manufacture.

For purposes of this discussion, we consider a model stopping power experiment to
begin with the production of a low fluence particle beam with all projectiles having a par-
ticular initial charge, in a specific electronic state (normally the ground state), and having
a delta-function velocity distribution. The beam impinges on a differentially thin, low den-
sity target, and emerges after suffering a single collision with the target system, wherein
energy, momentum, and charge may be exchanged. Finally, a measurement is carried out
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on the exiting projectile. Although this scenario is certainly oversimplified, it is heuristi-
cally useful. In fact, in a measurement, the target will be of finite thickness, which will
open the possibilities of charge fluctuation (multiple charge exchanges), multiple scatter-
ing and thus energy and charge straggling. Measurement of the energy loss of the projectile
and the thickness of the target (usually as areal density), be it solid, liquid, or gas, gives
the stopping power directly when extrapolated to zero target thicKG8ksThese experi-
ments may then be compared with the theoretical predictions mentioned above which lead
to changes in the electronic energy of the projectile.

In fact, there seem to be two approaches in the methods of measurement of energy loss.

The simplest method, at least conceptually, of measuring the energy of the exiting pro-
jectile is based on measuring the projectile time-of-flight (TOF). Here, the time necessary
for the ion to transit a fixed distance is recorded, giving the laboratory frame center of
mass kinetic energy of the projectile directly. Thus the stopping power calculated from
this measurement will be purely the kinetic energy version, in consort with the classical
definitions. Although giving precise measurements of projectile kinetic energy, TOF based
energy loss measurements thus will not take into account changes in non-kinetic energies
such as charge exchange, projectile electronic excitation, rovibrational energy changes, or
any of the other effects mentioned above.

A similar result is obtained by using a proportional counter, either gas or solid state, to
measure the energy of the exiting projectile. In this case, collisions of the projectile ion
with the detector produce a current pulse, the magnitude of which is proportional to the
projectile kinetic energy. Again, the result is dependent on the projectile kinetic energy
only, and on neither either charge or electronic state.

A quite different approach to the measurement of ion energy was proposed by Ander-
sen[64—66]in the 1960s. The method is based in thermometric compensation techniques,
where the measured energy is that of an ion brought to rest in a stopping block at liquid
helium temperature. In the experiment, the projectile transits the sample foil and then is
brought to rest in the stopping block. As the ion energy is converted in macroscopic time
to heat energy in the block, which is subsequently measured, it is to be assumed that the
projectile comes to rest in its ground, neutral state, and that all of the energy, kinetic and
electronic (and rotational and vibrational if the projectile is polyatomic) is deposited in the
block. Thus, this method measures something different than does the TOF measurement,
namely it measures the sum of the total energy of the projectile above ground. What the
method cannot do is to distinguish among the various sorts of energy that are present.

4. OTHER PROCESSES

The question then arises as to what contributions to the energy loss there might be in a
stopping power measurement, what the magnitudes of such contributions might be, and
whether such contributions might be interesting, useful, or possible to study.

Starting with the ultimate point, it seems clear that it is advantageous to know as much
as possible about the details of energy deposition. In terms of nano-fabrication, interaction
with biological systems, and radiation hardening of electronics, to name but a few exam-
ples, such knowledge might have great significance. For example, the ability to break a
specific bond in molecule located deep within a sample is a possibility if the details of
energy deposition in chemical bonds were known. It is, in fact, a well-exploited fact that
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energy deposition from ions can be carried out with much less ancillary damage with ions
than with electro-magnetic radiation due to the shape of the stopping cross section
projectile energy curve.

4.1. Stopping at low projectile energy

Many of the first principles methods used to study energy deposition invoke the approx-
imation that the projectile is moving much faster than are the target electrons. Such an
assumption restricts calculations to projectile velocities corresponding energies above that
of the maximum in the stopping power curve, that is, above energies of something like 100
keV/amu. Such restrictions clearly do not apply to the schemes that primarily fit data to
an ansatz stopping formula. Other schemes are somewhere in between, for example, that
of Sigmund and Schinng67] which relies on a combination of Bohr and Bethe stopping
with added shell corrections, projectile excitation, and relativistic corrections. Although it

is not explicitly stated what the lower velocity limit of this scheme is, results are reported
for stopping powers down to 1 keVV/amu with good agreement for several projectile solid
target combinations.

Methods based on scattering theory do not have a low velocity cutoff in their ambit of
applicability, and thus may be used down to very low collision energies. Rather, calcula-
tions have been made down to proton projectile energiesléfeV with good agreement
with experiment. In fact, the limitation on the projectile velocity is from above, as at high
velocity the Dirac rather than the Schrédinger scheme must be used to calculate the scat-
tering.

4.2. Higher order Born terms

The first term in the Born series (equati8)), Lo, has been the focus of attention since
the beginnings of stopping theory. It is, by far, the largest term in the series for projectile
energies above the maximum in the stopping curve but below the energies where rela-
tivistic effects become important, and produces stopping cross sections which agree with
experiments taE20% in most cases.

The second term in the Born seriedisg, and results from the slight polarization of the
target electron cloud under the influence of the projectile. It is proportionﬂflmnd is
approximately an order of magnitude smaller tiiar68]. This is the first term in the Born
series that distinguishes the sign of the projectile. It was first reported by B@&asho
measured the differences in ranges3df baryons in emulsion, and is normally referred
to as the Barkas term or the Barkas correction. There have been several expositipns of
for example, those in Reff67,69-74]and[75], all of which give approximately the same
value within about a factor of two.

The Lindhard form of the Barkas correction can be wrifté:

2m,v?
2hm,v3 Ip

As this formulation is derived with respect to a stationary target electron, there could,
presumably, be a shell correction type teftm; to the Barkas correction as well. Although

(12)




308 J.R. Sabin and J. Oddershede

the complete Barkas correction has been calculated for a spherical harmonic og@fihtor
the shell correction to the Barkas term for an atom or molecule has, to our knowledge, never
been investigated.

The term proportional t&?, L,, was proposed by Blocfr7], and provides a transi-
tion from the semi-classical Bohr formulation to the purely quantum mechanical Bethe
formulation. The leading term in Bloch correction can be written:

0 Uz
Lao==) (t+D7°3 (13)
=0

plus higher order corrections in increasing even poweis 6f74].

The only other term in the Born series that has been investigated, to our knowledge,
is Ls, which gives a stopping power contribution proportionazﬁo and has been consid-
ered by Ahlen[78]. The effect arises from large velocity close collisions and effects the
stopping by a few percefi8].

In any case, in the spirit of the Born expansion, there is much yet to be understood in
terms of identifying and understanding terms fqr, i > 2, and calculating and under-
standing shell corrections for terms with> 0.

4.3. Charge fluctuation

Passage of a charged ion through matter, even if there occurs only a single distant collision,
is likely to lead to charge exchange, and the likelihood increases directly with projectile net
charge and, on average, inversely with projectile velocity. That is, the projectile can gain or
lose electrons by interaction with the target, often several times as the projectile transits the
medium. After direct transfer of kinetic energy from a projectile to the electrons in a target
atom or molecule, this is probably the most important process in a stopping experiment.
As most of the traditional methods for treatment of stopping assume a fixed projectile
charge, they cannot address this situation. Dynamic methods, however, especially those
that allow unrestricted trajectories and unrestricted charge states, can. The simple case of
Helt — Ne[79] shown inFig. 1 gives a graphic representation of charge exchange. As
the collision occurs, the quantum mechanical electron hopping in the interaction region is
clearly illustrated. Note that the equilibrium charges show a net transfer of one electron
from Ne to Hé*,

However, a more quantitative description of the exchange process is the charge exchange
Cross section.

As an example, calculation of the charge exchange cross s¢80bffior proton pro-
jectiles on water shows strong peaks in the exchange cross section in the region of
Ep = 10 keV/amu[80], as shown irFig. 2, indicating energy transfer channels that are
not accounted in the kinetic energy transfer, if the calculations are to be believed. The ex-
perimental numbers of Rudd al. [81] are also included, although they, unfortunately, do
not go to lower energies.

A better example of charge exchange is perhaps shoWyir8for the collision of N+
with H yielding N>+ + H* [82]. In this case, the projectile, however, is not stripped. Under
these circumstances it, too, can experience ionization, electron capture, and ex@gition
Again the illustration here is from a scattering type calculation as described above, done
with END [39].
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Fig. 1. Mulliken population fluctuation in a H& — Ne collision at 10 ke\[79].
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Fig. 2. Charge exchange cross sectich for protons impinging on bO as a function
of proton velocity along with the experimental results of Retdl. (filled circles)[81].

Figure 3shows the charge exchange cross section for this process as a function of the
projectile energy. First note that the main electron transfer process is electron capture by
the projectile. Projectile electron loss has a low probability for the projectile energies of
interest in this work, due to the large net charge on the projectile. For larger projectile ener-
gies ionization becomes of importance and requires a description using proper continuum
states.

The largest contribution to the electron capture cross section comes from impact para-
meters in the range ~ 6—7 a.u[82] for all energies. Thus the®N ion apparently captures
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Fig. 3. Total charge exchange cross section f6 Nolliding with atomic H as a function
of the projectile energB2]. For comparison, we also show the theoretical coupled channel

results (dashed line) from Feickg8B]. The experimental data are from:Huqget al. [84];
+ Crandallet al. [85]; x Seimet al. [86]; * Folkertset al. [87].

an electron from hydrogen into an orbital approximately 6 to 7 a.u. from its center, thus
forming what we denote as a “diffuse ion” with the 3 core electrons having configuration
15°2s and the captured electron having highest probability in the 3s, 3p ofBitalT here
are two maxima in the charge exchange probability as a function of the projectile energy.
The first occurs arounfi, ~ 0.1 keV/amu and the second one aroufigl~ 2 keV/amu.

In the same figure we present, for comparison, some experimental [8387] Note
that the calculated charge exchange cross section vanishes for low energy projectiles. This
seems to agree with the experimental trend. For completeness, we also show the results
obtained by Feickertt al. [83] by means of a coupled channel theory and a fitted charge
exchange potential. Contrary to the results of Trujétal. [82], their results predict that
for lower energies, the charge exchange cross section will increase as the projectile en-
ergy decreases; the well known Langevin-type cross section for orbiting. Unfortunately,
experiment has nothing to say on the subject.

There has been some discussion of the problems associated with charge changing and
projectile excitation from a semi-classical point of vig®8], but without concrete exam-
ples.

4.4. Projectile excitation and ionization

Traditional methods of calculating stopping properties assume a fixed charge projectile
and describe, in one way or another, only the excitation of the target due to collision.

Even if the projectile is not stripped, no energy is transferred to the electronic structure

of the projectile. That is to say, the mean excitation energy of the projectile is kept at in-

finity, so that there can be no energy transfer to the projectile (see eq@fjomn fact,

this process can be quite important in terms of the details of the stopping process, per-
haps second only to charge changes. In the spirit of the Bethe formulation of stopping,
it is possible to write down a formalism where both projectile and target have a mean
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excitation energy and may be excitg®], but this scheme has not been generally imple-
mented.

Again, methods arising in collision theory should be better suited to treat the problems
of projectile excitation. In those methods, the electronic structure of the projectile is not
restricted, and excitation is allowed. So far, little attention has been paid to this process.
However, it can also be treated by dynamical methods.

Some people use an effective charge to describe the fluxional charge state of a projectile
as it transits a target system. Several formulas for effective charge are extant, the most
prominent probably being those of Northcliff@9,90] or of Brandt and Kitagawg91].

The problem with this approach is that it is an attempt to force the concept of a static, al-
beit effective, charge on a fundamentally dynamic situation, so that a static charge analysis
can be used. It is clear that this approach does not properly represent the physics of the
situation: A dynamic approach should be used when projectile and target electron numbers
are not separately conserved.

4.5. Nuclear motion

At low projectile velocity energy can be transferred to nuclear motion by a collision. In ad-
dition to nuclear stopping, that is, projectile kinetic energy transferred to the center of mass
kinetic energy of the target, energy can be transferred to target internal nuclear degrees of
freedom such as rotational and vibrational degrees of freedom. As an example, consider
the case of proton projectiles on water. The orientationally averaged stopping cross sec-
tion curve calculated by Cabrera-Trujilkt al. [80] is shown inFig. 4. The curves are
calculated within a scattering formalism called Electron Nuclear Dynamics (END), of the
type outlined abov§s9], and they contain all of the non-translational contributions to the
energy loss.

Along with the total stopping cross section, the electronic, nuclear, and rovibrational
cross sections are included. As expected, the nuclear and rovibrational cross sections are
largest at lower projectile energies, where nuclear energy transfer is obviously greatest,
and at low projectile energy they make up a considerable fraction of the total stopping
cross section. As the projectile in this case is a proton, there cannot be direct electronic
excitation of the projectile. However, there is the possibility of capture of an electron into
an excited state of the projectile.

4.6. Negative stopping

The possibility of energy gain on collision of a projectile with a target has been specu-
lated upon since the early days of modern stopping theory. Fano, in his classic paper of
1963 [40] notes that “In plasmas or other systems, where many atoms are not in their
electronic ground state, a collision may bring these atoms to a lower energy level, with a
negativeE,;.” Although Fano does not specify whether it is the projectile or target atoms
to which he refers, the result is the same: An atom or molecule in an excited state can give
up electronic energy to projectile kinetic energy, resulting in a larger projectile velocity
following the collision than it has before, and thus resulting in a negative stopping power.
We note that, in such a collision, both energy and momentum must be conserved.
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Fig. 4. Orientationally averaged total stopping cross secfiofor protons impinging on
H>0 as a function of proton velocit{30] along with the experimental results of Reynolds
et al. (filled circles)[92]. Se, Sn, andS;y represent the electronic, nuclear, and rovibrational
contributions to the stopping, respectively.

Such a process is hot possible in traditional stopping theory, as it requires rather special
circumstances which traditional theories do not include, such as negative mean excita-
tion energies which, since they are calculated or measured from a ground state reference,
are, by necessity, positive. However, such a process is possible in collision theory based
treatments, and, theoretical negative stopping powers have been reported resulting from
both END[79,93] and Monte Carld94] type calculations. There is some skepticism in
the literature that such an acceleration could 0¢88}, and it should be noted that nega-
tive stopping has never been experimentally observed. The process has, however, much in
common with superelastic scattering of electrons, which has been ob$@bjethd with
certain studies involving collisions with highly charged ions.

4.7. Orientation

Present day interest in surface physics has led to the fabrication of many new systems
which consist of oriented overlayers on surfaces, which lend themselves to being probed
by various ion scattering techniques such as those performed in grazing incidence mode.
As many of these systems are highly oriented, traditional theories and experiments, which
are intended to describe amorphous samples, are not adequate.

There has been a formulation of Bethe stopping theory which considers oriented targets
[96] that utilizes mean excitation energies restricted to a particular polariZ&idnas
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well as some full first Born approximation calculatidb®,98]which require directionally
specific generalized oscillator strength distributions. However, proljlePhsvith satisfac-

tion of the Bethe sum rulgl0] and computational overhead have kept the latter approach
from general use.

The collision theory approach does not suffer from the same problems. Although it is
also computationally intensive, it is easy treat oriented samples. As an example, we return
to protons on wat€fi80].

In this case, the molecule is fixed in a lab fixed coordinate frame with a specific ori-
entation. The target water molecule was placed with the oxygen atom at the origin of a
Cartesian laboratory frame. Orientations are specified by the relation of the dipole moment
vector of water to the velocity vector of the incoming beam (along:tagis).

There are three sets of orientations, each of which is depicteig)irb:

orientation a. The molecule is lined up with the dipole moment vector either parallel or
antiparallel to the-axis. The molecule is rotated about thexis.

orientation b. The molecule is aligned with the dipole vector along thaxis, and the
molecule in thexz-plane. The dipole vector is then rotated about gFexis in thexy
plane.

orientation c. The molecule is aligned with the dipole vector along #haxis and the
molecule in thexy-plane. The dipole vector is then rotated about gkexis with the
dipole vector in thery-plane.

l/H
C)\('Jl z
a H
3
H\ /H
O—>=
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HtH
|/
\
\
O >z
C.

Fig. 5. Orientations of molecules used for determining the stopping power of oriented
water.
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The total electronic stopping cross sections for the three independent directions in which
the water molecule has been oriented with respect to the beam axis are preséiged,in
along with the experimental results of Reynod#tisl. [92] for comparison.

The total stopping cross section, that which would be expected for a randomly oriented
sample such as found in liquid or vapor, would be obtained as an angular average of the
directional stopping curves. It should be noted that orientational effects of the same sort
would be expected if the projectile beam were of polyatomic particles and such that the
projectile were oriented.

The differences in stopping curves as a function of orientation are, again, most pro-
nounced at low projectile energies, and are certainly significant, up to 50%, at the largest
difference. Thus energy deposition might be developed into a probe for oriented molecules,
for example, on surfaces.

4.8. Fragmentation

When dealing with molecular targets or projectiles, traditional methods of treating stopping
have no facility for dealing with fragmentation of either of the collision partners. Collisions
at even keV/amu projectile energies can easily lead to fragmentation, which is frequently
combined with ionization and/or charge exchange. This is a stopping channel that offers
several opportunities.
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Fig. 6. Stopping cross section for protons impinging on oriente®Hs a function of
proton velocity. Se&ig. 5for the definition of target orientations.
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As an examplekig. 7 shows the fragmentation cross sections as a function of projectile
energy for H — CyHg at projectile energies below the stopping maximi@®], again
from calculations using END.

It is apparent here that there are considerable differences in the cross sections for the
fragmentation products: The dominant channel in this collision system is the charge ex-
change or electron capture channef, H> CoHg = (H + CyHg)™ [100], which has a
cross section ap = 10 eV of approximately 46 1016 cm?. This compares to the dom-
inant fragmentation cross section, forH-> CoHg = (CaHs + 2H)™, hydrogen atom
abstraction combined with charge exchange, of aboi& £110-16 cn?, half an order of
magnitude less. The cross section is clearly highest at low impact energy and decays at
higher impact energies, with a resonance gae= 2 keV.

The only other fragmentation patterns with non-vanishing probabilities, which have
cross sections again an order of magnitude lower, are preserfiggl in

At 10 eV, the channel with highest cross section is H> CoHg = (CoHs + Ho) ™,
similar to the high cross section channet H> CoHg = (CoHs + 2H) ™, but with a hy-
drogen molecule formed. The cross section for this channel quickly falls to zero at impact
energies over 100 eV.

As the impact energy increases, other fragmentation channels become important, and
we see the H — CoHg = (CHz + CHz 4+ H)™, as well as the H — CyHg =
(CH3 + CHz + 2H)*, and H* — CoHg = (CHgz + C + 4H)™ channels appearing at
impact energies of 100 eV-10 keV. These involve dissociation of the C—C bond. Channels
requiring specific orientations to occur, such asH CyHg = (CH3z+CHg)™, have very
small cross sections over the entire energy range, but might be accessible in a well-designed
experiment. This is presumably because such reactions are highly sensitive to the orienta-
tional relations of the collision partners, as well as to the energetics of the process. As the
total energy and momentum of the system must be conserved in any collision process, it is

NE 1.4 + (2CH +Hg+ A
5 A Vo

o 127 CH 8H2+2H)+ -
o TChaZcH,y"
= 0 7
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Fig. 7. Energy dependence of the cross sections for several channels observed in the
HT — CyHg collision.



316 J.R. Sabin and J. Oddershede

more difficult to form new chemical bonds in the process than to fragment a projectile or
target and carry excess energy away as fragment kinetic energy.

Many of the fragmentation cross section curves showhign 7 show some structure.
The structure is attributed to a complicated interplay of target orientation, charge exchange
and energetic resonance with the chemical bonds. We have not been able to deconvolute
these contributions.

4.9. Relativistic considerations

Effects of relativity enter stopping theory at a variety of levels. For the projectile, in the
simplest case the relativistic correction to the Bekhyegiven in equatior(5) is included.
In addition, the density correction can be added. For close collisions at extreme relativistic
velocities, that is, when the projectile kinetic energy is comparable to its rest mass, other
corrections such as radiative, kinematic (Mafi1,102), bremsstrahlung, pair production,
nuclear structure and other effects must be introduced. Al&nand more recently Lind-
hard and Sgrens¢h03] have reviewed stopping for relativistic projectiles quite nicely.
However, little has been done with the other aspect of relativity in stopping, namely
stopping by heavy atoms that require a relativistic description for their electronic structure.
Even if one restricts to slow projectiles and the first few terms in the Born series, then for
atoms (or molecules or solids containing atoms) withZ 10, a relativistic description
of the target should be used. Considering the well-known shifts of energy levels in heavy
atoms[104], one would expect considerable changes from a non-relativistic treatment in
the energy level structure and oscillator strength distribution, leading to significant modifi-
cation of the appropriate mean excitation energies for stopping. Although there are several
excellent treatments of the effects of relativity on atomic sum rdee.§. Refs.[105] and
[106)), there are few calculations of stopping powers for targets that use relativistic wave
functions.

5. SUGGESTIONS

So, where do we go from here? In the foregoing we have discussed several different aspects
of stopping theory that are interesting, at least to these authors, and which are yet to be fully

investigated. The common thread running through the discussion is that all of these effects

are small in magnitude with respect to the total stopping power. Thus we need to measure

small changes in large numbers. We set this as a challenge to experimentalists. Can an
experiment be designed that can measure all of the following simultaneously:

o Projectile center of mass kinetic energy<t6.5% over a wide projectile velocity range.
e Projectile and target charge state.

¢ Projectile and target electronic state.

e Projectile fragmentation patterns.

When such experiments can be made, then there will be impetus to drive theory forward to
determine and interpret the quantities discussed above.

It should also be noted that apparently there is no golden method that can be used on
all of the various problems discussed here. Although the scattering theoretical methods
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are esthetically pleasing, as they do not require the use of several unrelated assumptions,
they typically are difficult to apply to solid targets and do not deal well with relativistic
problems. A notable exception to the former problem is the method of Afi6t4108]
Similarly, the perturbation methods and those that are based on Bohr theory require use of
assumptions regarding calculation of mean excitation energies from schemes not necessar-
ily related to the stopping scheme, projectile charge sfé®&sas well as other unrelated
assumptions and corrections.
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